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RESUMO 

 

A Suavização da fronteira em Análise Envoltória de Dados foi proposta em 2002 com 
o objetivo de resolver o problema de múltiplas soluções ótimas da fronteira clássica. Desde 
então, foram propostas melhorias aos modelos suavizados, os quais permaneceram, porém, 
Problemas Quadráticos. Esta tese propõe um modelo linear para a suavização em Análise 
Envoltória de Dados, com base em uma nova função objetivo. Tal proposta atende ao princípio 
clássico de mínima extrapolação, segundo o qual a região de possibilidade de produção deve 
ser a menor que as restrições permitem. São estudadas propriedades topológicas, bem como 
outras características do modelo linear. O presente trabalho propõe, ainda, alguns 
desenvolvimentos para modelos suavizados com retornos constantes de escala, a fim de obter 
resultados mais coerentes, principalmente para modelos com a função objetivo linear. Por fim, 
são utilizados exemplos da literatura para comparar resultados entre modelos com a função 
objetivo tradicional e a função objetivo linear. 
 
Palavras-Chave: Análise Envoltória de Dados. Suavização da Fronteira. Modelo Linear. 



 
 

 
 

 

 

 

 

 

 

ABSTRACT 

 

Smooth Data Envelopment Analysis was first proposed in 2002 to solve the classic 
problem of multiple optimal solutions for extreme-efficient Decision Making Units. Since then, 
several studies have proposed improvements to smooth models. However, they remained 
Quadratic Problems. The present work proposes a linear model for smooth Data Envelopment 
Analysis, based on a new objective function. Our proposal embraces the minimum 
extrapolation principle, according to which the production set should be as minimal as the 
constraints allow. In this work, we study topological properties and other characteristics of the 
linear model. We also present some developments for smooth models with constant returns to 
scale, so that we could obtain more adequate results, particularly with the linear objective 
function. Finally, we use examples from the literature to compare results between models with 
the traditional and the linear objective functions.  
 
Keywords: Data Envelopment Analysis. Smooth Frontier. Linear Model.
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1 INTRODUCTION 
 

 

Charnes et al. (1978) first proposed Data Envelopment Analysis (DEA) to measure 

the efficiency of Decision Making Units (DMUs), particularly for non-financial analyses. This 

technique takes into account the DMUs’ resources (inputs) and products (outputs), and forms 

the so-called efficient frontier with the DMUs that present the best input/output relationships. 

The DEA model proposed in 1978, called CCR, considers constant returns to scale; and in 1984, 

Banker et al. (1984) proposed the BCC model, which considers variable returns to scale. 

As other mathematical programing problems, classic DEA models present two dual 

formulations (COOPER et al., 2000): the Envelopment Model works with the distance between 

each DMU and the efficient frontier; and the Multipliers Model works with the weighted sum 

of inputs and outputs. These weights are calculated for each DMU, so that its efficiency is 

maximized. However, the DMUs that are vertices of the efficient frontiers, called extreme-

efficient DMUs, present multiple optimal solutions for such weights, for the reasons explained 

by Lins & Angulo-Meza (2000). 

It was precisely to overcome this problem that Soares de Mello et al. (2002) first 

proposed smooth DEA. This technique, also based on mathematical programming, replaces the 

original piecewise linear frontier by a new frontier with derivatives at all points (i.e., of class ��), called smooth frontier. The smooth frontier contains all efficient DMUs from standard 

DEA, and maintains its essential properties.  

Originally, Soares de Mello et al. (2002) proposed a model that replaced each facet of 

the original BCC frontier with a different polynomial equation (called approximating function). 

A facet of the original frontier is a face that is not contained in any other face (ARMAND, 

1993), and a face is an intersection of the frontier with a supporting hyperplane (i.e., supporting 

line, in their case). In 2002, the authors developed their studies for cases with one input and one 

output (i.e., bi-dimensional cases), seeing that the model’s complexity grows exponentially 

with the increase in the number of inputs and outputs. 



 
 

 
 

10

Subsequently, Soares de Mello et al. (2004) identified that, for cases with more 

variables, it might not be possible to find specific approximating functions for each facet, using 

the previous model. Thus, they proposed a BCC model with a single approximating function 

for the entire frontier, and developed their studies for the three-dimensional case. 

Later, Nacif et al. (2009) generalized the smooth BCC model for cases with multiple 

inputs and multiple outputs, using a polynomial equation for the inputs and another for the 

outputs. Using a similar concept, Pereira & Soares de Mello (2015) attempted to generalize the 

smooth DEA CCR model. 

More recently, Brandão & Soares de Mello (2017) proposed improvements to smooth 

DEA BCC models, so that they ensure the smooth frontier’s convexity. The authors showed 

that, except for cases with a single output and a single input, previous smooth BCC models did 

not fully ensure this property. Moreover, the authors proposed an additional restriction to ensure 

that all DMUs are projected in a region with non-negative inputs. Finally, they used the 

improved smooth model to correct the BCC distortion called efficiency by default (ALI, 1993; 

GOMES et al., 2012).  

From this brief overview of smooth DEA, we could observe that smooth BCC models 

were developed before smooth CCR models. Even more remarkably, smooth BCC is also more 

evolved than smooth CCR, at their current state of the art. In comparison with standard DEA, 

where CCR models are simpler than BCC models, this characteristic of smooth DEA could be 

surprising. However, CCR frontiers are homogeneous of degree one, which significantly 

reduces the universe of approximating functions and increases problem complexity. 

It is worth highlighting that, although the original purpose of smooth DEA was to 

calculate unique sets of weights for extreme-efficient DMUs, currently, there are other 

applications in the literature for such technique. For instance, this methodology solves another 

problem of standard DEA frontiers, specifically, Pareto inefficient regions, where Pareto 

inefficient units are considered efficient. Moreover, smooth BCC frontiers could be used to 

study the efficiency by default distortion (BRANDÃO & SOARES DE MELLO, 2017). 

These smooth models have been applied to certain studies with different purposes. 

Gomes et al. (2004) use smooth DEA for redistributing inputs and outputs in DEA models with 

Zero Sum Gains, whereas Alvarenga et al. (2016) use such technique to select corporate spare 

parts inventory for the Petrobras’ refining system. The first study uses the model to simplify 

calculations for multidimensional problems and also obtain a single solution for all DMUs. 
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Alvarenga et al. (2016) applied the smooth model to calculate the radial efficiency of a new 

material in the refineries inventories without running the DEA model. 

There are other studies on continuously differentiable frontiers, though in a different 

context, such as Spherical Frontiers (AVELLAR et al., 2007; GUEDES et al., 2012; SILVA & 

MILIONI, 2012), Ellipsoidal Frontiers (MILIONI et al., 2011a; ALVES et al., 2014), and 

Hyperbolic Frontiers (MILIONI et al., 2011b). However, these studies, related to the so-called 

Parametric DEA, have different purposes, and their models are entirely different. Thus, they 

will not be analysed herein. For a general overview of Parametric DEA, please see Milioni & 

Alves (2013). 

Despite the evolution of smooth DEA models, their objective function remained the 

same: all smooth models in the literature minimize the approximating functions’ arc lengths (or 

their multidimensional generalizations). The target is to approximate smooth and original 

frontiers, considering that the original frontier is piecewise linear, and that a linear segment 

presents the minimum arc length. Seeing that this objective function is quadratic, and that 

constraints are linear, the smooth DEA models in the literature are Quadratic Problems. 

The main purpose of this work is to propose a different objective function for smooth 

models, which embraces a principle from standard DEA, not contemplated in traditional 

models, namely, the minimum extrapolation principle from Banker et al. (1984). According to 

this principle, the production set should be as minimal as the production assumptions allow. As 

a result, the new objective function introduces different means of evaluating proximity between 

functions and thus a new topology for smooth models, studied herein. 

The objective function proposed, in this work, is linear. With linear constraints, the 

smooth model becomes a Linear Problem, which could be solved more easily and effectively 

than Quadratic Problems (BOYD, 2009). Therefore, besides adhering to another standard DEA 

principle, the new model is also simpler to solve.   

In this work, we also study other characteristics of the new objective function, such as 

its sensitivity to different types of model constraints, in comparison to the traditional objective 

function. Moreover, we introduce some developments for smooth CCR models, so that these 

ensure the frontiers’ convexity, as standard CCR frontiers. With such adjustments, we obtain 

more adequate results, particularly with the linear objective function. 

This work is divided in six chapters. The next chapter presents a brief overview of 

DEA and a thorough review of smooth DEA. The third chapter presents the linear smooth 

model and studies its topological properties, as well as other characteristics. The following 
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chapter compares results between BCC models with the traditional objective function and with 

the objective function proposed herein, using examples from the literature. The fifth chapter 

presents some developments for CCR smooth models, and also uses examples from the 

literature to compare results between both objective functions. Finally, the last chapter presents 

this work’s conclusions. 



 
 

 
 

 

 
 
 
 
 
 
2 THEORETICAL BACKGROUND 
 

 

2.1 DATA ENVELOPMENT ANALYSIS 
 

DEA is a nonparametric method based on mathematical programming that seeks a 

comparative relation between inputs and outputs of DMUs. The method calculates the DMUs´ 

efficiencies, which is, in the original and simplest case, the ratio between the weighted sum of 

the outputs and the weighted sum of the inputs (CHARNES et al., 1978). Efficient DMUs form 

the efficient frontier, which is piecewise linear, whereas extreme-efficient DMUs are most 

commonly located at the frontiers’ vertices. 

There are two basic models in DEA: CCR (CHARNES et al., 1978) and BCC 

(BANKER et al., 1984). The first assumes constant returns to scale and proportionality between 

inputs and outputs, while the latter assumes variable returns to scale and convexity of the 

efficient frontier. These models provide different efficient frontiers and different efficiencies. 

Specifically, the efficiency of every DMU in BCC models is never lower than its efficiency in 

CCR models.  

 
Figure 1 – Representation of CCR and BCC frontiers (SOARES DE MELLO, 2002) 
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Figure 1, from Soares de Mello (2002), represents the CCR and the BCC DEA 

frontiers, for an example of five DMUs. It is worth mentioning that for higher dimensions, the 

CCR frontier also assumes a piecewise linear format. Furthermore, Figure 1 represents the 

input-oriented efficiency for DMU E. In the BCC model, it is �′′�′ �′′�
 , and in the CCR model 

it is �′′�′′′ �′′�
 , where �′ and �′′′ are the input-oriented targets for DMU E, in the BCC and 

in the CCR model, respectively. Analogously, the DMU’s output-oriented efficiency would 

depend on its output-oriented target (target on the frontier with the same input level). 

Each model presents two equivalent dual formulations (COOPER et al., 2000), 

namely, the Envelopment Model and the Multipliers Model. The first defines a feasible 

production region and calculates the distance from each DMU to the efficient frontier, whereas 

the latter calculates the ratio of the weighted sum of outputs and the weighted sum of inputs for 

each DMU.  

Model (1) shows the BCC input-oriented Multipliers Model, where ����  is the 

efficiency for DMUo; � and �� are the weights for input �, ∀� = 1, … , �, and for output �, ∀� =
1, … , �, respectively; ��� and ��� are, respectively, the inputs � and the outputs � for DMU  � =
1, … , �; ��� and ��� are, respectively, the inputs � and the outputs � for DMUo; and  �∗ is the 

scale factor. The scale factor, only present in the BCC model, characterizes the returns to scale 

situation for each DMU: increasing returns to scale prevail if, and only if, �∗ < 0 for all optimal 

solutions; decreasing returns to scale prevail if, and only if, �∗ > 0 for all optimal solutions; 

and constant returns to scale prevail if, and only if, �∗ = 0 for at least one optimal solution. 

#$� ���� = % �����
&

�'� − �∗ 
Subject to            (1) 
% ����

3
�'� = 1 

% �����
&

�'� − % ����
3

�'� − �∗ ≤ 0, � = 1, … , � 

�� , � ≥ 0, ∀ �, � 
�∗ ∈ ℜ 

The set of weights for extreme-efficient DMUs are not unique (CHARNES et al., 

1985). In other words, these DMUs have multiple optimal solutions (SOARES DE MELLO et 
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al., 2002). There are several approaches for this problem in the literature, as described by Soares 

de Mello et al. (2002) and Nacif et al. (2009). For instance, Charnes et al. (1985) proposed the 

use of a weighted average based on the barycentres of the concurring hypersurfaces. On the 

other hand, most solutions presented clear disadvantages. Charnes’ et al. (1985) solution, for 

example, required an intense load of computer load and presented sudden variations owing to 

derivative discontinuity.  Therefore, Soares de Mello et al. (2002) proposed a less arbitrary 

solution for this problem, by smoothing the vertices of the efficient frontier, allowing them to 

calculate directional derivatives at all points. 

 
2.2 SMOOTH DEA – GENERAL THEORY 
 

Smooth DEA replaces the original piecewise linear frontier, by a smooth frontier, i.e., 

that has derivatives at all points. This enables the calculation of a unique set of weights for all 

DMUs, including extreme-efficient DMUs.  

This solution is based on the findings of Lins & Angulo-Meza (2000). According to 

the authors, the DMUs’ weights, in the Multipliers Model, correspond to the coefficients of the 

so-called supporting hyperplane, i.e., the hyperplane that is tangent at each point of the efficient 

frontier in the Envelopment Model. The corners of the original frontier present multiple 

supporting hyperplanes, as shown in Figure 2 (SOARES DE MELLO et al., 2005) for DMU B. 

This is why extreme-efficient DMUs present multiple optimal sets of weights.  

 
Figure 2 – Illustration for supporting hyperplanes (SOARES DE MELLO et al., 2005) 
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It is worth highlighting that Figure 2 also presents the geometric interpretation for the 

scale factor, related to the x-intercepts of the supporting hyperplanes. We could observe that 

extreme-efficient DMUs also present multiple values for the scale factor. 

The smooth frontier should be as close as possible to the original frontier, which is a 

problem in the field of Topology, as explained in Soares de Mello (2002). The author found 

that classic topologies, based on the Euclidian and the Tchebycheff metrics, would be 

inadequate for this purpose, because they disregard the functions’ derivatives. In other words, 

two curves that present very different derivatives may be considered close to each other, 

according to such metrics, as illustrated in Figure 3, from Soares de Mello et al. (2002). 

 
Figure 3 – Nearby functions with very different derivatives (SOARES DE MELLO et al., 2002)  

 
Moreover, it wouldn’t be possible to establish a metric for both position and 

derivatives of the functions, because the original frontier does not present derivatives at all 

points, which was precisely the motivation for their study. 

The solution to this problem was to use a topology based on the frontiers’ arc length 

(or their multidimensional generalization), which takes into account both their values and their 

derivatives. Seeing that the original frontier is piecewise linear, it presents the minimum arc 

length that contains the efficient DMUs. Therefore, the smooth model should seek the smooth 

frontier with the minimum arc length (or its multidimensional generalization) that contains the 

same efficient DMUs. 

However, there are several different curves that present the same arc length. This is 

consequence of the fact that the difference between two curves’ arc lengths (or their 

multidimensional generalization) is not a metric (8), because it does not follow one of the 

conditions for metrics, i.e., 8($, 9) = 0 ↔ $ = 9. However, it is a pseudo-metric because it 

satisfies the other conditions, i.e., non-negativity (8($, 9) ≥ 0), symmetry (8($, 9) = 8(9, $)), 
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reflexivity (8($, $) = 0) and the triangle inequality (8($, ;) ≤ 8($, 9) + 8(9, ;)). Therefore, 

with this topology, we may evaluate the proximity between functions, but not the distance 

between them (D´AMBROSIO, 1977). 

More specifically, there may be different curves with the same arc length and the same 

boundary conditions, as shown in Figure 4, from Soares de Mello et al. (2002). In other words, 

is not possible to define a neighbourhood of one curve that does not contain the other. For such 

reason, this topological space is considered not Hausdorff separable (BOURBAKI, 1998), and 

we are not able to distinguish two elements by their topological properties (SOARES DE 

MELLO et al., 2002).  

Consequently, it is necessary to enforce additional constraints to avoid unwanted 

solutions.  

 
Figure 4 – Different curves with the same arc length and the same boundary conditions (SOARES DE 

MELLO et al., 2002) 

 
The smoothing frontier problem proposed in Soares de Mello et al. (2002) searched 

the function with the minimum arc length (or its multidimensional generalization) that 

contained the original efficient DMUs and respected the imposed constraints. Their general 

formulation for multiple inputs ��  and a single output =>? @@@⃗ B is given in (2). The objective 

function uses the square of the integrand, instead of the actual arc length, for computational 

ease, which does not affect results. 

Min F = G H1 + % IJ=J��KL
� MN 8O 

��9�P;Q QR           (2) 

=>?S@@@⃗ B = R�QT�Q>?S@@@⃗ B, ∀?S@@@⃗ ∈ � = U? @@@⃗ ∶ ? @@@⃗  �� $ W$�PQR P���;�P�Q X#YZ 
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∀?S@@@⃗    ∃ \]\^_   ? @@@⃗ = ?S@@@⃗  

Model (2) is a variational problem, i.e., deals with optimizing a “function of 

functions”, called a functional. To solve this problem, we must solve an ordinary differential 

equation (ODE), which is a necessary condition for the existence of a minimum. Using methods 

shown in Elsgolts (1980) and Soares de Mello (1987), among other works, the result for the 

ODE is the Euler-Lagrange Equation =̀ − aa^ =̀ b = 0 , which should be solved with the 

appropriate boundary conditions. 

For the general smooth formulation shown in (2), where the integrand does not depend 

explicitly on �, the Euler-Lagrange Equation is reduced to ∇L= = ∑ \e]\^_e� = 0. Seeing that the 

topological space is not Hausdorff separable, as previously explained, we must introduce 

additional boundary conditions to fully characterize the problem. These conditions are derived 

from the properties for each DEA model. 

The next section provides an overview on smooth BCC models, whereas section 2.4 

presents smooth CCR models. Such order reversal, when compared to standard DEA models, 

is consequence of the fact that smooth BCC models are simpler than smooth CCR models. One 

reason for this is the possibility of calculating smooth BCC frontiers for simple cases, with one 

input and output. On the other hand, smooth CCR models for such cases do not make sense, 

because standard CCR frontiers for such cases (which are line segments) are already of class ��. For higher dimensions, the main difficulty is that CCR frontiers are homogeneous of degree 

1, which restricts the universe of possible functions and increases problem complexity.  

 

2.3 SMOOTH DEA BCC 
 

The smooth DEA BCC model requires additional constraints that ensure the frontier’s 

convexity. For single output cases, the additional constraints are presented in (3), where �� are 

the � inputs (SOARES DE MELLO et al., 2002). 

\e]\^_e ≤ 0 ∀� = 1, … , �           (3) 

As previously explained, the reduced Euler-Lagrange Equation that should be solved 

in order to find the solution to the general smoothing frontier problem (2) is shown in (4). 

∑ \e]\^_e� = 0            (4) 
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 Considering (3) and (4), Soares de Mello et al. (2002) showed, for the single output 

BCC model, that the smooth problem based on the arc length topology is either meaningless or 

has no solution (called the No Optimal Solution Theorem). In other words, there is not a smooth 

frontier that is closest to the original BCC frontier, although there may exist good 

approximations. 

To find good solutions for the smooth BCC problem, Soares de Mello et al. (2002) 

proposed an adjustment to the Ritz (Smith, 1998) variational method. Such method seeks the 

optimal function among a restricted group of functions, called approximating functions. Their 

purpose is to find an optimal solution among the considered group of functions, when there is 

no analytical solution. For the smooth BCC problem, Soares de Mello et al. (2002) restricted 

the approximating functions to polynomials, for the reasons explained therein, thus reducing 

the problem’s complexity. 

The first smooth BCC model proposed in 2002 replaced each facet of the original 

frontier by a different approximating function, while ensuring continuity of the smooth frontier 

and of its derivatives. They formulated their model for the bi-dimensional case (with one input 

and one output), as shown in (5), where X#Y�, � = 1, … , T represents each of the T Pareto 

efficient DMUs, which are organized in increasing order of input values. �� and �� are the input 

and output values for X#Y�, respectively. The smooth frontier would then be described by all 

the approximating functions � = $��L + 9�� + ;� , each of them from ��  to ��f� , for � =1, … , T − 1. 

#�� % G g1 + h($��L + 9�� + ;)biLj^_kl
^_

8�mn�
�'�  

��9�P;Q QR                         (5) $���L + 9��� + ;� = �� (�R� X#Y�)       (5.1) $mn��mL + 9mn��m + ;mn� = �m (�R� X#Ym)      (5.2) 

$�n���L + 9�n��� + ;�n� = �� =  $��L + 9�� + ; (�R� X#Y�, ∀� ∈ (2, … , T − 1)) (5.3) 2$�n��� + 9�n� = 2$��� + 9� (�pRRQℎ ��R�Q�P� �R� X#Y�, ∀� ∈ (2, … , T − 1))  (5.4) $� ≤ 0 (��R�Q�P� ;R�P��Q�)        (5.5) 

The objective function minimizes the sum of the arc lengths of the approximating 

functions � = $��L + 9�� + ;� . The first three constraints ensure that the new frontier is 

continuous and contains the extreme-efficient DMUs (5.1, 5.2, and 5.3). Constraint (5.4) 

ensures continuity of the frontier’s derivatives; and the last constraint ensures the BCC property 
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of convexity (5.5). Seeing that the objective function is quadratic, and all restrictions are linear, 

the smooth model in (5) is a Quadratic Problem. 

If the original frontier presents more than one efficient but non-extreme-efficient 

DMU, i.e., an efficient DMU that is not in a vertex of the frontier, the smoothing problem may 

not be feasible. In this case, Soares de Mello et al. (2002) recommend relaxing the constraints 

related to such DMUs. In other words, the smooth frontier may pass “above” efficient but non-

extreme-efficient DMUs, i.e., in a region of larger output values. However, instead of 

minimizing the frontier’s arc length, the authors minimize the greatest output difference for 

such DMUs. 

Having defined the smooth frontier’s equation, we may calculate the single set of 

weights and scale factor for each DMU on the frontier. We also use the BCC frontier’s equation, 

derived from (1) ∑ �����&�'� − ∑ ����3�'� = �∗, for a generic DMU �, where ��� and ��� are 

the actual input and output values if DMU � is efficient; otherwise, they represent the DMU’s 

projection on the frontier (SOARES DE MELLO, 2002).  

For bi-dimensional cases, with one input �  and one output � , the BCC frontier’s 

equation is reduced to ��� − �� = �∗, where �� and � are the weights in the smooth model. 

Keeping in mind that the approximating functions are � = $�L + 9� + ;, the equation for the 

tangent line at (�� , ��) is � − �� = (2$� + 9)(� − ��), where �� and �� are the coordinates 

for DMUo. Combining both equations allows us to calculate ��, � and �∗. More accurately, 

we obtain the relationship between these variables, because the equation for the tangent line 

remains unaltered when multiplied by any non-null constant. To obtain the actual weights, we 

should also consider the original model’s constraints (∑ ����3�'� = 1, for input orientation). 

For the input-oriented model, the weights and scale factor are shown in (6), where �� ≠ 0 

(SOARES DE MELLO et al., 2002). 

�� = �^s(Lt^sfu)  
� = �̂

s            (6) 

�∗ = `s^s(Lt^sfu) − 1  

For higher dimensions, i.e., for cases with more than one input or more than one 

output, it might be hard to find specific approximating functions for each facet. Therefore, 

Soares de Mello et al. (2004) proposed a model with a single polynomial equation for the whole 

frontier, in the BCC case with 2 inputs (�, �) and 1 output (v), as shown in (7). The smooth 
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frontier would be described by a polynomial equation such as v = =(�, �) = $ + 9� + ;� +8�L + P�� + ��L + ⋯ 

#�� x G G y1 + IJvJ�KL + IJvJ�KLz 8�`{|}

`{_~
8�^{|}

^{_~
� 

��9�P;Q QR            (7) 

v>����, ����B = v��� ∀ P�Q�PpP P���;�P�Q X#Y    (7.1) 

\�\^ (��t^, ��t^) ≥ 0        (7.2) 

\�\` (��t^, ��t^) ≥ 0        (7.3) 

\e�\^e ≤ 0, ∀�, �        (7.4) 

\e�\`e ≤ 0, ∀�, �        (7.5) 

In (7), ���� , ���� are the input values for each extreme-efficient DMUs, and v��� are 

the output values. The model only considers extreme-efficient, to avoid the unfeasibility 

detected in Soares de Mello et al. (2002). Moreover, ��t^, ��t^ are the maximum values for 

inputs � and �. 

The first constraint (7.1) ensures that the smooth frontier includes the same extreme-

efficient DMUs from standard DEA. Constraints (7.2) and (7.3) ensure that the output is an 

increasing function of the inputs. Finally, the last two constraints, (7.4) and (7.5), would ensure 

the frontier’s convexity (this will be explained hereinafter). The last two restrictions may not 

be linear, and should be replaced by 8, � … ≤ 0. It is worthwhile pointing out that model (7) is 

also a Quadratic Problem. 

The polynomial degree is predefined, according to the number of extreme-efficient 

DMUs, so that the number of polynomial coefficients (which are the decision variables for the 

smooth problem) is greater than the number of equality restrictions (which corresponds to the 

number of extreme-efficient DMUs).  

^� = \�\^ (��, ��)
�� \�\^ (��, ��) + �� \�\` (��, ��) 

         (8) 
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`� = \�\` (��, ��)
�� \�\^ (��, ��) + �� \�\` (��, ��) 

As in (6), the input weights for three-dimensional cases could be obtained from the 

BCC frontier’s equation, the equation of the tangent plane, and the original model’s restrictions, 

shown in (8) for input orientation (SOARES DE MELLO et al., 2004).  

Nacif et al. (2009) generalized the smooth model for cases with multiple inputs and 

multiple outputs, using one polynomial equation for the inputs and another for the outputs. The 

frontier is described by Y(�� … ��, �� … ��) = =(�� … ��) − �(�� … ��). Their model also 

minimizes the multidimensional generalization of the arc length for Y, with the appropriate 

constraints, as shown in (9). These constraints are analogous to the ones shown in (7). In fact, 

Nacif (2005) proves that the general model shown in (9) could be reduced to the models 

previously proposed in the literature for single output or single input cases. 

The first constraint (9.1) ensures that the smooth frontier includes the same efficient 

DMUs from standard DEA. The following two sets of constraints, (9.2) and (9.3), ensure that 

the frontier is an increasing function of inputs and outputs. Finally, the last two sets of 

constraints, (9.4) and (9.5) would ensure the frontier’s convexity. The last two restrictions may 

not be linear, and we must impose stronger restrictions: the coefficients associated with terms 

whose second derivative is not constant must be negative (or null) for =(�� … ��), and positive 

(or null) for �(�� … ��). We should point out that model (9) is a Quadratic Problem, as 

previous smooth models from the literature. 

#�� x G … G G … G �1 + % IJYJ��KL�
�'� + % �JYJ���L�

�'� � 8��
�{ {|}

�{ {_~
… 8��

�l{|}

�l{_~
8��

^~ {|}

^~ {_~
… 8��

^l{|}

^l{_~
� 

��9�P;Q QR            (9)  

Y>�� �� … �� �� , �� �� … �� ��B = 0, ∀ P�Q�PpP P���;�P�Q X#Y   (9.1) 

\�\^_ (�� �t^, … , �� �t^) ≥ 0, ∀� = 1, … , �      (9.2) 

\�\�� (�� ���, … , �� ���) ≤ 0, ∀� = 1, … , p      (9.3) 

\e�\^_e ≤ 0, ∀� = 1, … , �        (9.4) 

\e�\��e ≤ 0, ∀� = 1, … , p        (9.5) 
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For this general model, the polynomial degree is also predefined, according to the 

number of extreme-efficient DMUs. However, in this case, certain premises apply. First, the 

degree for both the input and the output polynomials should be the same, in order to maintain 

the smoothing problem’s uniformity (NACIF, 2005). Moreover, one coefficient could be 

eliminated from the frontier’s equation because it remains the same when divided by this 

coefficient. In other words, the independent term may always be unitary, with no loss of 

generalization.  

To help determine the appropriate degree, Nacif et al. (2009) presented Table 1, which 

contains the number of polynomial coefficients, according to the number of variables and to 

the polynomial degree. Table 1 should be used twice: for the input and for the output 

polynomials. We choose the polynomial degree so that the number of coefficients for the input 

polynomial, plus the number of coefficients for the output polynomial is greater than the 

number of extreme-efficient DMUs.  

We may illustrate this procedure with the same example in Nacif et al. (2009). Let us 

suppose there are two inputs, three outputs, and 16 extreme-efficient DMUs. If we used the 

second degree, the input polynomial would have 5 coefficients, and the output polynomial, 9 

coefficients. Considering that the total number of coefficients (14) is smaller than the number 

of extreme-efficient DMUs (16), the appropriate degree for both the input and output 

polynomials is 3, in which case, the frontier’s equation would present 28 coefficients. 

 
 Number of Variables 

 
 1 2 3 4 5 

polynomial 

degree (g) 

1 1 2 3 4 5 

2 2 5 9 14 20 

3 3 9 19 34 55 

4 4 24 34 69 125 

5 5 20 55 125 251 

Table 1 – Finding the appropriate degree (NACIF et al., 2009) 

 
Nacif et al. (2009) also used the BCC frontier’s equation, the equation of hyperplanes 

tangent to the level set Y(�� … ��, �� … ��) = 0 , at (��� … ���, ��� … ���) , as well as the 

original model’s restrictions, to obtain the weights for inputs and outputs, shown in (10) for 

input orientation. All derivatives are calculated at (���, … , ���, ���, … , ���), but we omit this 

term to simplify the expression visually. 
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��� = \�\��∑ ���� \�\^_���'�  

         (10) 

�� = \�\^_∑ ���� \�\^_���'�  

 

�∗ = ∑ I��� \�\��K��'�
∑ ���� \�\^_���'� + 1 

Further on, the works of Brandão (2013) and Brandão & Soares de Mello (2017) 

proposed corrections and improvements to Smooth DEA BCC models. They proved that 

previous models did not always ensure convexity, except for the bi-dimensional model.  

According to Bortolossi (2002), a function �: Y ⊂ ℝ� ⟶ ℝ  is concave (or convex 

down) in Y if and only if the hessian matrix XL�(�) is negative semi-definite for every � ∈ Y, 

which occurs if and only if  all of its principal minors of odd order are less or equal to zero and 

all of its principal minors of even order are greater or equal to zero. We should highlight that a 

minor matrix of order � is the determinant of the submatrix ��� formed by deleting � − � rows 

and � − � columns from the original matrix, and that the principal minor of order � is a minor 

of order � formed by deleting the same � − � rows and columns. 

In other words, in the three-dimensional case, where � = =(�, �), the hessian matrix 

is shown in (11). To ensure the frontier’s convexity in this case, we should not only guarantee 

that 
\e]\^e ≤ 0 and 

\e]\`e ≤ 0, which is already present in smooth models, but also that 
\e]\^e \e]\`e −

� \e]\^\`�L ≥ 0, which is not a restriction present in smooth models. 

XL�(�) = � \e]\^e \e]\^\`\e]\^\` \e]\`e
�          (11) 

Considering that this restriction may not be linear, the authors proposed a solution 

based on the artifice used in Soares de Mello et al. (2002), previously explained in (2). They 

proposed a stronger, though simpler restriction, which is to eliminate all crossed terms from the 

polynomial approximating functions (i.e., terms with more than one input or output variable). 
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For instance, the approximating function for cases with one output and two inputs should be v = =(�, �) = $ + 9� + ;� + 8�L + P�L + ��� + ��� … , instead of v = =(�, �) = $ +
9� + ;� + 8�L + P�� + ��L + ��� + ℎ�L� + ���L + ��� … In this case, 

\e]\^\` = 0  and the 

restriction 
\e]\^e \e]\`e − � \e]\^\`�L ≥ 0 is immediately satisfied, as 

\e]\^e ≤ 0 and 
\e]\`e ≤ 0. 

Soares de Mello et al. (2002) also showed that their proposition ensured convexity for 

every case, because without crossed terms, the hessian matrix becomes a diagonal matrix, 

which is negative semi-definite if and only if all of its elements from the main diagonal are less 

or equal to zero, which is already a restriction in smooth models.  

Similar demonstrations show that eliminating crossed terms from the polynomial 

approximating functions also ensures convexity for cases with multiple outputs and a single 

input and cases with multiple inputs and outputs (BRANDÃO, 2013). 

Without crossed terms, the polynomial approximating function present fewer 

coefficients. For this reason, Brandão (2013) modified Table 1, as shown in Table 2, to help 

determine the adequate degree for the approximating functions. Table 2 could be used for cases 

with a single input or a single output, in which case we choose the column according to the 

number of outputs, in the single input case, or inputs, in the single output case. For the general 

case proposed by Nacif et al. (2009), we should subtract one from each number of coefficients, 

corresponding to the independent term, and use it as explained for Table 1. 

   Number of Variables 

    1 2 3 4 5 

polynomial 

degree (g) 

2 3 5 7 9 11 

3 4 7 10 13 16 

4 5 9 13 17 21 

5 6 11 16 21 26 

Table 2 – Finding the appropriate degree (BRANDÃO, 2013) 

 
Moreover, Brandão & Soares de Mello (2017) proposed improvements to certain 

smooth DEA models, so that all DMUs’ projections, and consequently, their efficiency values, 

are non-negative. Despite being present in classic DEA, this characteristic was not ensured 

previously. For that, the authors impose additional constraints to previous smooth models, so 

that the input oriented projections are always non-negative. They highlight that with output 

orientation, projections are naturally positive, and no further restrictions are necessary.  
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For the multiple input and single output model, the authors add the constraint ���� ≥$, where ���� is the smallest output value and $ is the polynomial’s independent coefficient. 

For the multiple output and single input model, the authors add the constraint �(�����, … , �� ���) ≥ 0, where �� ��� is the smallest value for output � and �(��, … , ��) is 

the approximating function.  Brandão & Soares de Mello (2017) did not propose a solution for 

the general model presented in Nacif et al. (2009). Brandão (2013) attempted certain solutions 

for this issue, but the results were unsatisfactory. 

Finally, Brandão & Soares de Mello (2017) used the corrected and improved smooth 

model to correct the BCC distortion, called efficiency by default (GOMES et al., 2012), in 

which a DMU is necessarily efficient if has the smallest value for any input or the greatest value 

for any output (ALI, 1993). For that, their model relaxed equality restrictions associated with 

efficient by default DMUs, so that they become inequality restrictions. Thus, smooth frontiers 

may contain or pass above such DMUs, so that they remain efficient or become inefficient in 

the smooth model. 

 

2.4 SMOOTH DEA CCR 
 

In this section, we present the theoretical background for the existing smooth CCR 

models. However, they are not the focus of this work because certain problems still have not 

been solved. For instance, Pereira (2010) found examples where the smooth CCR frontier 

contained all extreme-efficient DMUs, though did not envelop all DMUs.  

Soares de Mello (2002) first proposed a smooth CCR model for the three-dimensional 

case, replacing each facet of the original frontier by a different approximating function. It is 

worth mentioning that a smooth CCR model for bi-dimensional cases (i.e., with one input and 

one output) is meaningless, because the original frontier is a straight line; thus, already 

continuously differentiable.  

The CCR frontier should be homogeneous of degree one (COELLI et al., 1998), and 

therefore satisfy the equation =(���, … , ���) = �=(��, … , ��) , ∀� ≠ 0 . Soares de Mello 

(2002) selected approximating functions like � = $� + 9� + �;�L + 8�� + P�L . Besides 

being homogeneous of degree 1, they do not present inflection points, thus ensuring convexity 

of the smooth frontier.  

If the model minimized the frontier’s generalization of the arc length, the integration 

limits would depend on the problem’s results. To avoid this complex situation, the model 
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minimizes the greatest difference between the original and the smooth frontier, first, at the 

efficient DMUs, then, at the medium point of the original frontier’s segments. It was a MinMax 

problem that assigned a unitary weight for the first objective and 0,1 for the second objective.  

Model (12) presents the CCR model proposed in Soares de Mello (2002) for two inputs 

and one output, where �� and �� are the values for each input divided by the output, and T ≥ 3 

Pareto efficient DMUs. Introducing variables � and Q, the author transformed the MinMax 

problem into an optimization problem, with a linear objective function and non-linear 

restrictions. 

#�� � + 0,1Q ��9�P;Q QR           (12) 

Q − �y$� �^_f^_klL � + 9� �`_f`_klL � + �;� �^_f^_klL �L + 8� �^_f^_klL � �`_f`_klL � + P� �`_f`_klL �Lz −
1� ≥ 0, � = 1, … , T − 1  

� − �$��� + 9��� + �;���L + 8����� + P���L − 1� ≥ 0  

� − �$mn��m + 9mn��m�;mn��mL + 8mn��m�m + Pmn��mL − 1� ≥ 0  

$��� + 9��� + �;���L + 8����� + P���L ≥ 1  

$mn��m + 9mn��m + �;mn��mL + 8mn��m�m + Pmn��mL ≥ 1  

$� �^_f^_klL � + 9� �`_f`_klL � + �;� �^_f^_klL �L + 8� �^_f^_klL � �`_f`_klL � + P� �`_f`_klL �L − 1 ≥ 0  

$�n� + L�_ l`_fa_ l^_L��_ l^_efa_ l^_`_f�_ l`_e = $� + L�_`_fa_^_L��_^_efa_^_`_f�_`_e , � = 2, … , T − 1  

9�n� + L�_ l`_fa_ l^_L��_ l^_efa_ l^_`_f�_ l`_e = 9� + L�_`_fa_^_L��_^_efa_^_`_f�_`_e , � = 2, … , T − 1  

;�n���L + 8�n����� + P�n���L ≥ 0, � = 1, … , T ;���L + 8����� + P���L0, � = 1, … , T − 1 

Later, Pereira & Soares de Mello (2015) proposed a general CCR model, for multiple 

inputs and outputs, based on the general BCC model from Nacif et al. (2009). In Pereira & 

Soares de Mello (2015), a single approximating function, i.e., Y(�� … ��, �� … ��) ==(�� … ��) − �(�� … ��), described the entire frontier.  

To ensure homogeneity of degree one to the frontier Y(�� … ��, �� … ��) = 0 , or =(�� … ��) = �(�� … ��), both polynomial functions =(�� … ��) and �(�� … ��) should be 
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homogeneous functions, with the same degree. Their degree is defined according to the number 

of efficient DMUs, as shown in Pereira & Soares de Mello (2015).  

Although the approximating functions � = $� + 9� + �;�L + 8�� + P�L  proposed 

in Soares de Mello (2002) are more suitable for the CCR frontier, because they do not present 

inflection points, the problem could become impossible with real data. Moreover, their 

derivatives and integrals are very complicated to calculate. On the other hand, polynomial 

functions may present brusque variations outside the interval of which their properties were 

defined (PEREIRA, 2010). 

Model (13) shows the CCR model presented in Pereira & Soares de Mello (2015), 

where the variables are the same from model (9).  

#�� x G … G G … G �1 + % IJYJ��KL�
�'� + % �JYJ���L�

�'� � 8��
�{ {|}

�{ {_~
… 8��

�l{|}

�l{_~
8��

^~ {|}

^~ {_~
… 8��

^l{|}

^l{_~
� 

��9�P;Q QR            (13)  

Y>�� ��� … �� ��� , �� ��� … �� ���B = 0, ∀ P�Q�PpP P���;�P�Q X#Y    (13.1) 

\�\^_ >�� ��� , … , �� ���B ≥ 0, ∀� = 1, … , �; ∀P�Q�PpP P���;�P�Q X#Y    (13.2) 

\�\�� >�� ��� , … , �� ���B ≤ 0, ∀� = 1, … , p; ∀P�Q�PpP P���;�P�Q X#Y    (13.3) 

The objective function and the first set of constraints (13.1) are also the same. 

However, instead of imposing the frontier’s convexity, model (13) imposes constraints (13.2) 

and (13.3) that guarantee the monotonicity of inputs and outputs for extreme-efficient DMUs. 

More precisely, the last two constraints ensure that 
\`�\^_ ≥ 0  and 

\^_\`� ≥ 0  ∀� = 1, … , �, � =
1, … , p (PEREIRA, 2010) for such DMUs. 

��� = \�\��− ∑ ���� \�\^_���'�  

         (14) 

�� = \�\^_∑ ���� \�\^_���'�  

Using the equation of hyperplanes tangent to the level set Y(�� … ��, �� … ��) = 0 at (��� … ���, ��� … ���), the equation for the CCR original frontier (∑ �����&�'� − ∑ ����3�'� =
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0), as well as the original model’s constraints (for input orientation, ∑ ����3�'� = 1),  Pereira 

& Soares de Mello (2015) also presented the input-oriented weights, shown in (14).  



 
 

 
 

 

 

 

 

 

 

3 THE LINEAR SMOOTH MODEL 

 

 

In this chapter, we propose a new objective function for smooth models, and study 

topological properties and other characteristics of the new smooth model.  

 

3.1 THE LINEAR OBJECTIVE FUNCTION 
 

Based on topological studies, Soares de Mello et al. (2002) used the frontiers’ arc 

lengths (or their multidimensional generalization) to evaluate their proximity, so that both the 

frontiers’ values and that of their derivatives are considered in this evaluation. However, we 

could search for the optimal smooth frontier, using the standard DEA principle of minimum 

extrapolation from Banker et al. (1984), according to which the production possibility set 

should be as minimal as restrictions allow.  

To follow this principle, the new objective function should minimize the area (or its 

multidimensional generalization) defined by the approximating function, as shown in (15).  

#�� ¢ =(�� … ��)£ 8¤          (15) 

Consequently, the smooth frontier calculated with the new objective function presents 

the minimum production possibility region (KEISLER, 2000), represented by “A”, in Figure 5, 

for the 1 input (�) and 1 output (�) case.  

We should mention that Soares de Mello et al. (2002) found that classic metrics would 

be inadequate for smooth models because they disregard the functions’ derivatives, as does the 

objective function proposed herein. However, we could avoid unwanted solutions with 

additional restrictions. These restrictions are already present in smooth models from the 

literature, because the traditional objective function is based on a non-Hausdorff separable 

topological space (SOARES DE MELLO et al., 2002), where distinct points do not necessarily 

have distinct neighbours.  
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Figure 5 – Minimum production possibility region for a frontier ¥ = ¦(§) 

 
For illustrative purposes, let us suppose there are two inputs (�, �) and one output (�) 

and that there are less than five extreme-efficient DMUs. To ensure convexity, as proposed by 

Brandão (2013) and Brandão & Soares de Mello (2017), the polynomial equation that describes 

the BCC frontier would be � = =(�, �) = $ + 9� + ;� + 8�L + P�L . The new objective 

function, which minimizes the area limited by the smooth frontier for this case, is shown in 

(16).  

#�� x G G =(�, �)`{|}

`{_~

^{|}

^{_~
8�8�� = 

            (16) 

#�� ¨$(��t^ − ����)(��t^ − ����) + 92 (��t^L − ����L)(��t^ − ����) + ;2 (��t^
− ����)(��t^L − ����L) + 83 (��t^� − �����)(��t^ − ����) + P3 (��t^
− ����)(��t^� − �����)© 

We may observe that the objective function in (16) is a linear function of $, 9, ;, 8 and P, which are the decision variables for the smoothing problem. The model’s constraints are the 

same as in other smooth models, and therefore linear (SOARES DE MELLO et al., 2004). 

Thus, the smoothing problem with the new objective function is a Linear Problem, whether 

smooth models with the traditional objective function are Quadratic Problems. In other words, 

the smooth model proposed in this work not only observes the minimum extrapolation principle 

from standard DEA, unlike previous smooth models, but it is also much simpler to calculate. 
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Now, we will show that the new objective function remains linear, even for higher 

dimensions and for the general model proposed by Nacif et al. (2009) and Pereira & Soares de 

Mello (2015). For that, we should remember that approximating functions are polynomial 

functions, and that the integral of any polynomial function is the sum of the integrals of its 

terms (KEISLER, 2000). Moreover, a general polynomial term could be written as $����l ª … ���~ ª . Therefore, it is possible to isolate the polynomial coefficient $�  before the 

integral (KEISLER, 2000), and write the integral of the polynomial terms as shown in (17).  

$� ¢ … ¢ ¢ … ¢ ����l … ���~�8���{ {|}�{ {_~ … 8���l{|}�l{_~ 8��^~ {|}^~ {_~ … 8��^l{|}^l{_~     (17) 

Since the polynomial coefficients $� present degree one, the objective function is a 

linear function of such coefficients, i.e., the decision variables of the smoothing problem.  

It is worth noticing that Brandão & Soares de Mello (2017) eliminated crossed terms 

from the polynomial approximating functions, to ensure convexity. In this case, the polynomial 

terms could be written as $����ª,_, which is a particular case of (17). Thus, it is possible to verify 

that the objective function proposed herein is also linear in such case.  

Hereinafter, we will refer to the model with the objective function proposed herein, as 

the linear smooth model, or simply as the linear model. We should highlight that the new 

objective function is still a functional and therefore the new smoothing problem remains a 

variational problem.  

 
3.2 GENERALIZATIONS 

 

The new objective function could be used with smooth models, in general. The 

models’ basic properties remain the same, because they are generally ensured by the models’ 

restrictions, which are not modified. One property that also depends on the approximating 

function is convexity, as shown in Brandão & Soares de Mello (2017). Still, the new objective 

function does not affect this property, provided that we use the same sort of polynomial 

approximating functions. 

Moreover, the objective function does not affect the degree of the approximating 

polynomial function, which we select prior to applying the smoothing problem. This selection 

only depends on the polynomial equation (if it includes crossed terms or not) and on the number 

of efficient DMUs.  

Particularly, for the single input and multiple output case, where the input (�) is a 

function of the outputs (��, … , ��), the objective function should be as shown in (18). 
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#�� ¢ −�(��, … , ��)£           (18) 

To illustrate this, Figure 6 presents a generic smooth frontier for the single input (�) 

and single output (�) case (since it would be hard to visualize a three-dimensional graph), where 

the input is a function of the output. 

 
Figure 6 – Minimum production possibility region for a frontier § = «(¥) 

 
To minimize region B, which is the production possibility region, we should minimize 

the region under the line for ��t^ and subtract region C, as shown in (19). 

#�� ¬h��t^(��t^ − ����)i − ¢ �(�)8��{|}�{_~        (19) 

Since h��t^(��t^ − ����)i is constant, i.e., does not depend on the approximating 

function coefficients, which are the decision variables in smooth models, we could simplify the 

expression, as shown in (20). This is the same as maximizing region C, i.e., 

#$� ¬¢ �(�)�{|}�{_~ 8�. 

#�� − ¢ �(�)8��{|}�{_~           (20) 

The generalization for higher dimensions is straightforward: the objective functions 

should be #�� ¬− ¢ … ¢ �(��, … , ��)8�� … 8���{ {|}�{ {_~
�l {|}�l {_~  , to minimize the production 

possibility region. 

For the multidimensional models in Nacif et al. (2009) and Pereira & Soares de Mello 

(2015), where Y(�� … ��, �� … ��) = =(�� … ��) − �(�� … ��) , the production possibility 

region is minimized with the objective function shown in (21). 

#�� ¢ … ¢ ¢ … ¢ Y(�� … ��, �� … ��)8���{ {|}�{ {_~ … 8���l{|}�l{_~ 8��^~ {|}^~ {_~ … 8��^l{|}^l{_~     (21) 

X (input)   

Xmax

Z (output)

B

Zmin Zmax

C
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Since =  is only a function of ��  (� = 1, … , �) and �  is only a function of ��  (� =1, … , p), the objective function in (21) is equivalent to the one shown in (22), in line with the 

single output cases and single input cases. 

#�� ¬¢ … ¢ =(�� … ��)8��^~ {|}^~ {_~ … 8��^l{|}^l{_~ − ¢ … ¢ �(�� … ��)8�� … 8���{ {|}�{ {_~
�l {|}�l {_~  (22) 

Although the multidimensional model proposed by Nacif et al. (2009) is a 

generalization of the other models (multiple inputs/ single output and multiple outputs/ single 

input), we will still refer to the three of them because these less general models are simpler and 

easier to apply. Besides, certain improvements to smooth models proposed by Brandão & 

Soares de Mello (2017) were still not applied to the multidimensional, as explained in Chapter 

2.  

 
3.3 TOPOLOGICAL STUDIES FOR THE LINEAR MODEL 
 

As described in previous sections, the linear model proposed herein modifies the 

objective function so that it embraces the minimum extrapolation principle. Thus, instead of 

searching for the polynomial with the minimum arc length (or its multidimensional 

generalization), the linear model seeks the polynomial defining the minimum production 

possibility region, among those that follow the model’s restrictions. This polynomial is now 

considered closest to the original frontier. In other words, the linear model evaluates frontier 

proximity differently.  

The area that studies how elements of a set relate spatially to each other, such as 

proximity between functions, is Topology. This field is concerned with the properties of space 

that are preserved under continuous deformations, such as stretching, bending, knotting, etc. 

For the purposes of this work, we do not need to define topology, topological spaces or other 

related concepts, which is why we will not review them herein. At this point, it suffices to 

understand that the linear model introduces a different function to evaluate proximity of 

frontiers, instead of the pseudo-metric based on the arc length (or multidimensional 

generalization).  

We will show that, for BCC frontiers, the new objective function is based on function 8, presented in (23), defined on a set ? of functions, where ��, �L ∈ ?. Function 8 is induced 

by the norm ‖ ‖�, where ‖�‖� = ¢ ¯�(? @@@⃗ )¯8¤£ , and satisfies all metric conditions when ? is 
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a set of continuous functions (LIMA, 2013). We should mention that both the original and the 

approximating functions (i.e., polynomials) are continuous. 

8(��, �L) = ¢ ¯��(? @@@⃗ ) −�L(? @@@⃗ )¯8¤£ = �¢ ��(? @@@⃗ ) −�L(? @@@⃗ ) 8¤£ , �� ��(? @@@⃗ )≥ �L(? @@@⃗ )
¢ �L(? @@@⃗ ) −��(? @@@⃗ ) 8¤£ , �� ��(? @@@⃗ )≤ �L(? @@@⃗ )   (23) 

First, we address the multiple inputs and single output case, where v = =(? @@@⃗ )==(�� … ��), as shown in (7). To minimize the distance 8(=, �°) between the original DEA 

frontier �° and the smooth frontier =, we should take into account that the smooth frontier = is 

a concave function, because of the model’s restrictions, = ∶ ℱ → ℜ, where ℱ ⊂ ℜ� is a convex 

set. In this case, for every �,  ∈ ℱ and 0 ≤ Q ≤ 1, we have (24) (SIMON & BLUME, 1994). 

Q=(�) + (1 − Q)=() ≤ =(Q� + (1 − Q))       (24) 

This means that the segment that connects any two points from the curve = is always 

smaller than or equal to the points on the curve =, i.e., it passes below the curve, as illustrated 

in Figure 7. Considering that the original frontier �° is a combination of linear segments that 

connect extreme-efficient DMUs, and that the smooth frontier =  contains these DMUs, as 

displayed in Figure 7, we have �° ≤ =  for every =  that follows the model’s restrictions. 

Smooth frontiers that do not contain certain extreme-efficient DMUs, as proposed by Brandão 

& Soares de Mello (2017), pass above these DMUs, maintaining the relation �° ≤ =.  

 

Figure 7 – Property for concave functions 

 
Seeing that �° ≤ =, we could rewrite 8(=, �°) from equation (23) simply as (25). 

8(=, �°) = ¢ =(? @@@⃗ ) −�°8¤£           (25) 

z (output)

x (input)
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Moreover, to minimize 8(=, �°) in (25), considering that �° is minimum and does not 

depend on the smooth model’s decision variables, we could simply minimize ¢ =(? @@@⃗ ) 8¤£ , 

which is precisely the objective function proposed in (15). 

For the multiple outputs and single input case, where ? = �(v @@@⃗ )= �(��, … , ��), we 

should also minimize the distance 8(�, ℎ°) between the original DEA frontier ℎ°  and the 

smooth frontier �. For that, we should take into account that the smooth frontier � is a convex 

function (−� is a concave function), because of the model’s restrictions, � ∶ ℱ → ℜ, where ℱ ⊂ ℜ� is a convex set. In this case, for every �,  ∈ ℱ and 0 ≤ Q ≤ 1, we have (26) (SIMON 

& BLUME, 1994). 

Q�(�) + (1 − Q)�() ≥ �(Q� + (1 − Q))       (26) 

This means that the segment that connects any two points from the curve � always 

passes above the curve �, as illustrated in Figure 8. Considering that the original frontier ℎ° is 

a combination of linear segments that connect extreme-efficient DMUs, and that the smooth 

frontier �  contains these DMUs, as shown in Figure 8, we have ℎ° ≥ �  for every �  that 

follows the model’s restrictions, even for the relaxed models proposed by Brandão & Soares 

de Mello (2017). 

 

Figure 8 – Property for concave functions 

 
Seeing that ℎ° ≥ �, we could rewrite 8(�, ℎ°) from (23), simply as (27). 

8(ℎN, ℎ°) = ¢ ℎ° − �(v @@@⃗ )£           (27) 

Moreover, to minimize 8(�, ℎ°) in (27), considering that ℎ° is maximum and does not 

depend on the smooth model’s decision variables, we could simply maximize ¢ �(v @@@⃗ ) 8¤£ , 

which is precisely the objective function proposed in (18). 

x (input)   

z (output)
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For the multiple inputs and outputs case in (9), where Y(�� … ��, �� … ��) ==(�� … ��) − �(�� … ��), the smooth frontier is concave, because it is a sum of concave 

functions, i.e., =(�� … ��) and −�(�� … ��) (SIMON & BLUME, 1994). Therefore, as shown 

in (24), the original frontier �° always passes below the smooth frontier, i.e., �° ≤ Y. Thus, 

we could rewrite 8(Y, �°) as (28). 

8(Y, �°) = ¢ Y(�� … ��, �� … ��) − �°8¤£        (28) 

Hence, to minimize 8(Y, �°) in (28), considering that �° is minimum and does not 

depend on the smooth model’s decision variables, we could simply minimize 

¢ Y(�� … ��, �� … ��)8¤£ , which is precisely the objective function proposed in (21). 

In brief, we have shown that the objective function proposed herein minimizes the 

distance 8(��, �L) = ¢ ¯��(? @@@⃗ ) −�L(? @@@⃗ )¯8¤£  between the smooth and the original DEA frontier, 

for all three BCC cases (multiple inputs and single output, multiple outputs and single input, 

and multiple inputs and outputs). With regard to CCR frontiers, in Chapter V, we present certain 

considerations on topological properties of the linear objective function. 

 
3.4 THE NO OPTIMAL SOLUTION THEOREM 

 

The No Optimal Solution Theorem shown in Soares de Mello et al. (2002, p. 190) 

states that “the problem of smoothing the Pareto efficient frontier with a topology based on arc 

length, in a BCC model with one output, is either meaningless, or has no solution”. This result 

is based on the Euler-Lagrange equation that solves smooth DEA problems with a topology 

based on the arc-length (or multidimensional generalizations), i.e., ∇L= = ∑ \e]\^_e� = 0; and on 

the convexity constraint for BCC frontiers, i.e., 
\e]\^_e ≤ 0. Together, both equations lead to the 

No Optimal Solution Theorem, based on the following proof: 

 
 
(a) The second derivatives are valued zero. In this case, the frontier is a 
hyperplane that contains all the efficient DMUs. The original frontier already 
has smooth characteristics, and the problem is meaningless. 
(b) In at least one point, one of the second derivatives is negative. Since the 
other second derivatives are negative or zero, their sum is negative, which 
contradicts the Laplace equation. 

Symbolically, ∃$� ≠ 0: ∇L= = ∑ \e]\^_e� = ∑ −$�L < 0� , and ∇L= = 0, that is, 

the problem is impossible. (SOARES DE MELLO et al., 2002, p. 190) 
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The theorem reveals that no solution is closest to the original BCC frontier. Given one 

possible solution, it will always be possible to determine a better approximation to the original 

BCC frontier. The single exception to this case occurs when the original frontier is a single 

hyperplane, in which case it is meaningless to search for a smooth frontier, as the original one 

already presents smooth characteristics. However, it is still possible to calculate good 

approximations, using variational methods. The solution proposed by Soares de Mello et al. 

(2002) uses polynomial approximating functions, as a result of the studies in Soares de Mello 

(1987). 

Seeing that the linear model is based on a different topology, the No Optimal Solution 

Theorem should be redeveloped. Howbeit, the result remains practically the same: 

Theorem: The unconstrained optimization problem of finding the Pareto efficient 

frontier of class �� that defines the minimum area (or multidimensional generalization), with 

the adequate boundary conditions, has no global optimal solution.  

As the original theorem’s proof in Soares de Mello et al. (2002), the proof for this 

theorem is also based on the reductio ad absurdum technique. 

Proof: Let us suppose a general functional for Y(��, … , ��, ��, … , ��) of class ��, as 

shown in (29), which should be calculated with the adequate boundary conditions. Here, we 

use ³ instead of the traditional =, to avoid confusion with the polynomial function of inputs =(�� … ��). 

´hY(��, … , ��, ��, … , ��)i =  

¢ ³ ���, … , ��, ��, … , ��, Y, \�\^l , … , \�\^~ , \�\�l , … , \�\�{� 8¤£        (29) 

To find the function that optimizes the functional in (29), considering this an 

unconstrained optimization problem, we may use the multiple-dimensional form of the Euler-

Lagrange equation I³� − ∑ \\^_ I \µ\�}_K��'� − ∑ \\�_ I \µ\�¶_K��'� = 0K , with adequate boundary 

conditions.  

However, the objective function for the linear smooth model is shown in (30), or 

simply ³ = Y. 

³ ���, … , ��, ��, … , ��, Y, \�\^l , … , \�\^~ , \�\�l , … , \�\�{� = Y(��, … , ��, ��, … , ��)  (30)  
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Thus, ³ does not explicitly depend on 
\�\^_. In such cases, the Euler-Lagrange equation 

is reduced to equation (31) (GELFAND and FOMIN, 1963). 

\µ\� = 0            (31) 

On the other hand, since ³ = Y, as shown in (30), equation (32) is also true. 

 
\µ\� = 1           (32)  

Together, both equations (31) and (32) lead to a contradiction (0 = 1). ∎ 

This theorem shows that there is no best solution for this smoothing problem, when 

taking into account all possible approximating functions. In other words, given one solution, 

we could always find a better approximation to the original DEA frontier. Nevertheless, we 

may still find good approximations using polynomial functions (SOARES DE MELLO et al., 

2002). 

Although the practical result remains the same, there are two basic differences between 

both theorems. First, in the original theorem, from Soares de Mello et al. (2002), there was the 

possibility of the smoothing problem being meaningless, i.e., when the original DEA frontier 

was already of class ��. On the other hand, the theorem shown herein does not contemplate 

such possibility. In other words, it is never possible to find a global optimum for an 

unconstrained optimization problem with the linear objective function, and the problem is never 

meaningless.  

Second, in the original theorem, the contradiction arose when considering the BCC 

restriction, thus, it is only valid for BCC frontiers. Nonetheless, the contradiction for the 

theorem presented herein arose from the optimization of the integrand itself. Thus, this theorem 

holds true for CCR models. 

 
3.5 PRACTICAL CONSEQUENCES FOR THE LINEAR MODEL 

 
As previously explained, the linear model searches a smooth frontier with the minimum 

production possibility region. The most likely practical consequence of this is, generally, an 

increase of the average smooth efficiency, as we explain hereinbelow. For that, Figure 9 

illustrates two arbitrary smooth frontiers defining different sizes of production possibility 

regions.  
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In Figure 9, the dotted lines between the DMU and the frontiers represent the DMU’s 

input and output efficiencies: the further the DMU lies from the efficient frontier, considering 

input or output orientation, the smaller its efficiency with regard to such orientation. More 

specifically, the output oriented efficiency is ����¸¹ = `º](^º),  and the input oriented efficiency 

is ����� = ^º»^º , where �¼  is the DMU’s original output value, =(�¼) is the DMU’s output 

projection on the smooth frontier, �¼� is the DMU’s input projection on the frontier, and �¼ is 

the DMU’s original input value.  

 

Figure 9 – Illustrating practical consequences of the new objective function 

 
The frontier represented in black defines a smaller possibility set than the frontier 

represented in red, which lies further away from the DMU shown in Figure 9 (or any other 

possible DMU, in this example). Therefore, such DMU presents higher efficiency (for both 

orientations) when considering the frontier represented in black, than when considering the 

frontier represented in red. Hence, the practical consequence of selecting the frontier with the 

minimum production possibility set is, generally, an increase of the efficiency values. 

Before we explain this consequence further, we should highlight that the original DEA 

frontier defines a production possibility region that is smaller than any smooth frontier that 

contains the same extreme-efficient DMUs, as explained in section 3.2. Consequently, original 

DEA efficiencies are higher than those of any smooth model. Therefore, higher smooth 

efficiencies indicate that the DMUs’ evaluation is more similar to that of the original model. 

On the other hand, the smooth frontier with the smallest production set that constraints 

allow does not necessarily present the smallest output projection (or the greatest input 

projection) for every DMU, when compared to other smooth frontiers. Thus, the most likely 

scenario is illustrated in Figure 10. 
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In Figure 10, the production set of the frontier represented in black is still smaller than 

the production set of the frontier in red. In fact, we could notice that region A, which belongs 

only to the set defined by the frontier represented in red, is larger than region B, which belongs 

only to the set defined by the frontier represented in black.  

However, in certain regions from Figure 10, the input projections on the frontier 

represented in red are greater than (i.e., closer to the DMUs) those on the frontier represented 

in black, which is the case for both DMUs “a” and “b”. Similarly, in other regions, the output 

projections on the frontier represented in red are smaller (i.e., closer to the DMUs) than those 

on the frontier represented in black, which is the case for DMU “b”. Thus, DMU “b” has higher 

efficiency (for both orientations) and DMU “a” has higher input oriented efficiency, when 

considering the frontier represented in red.  

 

Figure 10 – Illustrating practical consequences of the new objective function 

 
Moreover, if all DMUs were somehow concentrated close to DMU “b”, their average 

efficiency when considering the frontier represented in red would be higher than when 

considering the frontier represented in black. However, it is more likely that the DMUs are 

reasonably well spread throughout the production set, in which case the average efficiency 

when considering the frontier represented in red would be lower than when considering the 

frontier represented in black. 

 

 

 
3.6 THEORETICAL COMPARISONS BETWEEN SMOOTH MODELS  
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In previous sections, we have shown that the linear and the traditional smooth models 

use different functions to calculate the smooth frontier that is closest to the original DEA 

frontier, following the models’ restrictions. In this section, we explain what are the theoretical 

consequences of such difference. 

To calculate the smooth frontier that optimizes the objective function, traditional 

smooth models approximate the smooth frontier’s format (position and derivatives, as 

explained in section 2.2) to that of the original frontier, whereas the linear model approximates 

the production possibility set defined by the smooth frontier to that of the original frontier.  

Knowing that the variables’ multipliers in smooth models are a function of the 

frontiers’ derivatives, as shown in (6) and (8), traditional smooth models, ultimately, 

approximate the variables’ weights to those of standard DEA. On the other hand, seeing that 

the production possibility set affects directly the units’ efficiencies, as explained in section 3.4, 

the DMUs’ efficiencies in the linear smooth model tend to be closer to those of standard DEA.  

Another important issue regarding both smooth models is that both depend on 

additional constraints, however, for different reasons. Traditional smooth models are based on 

a pseudo-metric that induces a non-Hausdorff separable topological space. In other words, we 

are not able to distinguish two elements by their topological properties. Consequently, 

additional constraints are indispensible to avoid unwanted solutions, as explained in section 

2.2. On the other hand, the linear smooth model is based on a metric. However, such metric 

does not avoid solutions with very different derivatives, as shown in Figure 3 (SOARES DE 

MELLO et al., 2002) and explained in previous sections. Thus, to avoid unwanted solutions, 

the linear model also depends on additional constraints. 

An additional difference between both smooth models with regard to their restrictions 

is that traditional models are very sensitive to equality constraints, whereas for the linear model, 

some of these constraints could be relaxed, i.e., become inequality constraints, as proposed by 

Brandão & Soares de Mello (2017), without significantly affecting results.  

The reason for this sensitivity is that traditional models seek the smooth frontier with 

the minimum arc length (or its multidimensional generalization), whose format is closest to that 

of the original frontier, provided that the smooth frontier contains the same points that are 

corners of the original frontier. If this constraint is removed or even relaxed (allowing the 

smooth frontier to pass over these points), traditional models may find that a straight line (or 

its multidimensional generalization), which presents the minimum arc-length between two 

fixed points, is the optimal smooth frontier.  
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In Figure 11, we present an example of a BCC standard frontier with one input and one 

output to illustrate this situation. The smooth frontier with the minimum arc length that contains 

the extreme-efficient DMUs, i.e., the corners of the original frontier, shown in Figure 11, and 

follows the model’s additional restrictions, would be close to the original frontier.  

 

Figure 11 – Illustration of traditional smooth models’ sensitivity to equality restrictions 

 
However, if we relax the equality restrictions, allowing the frontier to pass above 

extreme-efficient DMU and not contain them, the smooth frontier with the minimum arc-length 

would possibly be a straight line, as illustrated in Figure 11. The actual result would depend on 

the problem data, particularly, on the range of the DMUs’ values, which affects the integration 

limits. 

On the other hand, the linear model seeks the smooth frontier with the minimum 

production set. In this case, it is necessary to determine which points must belong to the set, 

otherwise the production set would be null. Thus, we may not remove the equality constraints 

from the linear model. However, the linear model is not as sensitive to such constraints, because 

its objective function seeks a frontier that “wraps” the DMUs as closely as possible. Therefore, 

certain equality constraints could be relaxed without affecting results. 

In Table 3, we present a summary of theoretical comparisons between the traditional 

and the linear objective functions, explained throughout in this section. We should remember 

that the traditional objective function was the one used in all previous studies of smooth DEA, 

including Soares de Mello et al. (2002), Soares de Mello et al. (2004), Nacif et al. (2009), 

Pereira & Soares de Mello (2015), and Brandão & Soares de Mello (2017). 
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Traditional Objective Function Linear Objective Function 

Quadratic Objective Function Linear Objective Function 

Approximates the format of the frontiers 
Approximates the Production Possibility Set 

of the frontiers 

Approximates variables’ weights Approximates DMU’s efficiencies 

Additional restrictions because it is based 
on a pseudo-metric topology 

Additional restrictions because its topology 
does not consider the frontiers’ derivatives 

High sensitivity to equality restrictions Low sensitivity to equality restrictions 

Table 3 – Summary of Theoretical Comparisons 



 
 

 
 

 

 
 
 
 
 
 
4 COMPARING RESULTS FOR SMOOTH BCC MODELS 

 

In this chapter, we compare results between the traditional objective function and the 

linear objective function for smooth BCC models, using examples from bi-dimensional and 

three-dimensional examples from the literature of smooth DEA. Examples of higher 

dimensions could be calculated with the formulation proposed by Nacif et al. (2009).  

 
4.1 BI-DIMENSIONAL EXAMPLE  

 

In this section, we analyse the bi-dimensional example in Soares de Mello et al. (2002). 

Table 4 shows the input and output values for each DMU, as well as their BCC output oriented 

efficiencies, obtained from the ISYDS software (ANGULO-MEZA et al., 2005).  

DMU Input Output BCC eff (out) 

A 0 0 100.00% 

B 5 5 100.00% 

C 3 2 66.67% 

D 7 6 100.00% 

E 6 3 54.55% 

F 8 5 83.33% 

Table 4 – Bi-dimensional example in Soares de Mello et al. (2002) 

Since there are three BCC extreme-efficient DMUs (DMUs A, B and D), the BCC 

smooth frontier will be described as � = =(�) = $ + 9� + ;�L + 8�� . The traditional 

objective function, which minimizes the frontier’s arc length, is shown in (33). 

#�� ¨¢ 1 + �\](^)\^ �L^{|}^{_~  8�© = ¬¢ 1 + (9 + 2;� + 38�L)L½¼  8�     (33) 

The objective function proposed herein, which minimizes the production possibility 

region, is shown in (34). 
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#�� ¬¢ =(�)^{|}^{_~  8� = #�� ¬¢ $ + 9� + ;�L + 8��½¼  8�     (34) 

It should be highlighted that the integration limits are an approximation when the 

output is written as a function of the inputs, and the model is input-oriented. In these cases, the 

range of inputs may be lower then the integration limits. Analogously, when the input is written 

as a function of the outputs, and the model is output-oriented, the integration limits are also an 

approximation. In these cases, the range of outputs could be higher than the integration limits. 

However, we will not be concerned about this approximation in this study, as previous smooth 

models also use this approximation, with no major distortions. 

For both objective functions, the smooth models’ restrictions are shown in (35).  

$ = 0 (efficient DMU A) $ + 9(5) + ;(5)L + 8(5)� = 5 (efficient DMU B) $ + 9(7) + ;(7)L + 8(7)� = 6 (efficient DMU D)       (35) 9 + 2;(8) + 38(8)L ≥ 0 (frontier increases with input) ;, 8 ≤ 0 (convexity) 

The optimal frontier, calculated with the Solver from Excel, was found to be the same 

for both objective functions, i.e., � = =(�) = 1,14881� − 0,00595��, represented in black, in 

Figure 12.  

 

Figure 12 – Smooth frontiers for the bi-dimensional example  

 
The fact that both objective functions provided the same result for this example could 

be considered an advantage for the linear model, in this case, because it is simpler to calculate. 

Although we do use the Solver from Excel to solve the minimization problem, we need to 
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calculate the objective functions’ integrals before using the program. Moreover, for problems 

with more variables or for polynomials with higher degrees, it becomes much more laborious 

to calculate the traditional objective function, which is not the case for the objective function 

proposed herein.  

We should highlight that we could easily find examples, particularly with one input 

and one output, where the objective functions provide different results. However, our purpose 

is to use examples from the literature, so that we could analyse how both objective functions 

perform in actual examples and case studies. 

For reference purposes, we also present, in Figure 10, the “piecewise smooth” frontiers, 

represented in light grey, from the original smooth model in Soares de Mello et al. (2002). Their 

model searches for a different polynomial for � ∈  h0,5i and for � ∈  h5,7i. It is interesting to 

observe in Figure 10 that the smooth frontiers from both models are very close. Nevertheless, 

we should highlight that such comparison, between the “piecewise smooth” model and the 

model that calculates a single polynomial frontier, is not the focus of this work.  

We should point out that the smooth frontier found for both objective functions remains 

the same, even when relaxing the equality restriction for DMU D, which becomes an inequality 

restriction, as proposed in Brandão & Soares de Mello (2017). The reason for this sensitivity 

analysis is that DMU D could be considered efficient by default because it has the greatest 

output and it is not CCR efficient, as explained in section 2.3. However, since DMU D remains 

in the smooth frontier, even when relaxing its constraint, it would be considered “truly” 

efficient, not only efficient by default, according to the authors. 

Finally, we should highlight that Soares de Mello et al. (2002) proposed a second bi-

dimensional example, by adding one unit to the input and output values of all DMUs from the 

previous example. According to the authors, it would be impossible to calculate weights for the 

DMU in the origin (0,0).  

We have also used this second example to compare results from both objective 

functions. However, they are very similar to the first example, presented hereinabove. In other 

words, the same smooth frontier optimizes both models, even when we relax the equality 

restriction associated with DMU D. Therefore, we do not present results for the second example 

from Soares de Mello et al. (2002). 
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4.2 THREE-DIMENSIONAL EXAMPLES  

 
In this section, we analyse three-dimensional BCC examples from Rubem et al. (2015) 

and Gomes Junior et al. (2015). 

The example in Rubem et al. (2015) evaluates the performance of national teams that 

participated in the 2012 UEFA European Football Championship (UEFA EURO 2012). The 

authors used the sum of the players´ market value, available at 

www.financefootball.wordpress.com/, and the number of points in the FIFA ranking, available 

at www.fifa.com/, as inputs. The output denoted the final tournament ranking, available at 

www.uefa.com, although they converted such ranking with the Macbeth-based (BANA E 

COSTA and VASNICK, 1994) procedure proposed by Brandão et al. (2013). Their purpose 

was to evaluate to which extent market expectation and favouritism determine the teams’ actual 

performances.  

Table 5 shows the normalized input (� and �) and output (�) values, as well as standard 

DEA efficiencies, obtained with ISYDS (ANGULO-MEZA et al., 2005). 

Problem Data Standard DEA Efficiencies 

DMUs x y z BCC out BCC in CCR 

Spain 1.00 1.00 1.00 100% 100% 100% 

Germany 0.76 0.88 0.30 38% 57% 38% 

England 0.66 0.79 0.17 25% 52% 24% 

Portugal 0.56 0.68 0.30 54% 74% 51% 

France 0.55 0.66 0.17 32% 62% 29% 

Netherlands 0.51 0.85 0.10 18% 42% 18% 

Italy 0.50 0.67 0.54 100% 100% 100% 

Russia 0.26 0.67 0.10 33% 57% 33% 

Croatia 0.25 0.72 0.10 35% 57% 35% 

Sweden 0.21 0.63 0.10 42% 67% 41% 

Ukraine  0.18 0.39 0.10 74% 92% 50% 

C. Republic 0.17 0.53 0.17 100% 100% 86% 

Poland 0.15 0.36 0.10 100% 100% 58% 

Denmark 0.14 0.70 0.10 56% 83% 56% 

Greece 0.14 0.65 0.17 100% 100% 100% 

Ireland 0.11 0.62 0.10 100% 100% 71% 

Averages 63.0% 77.7% 55.7% 

Table 5 – Normalized data and standard DEA efficiencies for the example in Rubem et al. (2015) 

With the convexity correction proposed by Brandão & Soares de Mello (2017), the 

polynomial equation for the smooth frontier has no crossed terms, as explained in section 2.3. 

Seeing that there are six BCC efficient DMUs (Spain, Italy, Czech Republic, Poland, Greece, 
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and Ireland), the frontier should be described as � = =(�, �) = $ + 9� + ;� + 8�L + ��L +��� + ���. 

Although, at this point, the target was to find a smooth frontier that contained all BCC 

efficient DMUs and followed the smooth model’s restrictions, we were not able to find such 

frontier using the Solver software from Excel. The frontier would either consider DMU Ireland 

inefficient or DMU Greece superefficient. To solve this issue, we relaxed the equality 

restriction for Ireland, as in other examples from the literature. 

For both objective functions, the optimal frontier was found to be the same, using the 

Solver software, from Excel, i.e., � = =(�, �) = −0.19295 + 1.21587� + 0.34095� −0.31791�L − 0.04597�L, which could be considered a positive result for the linear model, 

since it is simpler to calculate. The objective functions and restrictions for this example are 

detailed in the appendix 8.1. 

 Table 6 shows efficiencies and other results for this smooth frontier, including, for 

comparison purposes, the DMUs original values and their standard BCC efficiencies, both for 

input and output orientations. For the output oriented smooth model, Table 6 presents the 

DMUs’ targets (=(�, �)) and efficiencies (���N�), where ���N� = ÅÆ�b& °¸¹m¸¹](^,`)  (BRANDÃO, 

2013), according to standard DEA models. Similarly, for the input oriented smooth model, 

Table 6 presents the DMUs’ targets �∗ and �∗, where �∗ = Ç�, �∗ = Ç�, so that =(�∗, �∗) =�, as well as their efficiencies (���N� = Ç).  

DMUs 
Original 
Output 

Output Orientation Original Inputs Input Orientation 

F(x,y) Eff sm BCC x y x* y* Eff sm BCC 

Spain 1.00 1.00 100% 100% 1.00 1.00 1.000 1.000 100% 100% 

Germany 0.30 0.81 37% 38% 0.76 0.88 0.332 0.386 44% 57% 

England 0.17 0.71 24% 25% 0.66 0.79 0.237 0.281 36% 52% 

Portugal 0.30 0.60 50% 54% 0.56 0.68 0.327 0.400 58% 74% 

France 0.17 0.59 29% 32% 0.55 0.66 0.237 0.284 43% 62% 

Netherlands 0.10 0.60 17% 18% 0.51 0.85 0.172 0.285 34% 42% 

Italy 0.54 0.54 100% 100% 0.50 0.67 0.496 0.671 100% 100% 

Russia 0.10 0.31 32% 33% 0.26 0.67 0.147 0.373 56% 57% 

Croatia 0.10 0.31 32% 35% 0.25 0.72 0.139 0.405 56% 57% 

Sweden 0.10 0.24 41% 42% 0.21 0.63 0.137 0.411 66% 67% 

Ukraine  0.10 0.14 72% 74% 0.18 0.39 0.155 0.346 88% 92% 

C. Republic 0.17 0.17 100% 100% 0.17 0.53 0.168 0.530 100% 100% 

Poland 0.10 0.10 100% 100% 0.15 0.36 0.152 0.356 100% 100% 

Denmark 0.10 0.19 52% 56% 0.14 0.70 0.108 0.523 75% 83% 

Greece 0.17 0.17 100% 100% 0.14 0.65 0.136 0.655 100% 100% 

Ireland 0.10 0.13 75% 100% 0.11 0.62 0.100 0.554 89% 100% 

Averages   60.1% 63.0%     71.5% 77.7% 

Table 6 – Smooth models’ results for the first three-dimensional BCC example 
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The smooth efficiencies shown in Table 6 do not seem far from standard BCC, except 

for DMU Ireland, whose efficiency is 100% in standard BCC, but only 75% in the output 

oriented smooth model, and 89% in the input oriented smooth model. As previously explained, 

it was not possible to impose the equality restriction associated with this DMU in the smooth 

model.  

Smooth DEA results could be used to calculate unique sets of weights for extreme-

efficient DMUs, as in (8). Seeing that the optimal frontier is the same for both objective 

functions, the weights are also the same in both models. Soares de Mello et al. (2004), for 

instance, calculated weights for their case study, also with two inputs and one output. For higher 

dimensions, please see Nacif et al. (2009).  

However, this is not the sole purpose of smooth DEA. Efficiencies from smooth models 

could be used to rank DMUs and identify units that require improvement, as standard DEA 

efficiencies. However, compared with standard DEA, smooth models do not present Pareto 

inefficient regions. Therefore, smooth efficiencies and rankings could be considered more 

accurate with regard to this matter.  

Another advantage of smooth models is the possibility of correcting the efficient by 

default distortion from standard BCC models, as proposed by Brandão & Soares de Mello 

(2017). This is why, as a sensitivity analysis, we relaxed the equality restriction for Poland, 

which presents the smallest value for � and is not CCR efficient. We also maintained relaxed 

the equality restriction for Ireland, which presents the smallest value for � and is not CCR 

efficient. In this case, for the linear model, the optimal frontier remained the same, whereas for 

the traditional smooth model, the frontier was found to be � = =(�, �) = −0.155 + 1.081� +0.273� − 0.199��.  

This is an example of how the linear model is less sensitive to equality restrictions than 

the traditional model, as explained in section 4.1. It could be considered a specific advantage 

of the linear model, for cases where equality restrictions are relaxed. 

For comparison purposes, Table 7 shows the DMUs’ targets and efficiencies for both 

the traditional objective function (“Trad OF”) and the linear objective function (“Linear OF”). 

Since the smooth frontier for the linear model did not change, the results for such model are the 

same as those presented in Table 6.  

We may observe from Table 7 that most DMUs have equal or higher output oriented 

efficiencies, and all DMUs have equal or higher input oriented efficiencies with the linear 
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objective function. In other words, the efficiency results from the linear model were closer to 

those of traditional DEA models, in this example.  

DMUs 

Output Orientation Input Orientation 

Trad OF Linear OF Trad OF Linear OF 

F(x,y) Eff Sm F(x,y) Eff Sm x* y* Eff Sm x* y* Eff Sm 

Spain 1.000 100% 1.000 100% 1.000 1.000 100% 1.000 1.000 100% 

Germany 0.821 37% 0.813 37% 0.331 0.385 43% 0.332 0.386 44% 

England 0.719 24% 0.714 24% 0.233 0.276 35% 0.237 0.281 36% 

Portugal 0.602 50% 0.600 50% 0.327 0.399 58% 0.327 0.400 58% 

France 0.589 29% 0.587 29% 0.233 0.279 42% 0.237 0.284 43% 

Netherlands 0.603 17% 0.602 17% 0.167 0.277 33% 0.172 0.285 34% 

Italy 0.540 100% 0.540 100% 0.496 0.671 100% 0.496 0.671 100% 

Russia 0.309 32% 0.314 32% 0.144 0.366 55% 0.147 0.373 56% 

Croatia 0.307 33% 0.312 32% 0.136 0.397 55% 0.139 0.405 56% 

Sweden 0.238 42% 0.241 41% 0.135 0.404 65% 0.137 0.411 66% 

Ukraine  0.141 71% 0.138 72% 0.151 0.338 86% 0.155 0.346 88% 

C. Republic 0.170 100% 0.170 100% 0.168 0.530 100% 0.168 0.530 100% 

Poland 0.105 95% 0.100 100% 0.149 0.348 98% 0.152 0.356 100% 

Denmark 0.191 52% 0.192 52% 0.106 0.516 74% 0.108 0.523 75% 

Greece 0.170 100% 0.170 100% 0.136 0.655 100% 0.136 0.655 100% 

Ireland 0.136 74% 0.134 75% 0.098 0.547 88% 0.100 0.554 89% 

Averages   59.6%   60.1%     70.7%     71.5% 

Table 7 – Smooth models’ results for the sensitivity analysis 
 

In such cases, where we relax equality restrictions for efficient by default DMUs, we 

could interpret that smooth models provide more accurate results, i.e., efficiencies, rankings 

and weights, because they correct such distortion from standard BCC models. Although this is 

true for both smooth models, the traditional objective function could present problems when 

relaxing equality restrictions, as explained in section 3.6. Thus, we recommended the linear 

smooth model for such purposes. 

The example in Gomes Junior et al. (2015) evaluates the performance of Brazilian 

airlines, considering the airlines’ fleet capacity as input and, as outputs, the number of 

passengers carried, multiplied by the total distance travelled, as well as the total cargo tonnage 

transported, multiplied by the total distance travelled, for each airline in 2010.  

Table 8 shows the normalized input and output values, as well as the standard output-

oriented BCC efficiencies and, for reference purposes, standard CCR efficiencies, both of 

which were obtained with ISYDS (ANGULO-MEZA et al., 2005). To avoid misinterpretation, 

we should highlight that Total LA refers to a single airline called Total Linhas Aéreas (Total 

Airlines, in Portuguese). 
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DMUs 
Original Normalized Data Eff BCC 

Output 
Eff CCR �: Fleet �: Pass.km È: Ton.km 

Abaeté 0.00073 0.00004 0.00003 10% 5% 
Avianca 0.05220 0.03590 0.03418 61% 59% 
Azul 0.06888 0.08328 0.07134 100% 100% 
Gol 0.60805 0.60726 0.58219 99% 86% 
Meta 0.00179 0.00039 0.00036 24% 18% 
NHT 0.00265 0.00020 0.00017 7% 6% 
Noar 0.00066 0.00010 0.00028 58% 22% 
Pantanal 0.01356 0.00470 0.00416 30% 29% 
Passaredo 0.01423 0.00829 0.00746 50% 49% 
Puma 0.00390 0.00168 0.00902 100% 100% 
Rico 0.01204 0.00001 0.01033 60% 37% 
Sete 0.00192 0.00032 0.00032 19% 15% 
Sol 0.00046 0.00004 0.00004 100% 8% 
TAM 1.00000 1.00000 1.00000 100% 87% 
Team 0.00112 0.00006 0.00005 7% 4% 
Total LA 0.03586 0.00120 0.01052 26% 13% 
Trip  0.05452 0.02993 0.02732 47% 46% 
Webjet 0.08747 0.07988 0.07197 80% 77% 
Averages    54.3% 42.3% 

Table 8 – Normalized data and DEA BCC efficiencies for the case study in Gomes Junior et al. (2015) 

For both objective functions, the optimal frontier was found to be the same, i.e., � =�(�, È) = 0.00043 + 0.57581� + 0.27675È + 0.14701ÈL, using the Solver software. We 

should remember that functions of outputs, such as �(�, È) , have non-negative second 

derivatives. The calculations for this example are also shown in the appendix 8.1. 

This does not mean that both objective functions will always provide the same result. 

On the contrary, we could find numerical examples where they provide different results. 

However, it may be hard to obtain different smooth frontiers for real case studies and other 

examples from the literature, without relaxing equality restrictions for certain DMUs. The main 

reason for this is the limited universe of approximating functions that follow all restrictions 

from most smooth BCC models.  

Table 9 shows the DMUs output oriented targets (�∗, È∗) and efficiencies (Ç) for the 

smooth model, where �∗ = Ç�, È∗ = ÇÈ, with 0 ≤ Ç ≤ 1, so that �(�∗, È∗) = �. Table 9 also 

shows the DMUs original outputs and traditional BCC output oriented efficiencies, for 

comparison purposes. 

DMU 
Original Outputs Eff BCC 

Output Or. 
Results for Smooth BCC Output Orientation 

z - Pass.km w - Ton.km z* - target z w* - target w Eff Sm 
Abaeté 0.00004 0.00003 10% 0.0004 0.0003 10% 
Avianca 0.03590 0.03418 61% 0.0611 0.0582 59% 
Azul 0.08328 0.07134 100% 0.0833 0.0713 100% 
Gol 0.60726 0.58219 99% 0.6541 0.6271 93% 
Meta 0.00039 0.00036 24% 0.0016 0.0015 24% 
NHT 0.00020 0.00017 7% 0.0027 0.0024 7% 
Noar 0.00010 0.00028 58% 0.0002 0.0005 58% 
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Pantanal 0.00470 0.00416 30% 0.0160 0.0141 29% 
Passaredo 0.00829 0.00746 50% 0.0167 0.0150 50% 
Puma 0.00168 0.00902 100% 0.0017 0.0090 100% 
Rico 0.00001 0.01033 60% 0.0000 0.0409 25% 
Sete 0.00032 0.00032 19% 0.0018 0.0017 19% 
Sol 0.00004 0.00004 100% 0.0000 0.0000 100% 
TAM 1.00000 1.00000 100% 1.0000 1.0000 100% 
Team 0.00006 0.00005 7% 0.0009 0.0007 7% 
Total LA 0.00120 0.01052 26% 0.0112 0.0987 11% 
Trip  0.02993 0.02732 47% 0.0647 0.0590 46% 
Webjet 0.07988 0.07197 80% 0.1039 0.0936 77% 
Averages     54%     51% 

Table 9 – Smooth models’ results for the second three-dimensional BCC example 

As a sensitivity analysis, we also relaxed the equality restrictions for efficient by 

default DMUs, i.e., airlines Sol (with the smallest input value, and not CCR efficient) and TAM 

(with the greatest values for both outputs, and not CCR efficient). In this case, for the traditional 

smooth model, the frontier is found to be �(�, È) = −0.00041 + 0.50290� + 0.38404È ,  

whereas for the linear smooth model, the frontier is found to be �(�, È) = −0.00425 +0.12383� + 0.88042È.  

Both frontiers are linear functions with regard to outputs, which is not a desirable 

characteristic for BCC models. Moreover, they present negative input-oriented targets for small 

DMUs, including for Sol, and therefore negative input-oriented efficiencies for such DMUs. 

Although the example in Gomes Junior et al. (2015) is output oriented, we could correct this 

problem including the restriction �(����, È���) ≥ 0, as proposed by Brandão & Soares de 

Mello et al. (2017), where ����, È��� are the smallest output values. 

With such restriction, for the traditional smooth model, the frontier is found to be � =�(�, È) = −0.00002 + 0.54122� + 0.33385È,  whereas for the linear smooth model, the 

frontier is found to be � = �(�, È) = −0.00002 + 0.53279� + 0.33421È + 0.13302ÈL.  

 Table 10 shows the DMUs output-oriented (“Out. Or.”) targets and efficiencies for 

these frontiers.  

We could observe from Table 10 that the results for both models are quite similar. 

However, we should highlight that the frontier for the linear model presents a positive second 

derivative for output È, while the frontier for the traditional model is a linear function of the 

outputs. Moreover, DMU TAM is efficient in the linear smooth model, as in the original DEA 

BCC model, but inefficient in the traditional smooth model. This is another indication that the 

linear objective function is more appropriate for correcting the BCC efficient by default 

distortion. With such correction, in addition to eliminating Pareto inefficient region, smooth 

models provide more adequate results, when compared to standard DEA. 
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DMU 
Results for Traditional OF Results for Linear OF 

z*: target z w*: target w Eff Out. Or. z*: target z w*: target w Eff Out. Or. 
Abaeté 0.0009 0.0008 4.2% 0.0009 0.0008 4.1% 
Avianca 0.0608 0.0579 59.1% 0.0608 0.0579 59.0% 
Azul 0.0833 0.0713 100.0% 0.0833 0.0713 100.0% 
Gol 0.7060 0.6768 86.0% 0.6518 0.6249 93.2% 
Meta 0.0021 0.0020 18.3% 0.0021 0.0020 18.1% 
NHT 0.0032 0.0028 6.3% 0.0032 0.0028 6.2% 
Noar 0.0004 0.0013 21.7% 0.0004 0.0013 21.6% 
Pantanal 0.0162 0.0144 28.9% 0.0164 0.0145 28.7% 
Passaredo 0.0169 0.0152 49.0% 0.0170 0.0153 48.6% 
Puma 0.0017 0.0090 100.0% 0.0017 0.0090 100.0% 
Rico 0.0000 0.0361 28.7% 0.0000 0.0355 29.1% 
Sete 0.0022 0.0022 14.6% 0.0022 0.0022 14.5% 
Sol 0.0006 0.0005 7.5% 0.0006 0.0005 7.4% 
TAM 1.1428 1.1428 87.5% 1.0000 1.0000 100.0% 
Team 0.0014 0.0011 4.2% 0.0014 0.0011 4.2% 
Total LA 0.0103 0.0907 11.6% 0.0100 0.0882 11.9% 
Trip  0.0645 0.0588 46.4% 0.0645 0.0589 46.4% 
Webjet 0.1039 0.0936 76.9% 0.1035 0.0933 77.2% 
Averages     41.7%     42.8% 

Table 10 – Smooth models’ results for the sensitivity analysis 



 
 

 
 

 

 
 
 
 
 
 
5 SMOOTH CCR MODELS 

 

In this chapter, we discuss problems related to smooth CCR models. In section 5.1, we 

propose some developments for such models. In section 5.2, we analyse numerical examples, 

comparing results between the traditional and the linear objective function, taking into 

consideration our findings from section 5.1. 

The main difficulty of smooth CCR models is its homogeneous condition, which 

substantially limits the possibility of approximating functions. Consequently, it is not possible 

to impose stronger, though simpler restrictions that ensure the model’s properties, as in BCC 

models. Otherwise, there might not be any homogeneous function that follows all restrictions 

from the smooth model. 

Because of this complexity, smooth CCR models still present important problems 

(PEREIRA, 2010). For instance, Pereira et al. (2009) proposed model (36), with the purpose of 

ensuring smooth properties and increasing monotonicity with inputs and outputs for the entire 

frontier. Restrictions (36.2) and (36.3) ensured that the frontier increases, respectively, with 

inputs and outputs, for extreme points, i.e., for maximum values of inputs and minimum values 

of outputs, in line with BCC models presented in section 2.3.  
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��9�P;Q QR            (36)  

Y>�� ��� … �� ��� , �� ��� … �� ���B = 0, ∀ P�Q�PpP P���;�P�Q X#Y   (36.1) 

\�\^_ (�� �t^, … , �� �t^) ≥ 0, ∀� = 1, … , �       (36.2) 

\�\�� (�� ���, … , �� ���) ≤ 0, ∀� = 1, … , p       (36.3) 
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However, their model failed to control oscillations inside the observed interval, as 

explained in Pereira (2010) and shown in Figure 13 (PEREIRA, 2010). We will understand this 

problem throughout the next section. 

 

Figure 13 – Smooth CCR frontier with oscillations (PEREIRA, 2010) 

This is why the current CCR model, proposed by Pereira et al. (2015) and shown in 

(13), imposes local restrictions, ensuring properties only for extreme-efficient DMUs. This 

could still be a problem, depending on the case study. For instance, inefficient DMUs could be 

projected in a region where the frontier decreases with increasing inputs or outputs, which 

would lead to distorted results. However, studies from the found literature have not yet 

proposed a solution for this problem.  

Another issue of the state-of-the-art CCR models is that they do not ensure the 

frontier’s convexity, which will be explained in the following section. This property is not only 

present in standard CCR frontiers, but also in the three-dimensional smooth CCR model 

proposed by Soares de Mello (2002) and shown in (12). The problem with this last model is 

that it could become impossible with real data. Thus, in the following section, we attempt to 

develop restrictions that ensure convexity, for the smooth CCR model from Pereira & Soares 

de Mello (2015). 

 

5.1 SOME DEVELOPMENTS FOR SMOOTH CCR MODELS   

 

The problem of convexity for smooth CCR frontiers is particularly significant for the 

linear objective function. Seeing that its topology does not consider the frontier’s derivatives, 

there should be additional restrictions in the model, such as those that ensure the frontier’s 

convexity, to avoid unwanted solutions. 



 
 

 
 

57

To illustrate such property for standard CCR models, we show in Figure 14, from 

Soares de Mello et al. (2005), a bi-dimensional representation of the CCR frontier for an 

example with two inputs and one output. The horizontal axis represents the first input divided 

by the output and the vertical axis represents the second input divided by the output. Such 

representation, which allows us to analyse the amount of inputs, per unit of output, that each 

DMU uses, is only possible under conditions of constant returns to scale (FARREL, 1957). 

Clearly, Figure 14 shows a convex function.  

 

Figure 14 – Standard CCR frontier with 2 inputs and 1 output (SOARES DE MELLO et al., 2005) 

 
For cases with two inputs and one output, the smooth model defines function Y as Y(�, �, �) = =(�, �) − �(�), where =(�, �) is a function of inputs �  and � , and �(�) is a 

function of output � . Moreover, the smooth frontier is described by the level surface Y(�, �, �) = 0. To represent the smooth frontier as the standard CCR frontier in Figure 14, we 

should consider the output unitary (� = 1), as shown in (37). This representation is possible 

because the smooth frontier Y(�, �, �) = 0  also has constant returns to scale, since it is 

homogeneous of degree one, as explained in section 2.4.  

Y(�, �, 1) = =(�, �) − �(1) = 0 ∴ =(�, �) = �(1)        (37) 

Seeing that �(1) is constant, equation (36) shows that the representation in Figure 14 

corresponds to a level curve of =(�, �). Thus, =(�, �) should have convex level curves. 

Analogously, Figure 15, also from Soares de Mello et al. (2005), represents the CCR 

frontier for an example with two outputs and one input. The horizontal axis represents the first 
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output divided by the input and the vertical axis represents the second output divided by the 

input. Clearly, Figure 15 shows a concave function.  

 

Figure 15 – Standard CCR frontier with 2 outputs and 1 input (SOARES DE MELLO et al., 2005) 

 
For cases with two outputs and one input, the smooth model defines function Y as Y(�, �, È) = =(�) − �(�, È), where =(�) is a function of input �, �(�, È) is a function of 

outputs � and È, and the smooth frontier is also described by the level surface Y(�, �, È) = 0. 

To represent the smooth frontier as in Figure 15, we should consider the input unitary (� = 1), 

as shown in (38). 

Y(1, �, È) = =(1) − �(�, È) = 0 ∴ �(�, È) = =(1)        (38) 

Considering that =(1)  is constant, equation (38) shows that the representation in 

Figure 15 corresponds to a level curve of �(�, È). Thus, �(�, È) should have concave level 

curves. Seeing that a function � is concave if and only if – � is convex (SIMON & BLUME, 

1994), we could also afirm that the level curves of −�(�, È) should be convex. 

Although we could not represent standard CCR frontiers for cases with multiple inputs 

and outputs, the generalization of the aforementioned conditions related to smooth frontiers is 

straightforward: =(�� … ��) and −�(�� … ��) should have convex level sets. 

According to Simon & Blume (1994), quasi-concave functions present convex level 

sets. Therefore, we should ensure quasi-concavity to =(�� … ��) and −�(�� … ��). According 

to the authors, the most useful calculus criterion for quasi-concavity is a sufficient, but not 

necessary, condition that ensures pseudo-concavity, and therefore quasi-concavity. 

Before we present the theorem for such condition, we explain the concepts of bordered 

Hessian and leading principal minors, also from Simon & Blume (1994). The bordered Hessian 
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� of a function =, shown in (39), is formed by bordering the usual Hessian XL=(�⃗) above and 

to the left, by the first order partial derivatives ∇@@⃗ =(�⃗) of =. 

� =
⎣⎢
⎢⎢
⎢⎡ 0 \]\^l … \]\^~\]\^l⋮

\e]\^le …⋮ ⋱
\e]\^l\^~⋮\]\^~

\e]\^~\^l … \e]\^~e ⎦⎥
⎥⎥
⎥⎤
       (39) 

Furthermore, a leading principal minor of order � is the determinant of the sub-matrix 

formed by deleting the last � − � rows and the last � − � columns from the original � ×  � 

matrix Ô. This sub-matrix is called the �-th order leading principal sub-matrix of Ô. Thus, a � ×  � matrix has � leading principal sub-matrices – the top-leftmost 1 × 1 sub-matrix, the top-

leftmost 2 × 2 sub-matrix, etc., until the original matrix. 

 
 
Theorem: Let F be a CL function on an open convex subset W in ℜ×. Consider H the bordered Hessian of F. 
(c) If the largest (n − 1) leading principal minors of H alternate in sign, for 
all x@⃗ ∈ W, with the smallest of these – the third order leading principal minor 
– positive, then F is pseudo-concave, and therefore quasi-concave, on W. 
(d) If the largest (n − 1) leading principal minors are all negative, for all x@⃗ ∈W, then F is pseudo-convex, and therefore quasi-convex, on W.  
(SIMON & BLUME, 1994, p. 530) 
 
 

Herein, we develop this theorem for the previously discussed cases, where we must 

ensure quasi-concavity to =(�, �)  and −�(�, È) , which also suits the examples analysed 

hereinafter. This bi-dimensional version of the theorem involves computing only one 

determinant, because the corresponding bordered Hessian is itself 3 × 3.  

In (40), we present the bordered Hessian for =(�, �), whose determinant should be 

positive. 

� =
⎣⎢
⎢⎢
⎡ 0 \]\^ \]\`\]\^ \e]\^e \e]\^\`\]\` \e]\^\` \e]\`e ⎦⎥

⎥⎥
⎤
       (40) 

The condition that ensures quasi-concavity to =(�, �) is shown in (41). 



 
 

 
 

60

� \e]\^\` ∙ \]\^ ∙ \]\`�L − \e]\^e �\]\`�L − \e]\`e �\]\^�L ≥ 0       (41) 

Analogously, the condition that ensures quasi-concavity to −�(�, È), or, similarly, 

quasi-convexity to �(�, È), is shown in (42). 

� \eÙ\�\Ú ∙ \Ù\� ∙ \Ù\Ú�L − \eÙ\�e �\Ù\Ú�L − \eÙ\Úe �\Ù\� �L ≤ 0       (42) 

Nevertheless, these conditions are not linear and they should be ensured for the entire 

observed interval. Even for the simplest case, where =(�, �) = $�L + 9�� + ;�L, it would be 

necessary to ensure the inequation shown in (43), developed from (41), for all � and � of the 

interval. 

h9(2$� + 9�)(2;� + 9�)iL − 2$(2;� + 9�)L − 2;(2$� + 9�)L ≤ 0   (43) 

At this point, we could illustrate the problem of imposing stronger, though simpler 

restrictions, for smooth CCR frontiers. For instance, if we imposed non-positive second-order 

coefficients and null coefficients for crossed terms, as in the BCC model, the frontier would be 

concave, as shown in Brandão & Soares de Mello (2017), thus quasi-concave. With such 

imposition, input polynomials of degree �  would be =(�� … ��) = $���Û + $L��Û + ⋯ +$��� Û , with $�, $L, … , $� ≤ 0  (output polynomials would be analogous). However, such 

functions do not increase with inputs (or outputs), thus they do not serve as approximating 

functions for smooth frontiers. 

Consequently, for the following numerical examples from the literature, with two 

inputs and one output, we will impose restriction (41), even though it is not linear. With this 

restriction, the smoothing CCR frontier problems are no longer quadratic problems, with the 

traditional objective function, or linear problems, with the objective function proposed herein. 

At this point, we could understand why smooth CCR models only ensure the property 

of increasing monotonicity with inputs and outputs locally, whereas smooth BCC models 

ensure such property for the entire observed interval. BCC frontiers are concave or convex 

functions, thus it is simply necessary to ensure monotonicity of inputs and outputs at extreme 

points: maximum for concave functions and minimum for convex functions. The reason for this 

is that the gradients for concave functions are non-increasing, and for convex functions, they 

are non-decreasing (SIMON & BLUME, 1994). 

On the other hand, CCR frontiers are not concave or convex. Even if we ensure quasi-

concavity or quasi-convexity, still we could not simply impose monotonicity of inputs and 
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outputs at extreme points and guarantee this property for the entire interval. The reason for this 

is that such functions do not have necessarily non-increasing or non-decreasing gradients, as 

concave or convex functions. Therefore, herein we will also impose monotonicity of inputs and 

outputs, as well as quasi-concavity, for extreme-efficient DMUS, as in Pereira (2010). 

Another difficulty for smooth CCR frontiers that arises from the fact that they are not 

concave or convex functions, regards the topological properties for the linear objective 

function. For such frontiers, we are not able to demonstrate that this objective function is based 

on the metric shown in (23). The reason for this is that the relation Q=(�) + (1 − Q)=() ≤=(Q� + (1 − Q)), shown in (24), for concave functions (or the analogous relation for convex 

functions), does not necessarily hold for quasi-concave or quasi-convex functions. 

On the other hand, the proofs in section 3.3 remain valid for smooth frontiers that 

define larger production possibility regions than the original frontier, in the observed interval. 

In other words, the linear objection function would still be based on the metric shown in (23) 

for such functions. We should add that this is generally the case, as smooth CCR examples from 

the literature show. 

 

5.2 NUMERICAL EXAMPLES   

 

In this section, we analyse the three-dimensional numerical examples from Pereira & 

Soares de Mello (2015) and Pereira (2010).  

The first example, from Pereira & Soares de Mello (2015), is shown in Table 11. 

DMU Input 1 Input 2 Output CCR Eff 

A 4 3 1 85.71% 

B 26 12 4 64.86% 

C 16 2 2 100% 

D 4 2 1 100% 

E 6 12 3 100% 

F 20 2 2 100% 

Table 11 – Numerical example from Pereira & Soares de Mello (2015) 
 

In Figure 16, from Pereira & Soares de Mello (2015), we present the standard bi-

dimensional representation for this example, where the horizontal axis represents the first input 

divided by the output and the vertical axis represents the second input divided by the output. 

From Figure 16, we could observe that DMU F is not extreme-efficient (in fact, it is not Pareto 
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efficient). Thus, we should relax the equality restrictions associated with this unit to avoid 

unfeasibility (SOARES DE MELLO et al., 2002). 

 

Figure 16 – Graph for the numerical example in Pereira & Soares de Mello (2015) 
 

As explained in section 2.4, the polynomial degree should be the same for the input (=(�, �))  and output functions (�(�)) , to guarantee homogeneity of degree one for the 

efficient frontier Y(�, �, �) = =(�, �) − �(�) = 0  or =(�, �) = �(�) . Moreover, the 

polynomial function, with the selected degree, should have more coefficients than the number 

of extreme-efficient DMUs. Finally, the output coefficient is conventionally set to one, without 

loss of generality (PEREIRA & SOARES DE MELLO, 2015). Thus, for the example shown in 

Table 11, the homogeneous polynomial Y(�, �, �) should present degree 3 and be described as Y(�, �, �) = $�� + 9�L� + ;��L + 8�� − ��.  

As shown in section 2.4, the smooth CCR models’ restrictions guarantee that Y(�, �, �) = 0 for extreme-efficient DMUs, and also that the frontier increases with inputs for 

extreme-efficient DMUs, i.e., 
\�\^ ≥ 0 and 

\�\` ≥ 0. Moreover, we impose condition (41) that 

ensures quasi-concavity, also for extreme-efficient DMUs. The objective functions and the 

model’s restrictions for this example are detailed in the appendix 8.2.  

With the traditional objective function, the homogeneous polynomial is Y¹3ta(�, �, �) = −0.001987�� + 0.030590�L� + 0.006875��L + 0.004788�� − �� , 

whereas with the linear objective function, the homogeneous polynomial is YÜ���t3(�, �, �) =0.000505�� + 0.004421�L� + 0.059213��L − 0.015150�� − �� . These results were 

calculated with the Solver software, from Excel.   

Table 12 shows the DMUs’ values for Y(�, �, �), for their output oriented target �∗ =
�=(�, �)Ý , and their efficiency values, which is the same for both output and input orientations. 
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DMU 
Results for Traditional OF Results for Linear OF 

U z* Efficiency U z* Efficiency 
A 0.72 1.1977 83.50% 0.97 1.2530 79.81% 
B 183.23 6.2763 63.73% 176.25 6.2167 64.34% 
C 0.00 2.0000 100.00% 0.00 2.0000 100.00% 
D 0.00 1.0000 100.00% 0.00 1.0000 100.00% 
E 0.00 3.0000 100.00% 0.00 3.0000 100.00% 
F 1.16 2.0924 95.58% 3.57 2.2618 88.43% 

Averages   90.47%     88.8% 

Table 12 – Smooth models’ results for the first CCR example 
 

The average efficiency with the linear objective function is smaller because the 

production region is relatively large, particularly with regard to the first input, although the 

units are reasonably concentrated in a smaller range, as shown in Table 11. In other words, this 

is consequence of the fact that DMU B, which is more efficient with the linear objective 

function, as shown in Table 12, is relatively far from the other DMUs. This situation is 

explained in section 3.5 and illustrated in Figure 10.  

In other words, although the production possibility region for the entire interval is 

smaller with the linear objective function, i.e., ¢ YÜ���t3 = 21.554 £ versus ¢ Y¹3ta =£22.205, the average efficiency was higher in such model. If there were, for instance, more non-

extreme-efficient DMUs with input values closer to (and not greater than) those of DMU B, 

both smoothing frontier models would remain the same, and the average efficiency for the linear 

model would be higher. 

For reference purposes, we removed DMU B from the example and ran the models 

again, with new integration limits. In this analysis, the result for both objective functions, with 

the quasi-concavity restrictions, was found to be the same as the previous result for the 

traditional objective function.  

In Figure 17, we show the bi-dimensional representation, where � = �=(�, �)Ý = 1, 

for both frontiers. The curve set from the linear objective function is represented in black and 

the curve set from the traditional objective function is shown in light grey. We represent in blue 

the original DEA frontier, as well as the DMUs. 
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Figure 17 – Bi-dimensional representation for both quasi-concave smooth frontiers 
 

We could observe that the frontier represented in black (from the linear objective 

function) defines a larger production region than the other smooth frontier, between E and D 

and between C and F. For these segments, the frontier from the traditional objective function is 

closer to the original DEA frontier. On the other hand, the frontier represented in black defines 

a smaller production region than the other smooth frontier, between D and C and over E, where 

the frontier from the linear objective function is closer to the original DEA frontier. We could 

also verify from Figure 16 that the curve sets for both functions are convex in the defined 

interval. 

The solution found in Pereira & Soares de Mello (2015), Y¹3ta.m�3(�, �, �) =
−0.002091�� + 0.031679�L� + 0.004697��L + 0.005618�� − �� , does not follow the 

quasi-concavity restriction shown in (41) for DMU E. We could observe this from Figure 18, 

which shows the curve set for this frontier, represented in light grey, and the curve set for the 

frontier found with the traditional objective function and the quasi-concavity restriction, 

represented in black. 

 

Figure 18 – Comparing both frontiers with the traditional objective function 
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Although similar, we could observe that the curve set for the frontier found in Pereira 

& Soares de Mello (2015) reverses its concavity (from concave to convex) near DMU E. This 

also happens with the curve set for the frontier found herein with the traditional objective 

function, however, at a point further away from E, so that it remains convex at this DMU. 

The second three-dimensional CCR example, from Pereira (2010), is shown in Table 

13. In this case, there are also three extreme-efficient DMUs, thus, the homogeneous 

polynomial function Y(�, �, �)  should be described as Y(�, �, �) = $�� + 9�L� + ;��L +8�� − ��.  The appendix 8.2 details the objective functions and restrictions for this example. 

DMU Input 1 Input 2 Output CCR Eff 
A 4 4 5 50.00% 
B 2 3 4 64.00% 
C 5 1 5 100.00% 
D 4 1 3 68.57% 
E 4 2 2 32.00% 
F 4 3 4 49.23% 
G 1 3 5 100.00% 
H 3 4 4 45.71% 
I 2 2 5 100.00% 
J 4 6 5 40.00% 

Table 13 – Numerical example from Pereira (2010) 

The frontier found for both traditional and linear objective functions, considering the 

quasi-convexity restriction in (41), is Y(�, �, �) = −1.231166�� + 10.122535�L� −4.774693��L + 1.958938�� − ��. These results were calculated with the Solver software, 

from Excel. 

Table 14 shows the DMUs’ values for Y(�, �, �), their output oriented target �∗ =
�=(�, �)Ý , and their efficiency values, which seem close to those of standard DEA.  

DMU  Output  Orig Eff U z* Smooth Eff 

A  5 50.0% 875.00 10.00 50.0% 

B  4 64.0% 186.46 6.30 63.5% 

C  5 100.0% 0.00 5.00 100.0% 

D  3 68.6% 77.22 4.71 63.7% 

E  2 32.0% 329.19 6.96 28.7% 

F  4 49.2% 567.87 8.58 46.6% 

G  5 100.0% 0.00 5.00 100.0% 

H  4 45.7% 621.73 8.82 45.4% 

I  5 100.0% 0.00 5.00 100.0% 

J  5 40.0% 1878.66 12.61 39.7% 

Averages   65.0%     63.8% 

Table 14 – Smooth models’ results for the second CCR example 
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The polynomial found in Pereira (2010), i.e., Y(�, �, �) = −1.963090�� +14.758052�L� − 0.348772��L + 3.178811�� − �� , does not follow the quasi-concavity 

restriction for DMU G.  

 

Figure 19 – Bi-dimensional representation for the smooth frontiers 
 

We compare both smooth frontiers in Figure 19, which presents the bi-dimensional 

representation, where � = �=(�, �)Ý = 1, for the frontier found in Pereira (2010), shown in 

light grey, and for the frontier found herein, represented in black. We represent in blue the 

original DEA frontier, extreme-efficient DMUs, as well as DMU E (with the greatest � �⁄  

relation) and DMU J (with the greatest � �
  relation). 

As in the previous example, the curve set for the frontier found in Pereira (2010) 

reverses its concavity (from concave to convex) near DMU G, as shown in Figure 19. This also 

happens with the curve set for the frontier found herein, however, at a point further away from 

E, so that it remains convex for this DMU. 
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6 CONCLUSION 
 

The smooth DEA technique was first proposed by Soares de Mello et al. (2002) to 

overcome the classic DEA problem of multiple optimal solutions for extreme-efficient DMUs. 

This technique replaces the original piecewise linear frontier by a polynomial frontier of class 

�� that is as close as possible to the original frontier and maintains its basic properties.  

To evaluate such proximity, the authors proposed a topology based on the curves’ arc 

lengths (or multi-dimensional generalizations), so that both their positions and that of their 

derivatives are taken into account. Seeing that the original frontier is piecewise linear and 

therefore presents the minimum arc-length between its corners (extreme-efficient DMUs), the 

objective function minimizes the smooth frontier’s arc-length (or multi-dimensional 

generalizations). This is a pseudo-metric topology, which requires additional constraints to 

avoid unwanted solutions.  

Since the first smooth DEA model, several works, such as Soares de Mello et al. 

(2004), Nacif et al. (2009), Pereira & Soares de Mello (2015), and Soares de Mello & Brandão 

(2017), have proposed generalizations, corrections and other improvements. However, smooth 

DEA models remained a Quadratic Problem, based on the same pseudo-metric topology. 

In the present work, we propose a new objective function to smooth models, so that it 

follows the classic DEA principal of Banker et al. (1984), according to which the production 

possibility set is as minimal as constraints allow. Thus, the objective function proposed herein 

minimizes the production possibility set, i.e., the area (or multi-dimensional generalizations) 

defined by the smooth frontier. This is a linear function of the smooth problems’ decision 

variables. 

Therefore, with the objective function proposed herein and the same restrictions from 

previous smooth models, which are also linear, the smoothing frontier problem becomes a 

Linear Problem, which is why we called it the linear model. Simplifications to smooth models, 
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such as this one, are particularly important because a major downside of smooth DEA is the 

need for laborious calculations (PEREIRA, 2010), even for simple examples. 

By modifying the objective function, the new smooth model is, in fact, introducing a 

different topology. In this work, we showed that the topology for the linear model is based on 

the following function for concave or convex frontiers 8(��, �L) = ¢ ¯��(? @@@⃗ ) −�L(? @@@⃗ )¯8¤£ , 

which is a metric for continuous curves. For non-concave and non-convex frontiers, which 

could be the case for smooth CCR, this remains true for frontiers that define a larger production 

possibility region than the original frontier, for the observed interval.  

Herein, we explained that the traditional smooth model approximates the smooth 

frontier’s format to that of the original frontier, whereas the linear model approximates the 

production possibility set. Consequently, in traditional smooth models, the variables’ weights 

tend to be closer to the original ones, whereas in the linear model, the DMUs’ efficiencies tend 

to be closer to their original efficiencies. 

Although based on a metric topology, instead of a pseudo-metric topology, the 

objective function proposed herein does not take into account the curves’ derivatives. Thus, as 

traditional smooth models, the linear model also depends on additional constraints to avoid 

unwanted solutions. However, the traditional and linear smooth models depend differently on 

additional constraints.  

For instance, the traditional topology is more sensitive to equality restrictions, which 

ensure that the smooth frontiers contain all extreme-efficient DMUs from standard DEA. In 

other words, for models that relax certain equality restrictions to correct the BCC efficient by 

default distortion, as proposed by Brandão & Soares de Mello (2017), it is recommended to use 

the topology proposed herein. 

On the other hand, the linear model is more sensitive to convexity constraints. Hence, 

for smooth CCR models, which do not ensure the frontiers’ convexity, the linear objective 

function could provide inadequate solutions. This is why we proposed some developments for 

CCR smooth models. Herein, we showed that smooth CCR frontiers should be quasi-concave 

to maintain properties from standard CCR models. We developed the associated restrictions for 

cases with two inputs and/or two outputs, as the examples from the literature studied herein. 

However, more studies are needed because such restrictions are not linear. 

Finally, in the present work, we compare results between the traditional objective 

function and the objective function proposed herein, using examples from the literature, such 

as the bi-dimensional BCC numerical example in Soares de Mello et al. (2002), the three-



 
 

 
 

69

dimensional BCC case studies in Rubem et al. (2015) and in Gomes Junior et al. (2015), as 

well as the three-dimensional CCR numerical examples in Pereira & Soares de Mello (2015) 

and in Pereira (2010).  

In all BCC examples, the results for both objective functions were the same. Although 

preliminary, this result could be regarded as positive for the linear model, as it is simpler to 

calculate. Moreover, as sensibility analyses, we relaxed the equality restrictions associated with 

efficient by default DMUs. In the single example that the results for the linear model changed, 

it presented more appropriate results than those for the traditional model in such sensibility 

analysis. 

For both CCR examples, we were able to ensure the smooth frontiers’ quasi-concavity. 

Consequently, their bi-dimensional representations, where each the values for each input 

divided by the output are shown in each axis, were convex, as original CCR frontiers. In the 

first CCR example, the frontiers from both objective functions were different, and the average 

efficiency for the traditional objective function was higher. The reason for this was that one 

DMU, more efficient with the linear objective function, was relatively far from the other DMUs. 

In the second example, both objective functions provided as result the same smooth frontier.  

Future studies should compare both objective functions more thoroughly, so that it is 

possible to recommend one or the other for each case. Moreover, CCR smooth models should 

be further developed. Particularly, future works could study possibilities of linearizing the 

restrictions that ensure the frontiers’ quasi-concavity, and also generalize them for 

multidimensional cases. For smooth BCC models, future works should develop less limiting 

restrictions that ensure the frontier’s concavity/convexity, in order to expand the universe of 

possible approximating functions. More generally, smooth DEA should be further developed 

and simplified, to widen its application range. For instance, software applications that calculate 

smooth DEA results would encourage the use of such technique and therefore foster its 

progress. 
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8 APPENDICES 

 

8.1 CALCULATIONS FOR BCC EXAMPLES 

 

In this section, we detail the smooth models’ restrictions and objective functions for 

the BCC three-dimensional examples studied in section 4.2. We should point out that we 

already presented the smooth models’ objective functions and restrictions for the bi-

dimensional example, in section 4.1. 

For the example from Rubem et al. (2015), presented in Table 5, the frontier should 

be described as � = =(�, �) = $ + 9� + ;� + 8�L + ��L + ��� + ���. This polynomial has 

no crossed terms, to ensure the frontier’s convexity. Moreover, its degree was selected so that 

the number of polynomial coefficients (i.e., 7) exceeds the number of efficient DMUs (i.e., 6), 

as explained in Nacif et al. (2009).  

The traditional objective function minimizes the frontier’s arc length (more precisely, 

its three-dimensional generalization), as shown in (44).  

#�� ¨¢ ¢ ß1 + �\](^,`)\^ �L + �\](^,`)\` �Là 8�8�`{|}`{_~
^{|}^{_~ © = ¬¢ ¢ h1 + (9 + 28� +�¼.�á�¼.��

3��L)L + (; + 2�� + 3��L)Li8�8�         (44) 

The linear objective function minimizes the production possibility region, as shown in 

(45). 

#�� ¬¢ ¢ h=(�, �)i8�8�`{|}`{_~
^{|}^{_~  = ¬¢ ¢ h$ + 9� + ;� + 8�L + ��L + ��� +�¼.�á�¼.��

���i8�8�            (45) 

For both objective functions, the smooth models’ restrictions are shown in (46). The 

equations called Spain, Italy, C. Republic, Poland, Greece, and Ireland ensure that the smooth 

frontier contains these efficient DMUs. 
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$ + 9(1) + ;(1) + 8(1)L + �(1)L + �(1)� + �(1)� = 1 (Spain) $ + 9(0.5) + ;(0.67) + 8(0.5)L + �(0.67)L + �(0.5)� + �(0.67)� = 0.54 (Italy)  $ + 9(0.17) + ;(0.53) + 8(0.17)L + �(0.53)L + �(0.17)� + �(0.53)� = 0.17 (C. Republic)  $ + 9(0.15) + ;(0.36) + 8(0.15)L + �(0.36)L + �(0.15)� + �(0.36)� = 0.1 (Poland) $ + 9(0.14) + ;(0.65) + 8(0.14)L + �(0.65)L + �(0.14)� + �(0.65)� = 0.17 (Greece) (46) $ + 9(0.11) + ;(0.62) + 8(0.11)L + �(0.62)L + �(0.11)� + �(0.62)� = 0.1 (Ireland)  

\](^{|},`{|})\^ = 9 + 28(1) + 3�(1)L ≥ 0 (frontier increases with input �) 

\](^{|},`{|})\` = ; + 2�(1) + 3�(1)L ≥ 0 (frontier increases with input �) 

8, �, �, � ≤ 0 (convexity)           

As explained in section 4.2, the Solver software could not find a solution for problem 

(46). In line with other examples from the literature, we relaxed the equality restriction for 

Ireland, which became the restriction shown in (47). 

$ + 9(0.11) + ;(0.62) + 8(0.11)L + �(0.62)L + �(0.11)� + �(0.62)� ≥ 0.1 (Ireland)   (47) 

We used the Solver software and found the same optimal frontier for both objective 

functions: � = =(�, �) = −0.19295 + 1.21587� + 0.34095� − 0.31791�L − 0.04597�L. 

As a sensitivity analysis, we relaxed the equality restriction for Poland, as shown in 

(48). This DMU could be considered efficient by default. Seeing that DMU Ireland could also 

be considered efficient by default, its restriction remained relaxed, as shown in (47).  

$ + 9(0.15) + ;(0.36) + 8(0.15)L + �(0.36)L + �(0.15)� + �(0.36)� ≥ 0.1 (Poland)   (48) 

In this case, the optimal frontier remained the same for the linear objective function, 

shown in (45), whereas for the traditional objective function shown in (44), the optimal frontier 

was found to be � = =(�, �) = −0.155 + 1.081� + 0.273� − 0.199��. 

For the example in Gomes Junior et al. (2015), presented in Table 8, the frontier should 

be described as � = �(�, È) = $ + 9� + ;È + 8�L + �ÈL, so that the polynomial, with no 

crossed terms, presents more coefficients than the number of efficient DMUs (i.e., 4).  

The traditional objective function is shown in (49).  

#�� ¨¢ ¢ ß1 + �\Ù(�,Ú)\� �L + �\Ù(�,Ú)\Ú �Là 8È8�Ú{|}Ú{_~
�{|}�{_~ © = ¬¢ ¢ h1 +�¼.¼¼¼¼��¼.¼¼¼¼�

(9 + 28�)L + (; + 2�È)Li8È8�          (49) 

The linear objective function is shown in (50). 
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#�� ¬− ¢ ¢ h�(�, È)i8È8�Ú{|}Ú{_~
�{|}�{_~  = ¬− ¢ ¢ h$ + 9� + ;È + 8�L +�¼.¼¼¼¼��¼.¼¼¼¼�

�ÈLi8È8�      (50) 

For both objective functions, the smooth models’ restrictions are shown in (51). The 

equations called Azul, Puma, Sol, and TAM ensure that the smooth frontier contains these 

efficient DMUs. 

$ + 9(0.08328) + ;(0.07134) + 8(0.08328)L + �(0.07134)L = 0.06888 (Azul) $ + 9(0.00168) + ;(0.00902) + 8(0.00168)L + �(0.00902)L = 0.00390 (Puma)  $ + 9(0.00004) + ;(0.00004) + 8(0.00004)L + �(0.00004)L = 0.00046 (Sol)  $ + 9(1) + ;(1) + 8(1)L + �(1)L = 1 (TAM)        (51) 

\Ù(�{_~,Ú{_~)\� = 9 + 28(0.00001) ≥ 0 (frontier increases with output �) 

\Ù(�{_~,Ú{_~)\Ú = ; + 2�(0.00003) ≥ 0 (frontier increases with output È) 

8, � ≥ 0 (concavity)           

For both objective functions, the optimal frontier was found to be the same, i.e., � =�(�, È) = 0.00043 + 0.57581� + 0.27675È + 0.14701ÈL, using the Solver software.  

As a sensitivity analysis, we relaxed the equality restriction for DMUs Sol and TAM, 

as shown in (52), because these DMUs could be considered efficient by default.   

$ + 9(0.00004) + ;(0.00004) + 8(0.00004)L + �(0.00004)L ≥ 0.00046 (Sol)  $ + 9(1) + ;(1) + 8(1)L + �(1)L ≥ 1 (TAM)        (52) 

In this case, for the traditional objective function shown in (49), the frontier is found to 

be � = �¹3ta(�, È) = −0.00041 + 0.50290� + 0.38404È,  whereas for the linear smooth 

model, shown in (50), the frontier is found to be � = �Ü��(�, È) = −0.00425 + 0.12383� +0.88042È.  

Both frontiers present negative input-oriented targets for small DMUs, including for 

DMU Sol, shown in (53).  

�¹3ta(�N�Ü, ÈN�Ü) = −0.00041 + 0.50290(0.00004) + 0.38404(0.00004) = −0.00037  �Ü��(�N�Ü, ÈN�Ü) = −0.00425 + 0.12383(0.00004) + 0.88042(0.00004) = −0.00421  (53) 

To correct this problem, we add restriction (54), proposed by Brandão & Soares de 

Mello et al. (2017), to the relaxed smooth model. 

�(����, È���) = $ + 9(0.00001) + ;(0.00003) + 8(0.00001)L + �(0.00003)L ≥ 0    (54) 
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With restriction (54), for the traditional smooth model, the frontier is found to be � =�¹3ta(�, È) = −0.00002 + 0.54122� + 0.33385È,  whereas for the linear smooth model, the 

frontier is found to be � = �Ü��(�, È) = −0.00002 + 0.53279� + 0.33421È + 0.13302ÈL.  

 

8.2 CALCULATIONS FOR CCR EXAMPLES 

 

In this section, we detail the smooth models’ restrictions and objective functions for 

the CCR three-dimensional examples studied in section 5.2.  

For the example from Pereira et al. (2015), presented in Table 11, the frontier should 

be described as Y(�, �, �) = =(�, �) − �(�) = $�� + 9�L� + ;��L + 8�� − ��, so that there 

more polynomial coefficients than efficient DMUs (i.e., 3). Pereira (2010) explains that the 

coefficient for �(�) could be set to one, with no loss of generality.  

The traditional objective function is shown in (55).  

#�� ¨¢ ¢ ¢ ß1 + �\�(^,`,�)\^ �L + �\�(^,`,�)\` �L + �\�(^,`,�)\� �Là�{|}�{_~ 8�8�8�`{|}`{_~
^{|}^{_~ © =

¬¢ ¢ ¢ h1 + (3$�L + 29�� + ;�L)L + (9�L + 2;�� + 38�L)L + (−3�L)Liâ� 8�8�8��LLLáâ (55) 

The linear objective function is shown in (56). 

#�� ¬¢ ¢ ¢ hY(�, ��)i�{|}�{_~ 8�8�8�`{|}`{_~
^{|}^{_~  = ¬¢ ¢ ¢ h$�� + 9�L� + ;��L + 8�� −â��LLLáâ

��i 8�8�8�            (56) 

For both objective functions, the smooth models’ restrictions are shown in (57). Seeing 

that the coefficient for �(�) was set to one, the condition  
\�(^,`,�)\� ≤ 0 is already ensured. 

$(16)� + 9(16)L(2) + ;(16)(2)L + 8(2)� − (2)� = 0 (efficient DMU C) $(4)� + 9(4)L(2) + ;(4)(2)L + 8(2)� − (1)� = 0 (efficient DMU D) $(6)� + 9(6)L(12) + ;(6)(12)L + 8(12)� − (3)� = 0 (efficient DMU E) 

\�(^ã,`ã,�ã)\^ = 3$(16)L + 29(16)(2) + ;(2)L ≥ 0 (Y increases with � at DMU C) 

\�(^ä,`ä,�ä)\^ = 3$(4)L + 29(4)(2) + ;(2)L ≥ 0 (Y increases with � at DMU D)   (57) 

\�(^å,`å,�å)\^ = 3$(6)L + 29(6)(12) + ;(12)L ≥ 0 (Y increases with � at DMU E) 

\�(^ã,`ã,�ã)\` = 9(16)L + 2;(16)(2) + 38(2)L ≥ 0 (Y increases with � at DMU C) 
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\�(^ä,`ä,�ä)\` = 9(4)L + 2;(4)(2) + 38(2)L ≥ 0 (Y increases with � at DMU D) 

\�(^å,`å,�å)\` = 9(6)L + 2;(6)(12) + 38(12)L ≥ 0 (Y increases with � at DMU E) 

As a result of the studies in 5.1, we also impose restriction (58), derived from (41), to 

ensure quasi-concavity. We should remember that these restrictions are not linear. 

h(29� + 2;�) ∙ (3$�L + 29�� + ;�L) ∙ (9�L + 2;�� + 38�L)iL − (6$� + 29�)(9�L +2;�� + 38�L)L − (2;� + 68�)(3$�L + 29�� + ;�L)L ≥ 0     (58) 

Seeing that we could not ensure (58) for the entire frontier, we should impose such 

restriction for efficient DMUs, as shown in (59).  

h(29(16) + 2;(2)) ∙ (3$(16)L + 29(16)(2) + ;(2)L) ∙ (9(16)L + 2;(16)(2) +38(2)L)iL − (6$(16) + 29(2))(9(16)L + 2;(16)(2) + 38(2)L)L − (2;(16) +68(2))(3$(16)L + 29(16)(2) + ;(2)L)L ≥ 0 (quasi-concavity for DMU C)  (59) 

h(29(4) + 2;(2)) ∙ (3$(4)L + 29(4)(2) + ;(2)L) ∙ (9(4)L + 2;(4)(2) + 38(2)L)iL −(6$(4) + 29(2))(9(4)L + 2;(4)(2) + 38(2)L)L − (2;(4) + 68(2))(3$(4)L + 29(4)(2) +;(2)L)L ≥ 0 (quasi-concavity for DMU D)  

h(29(6) + 2;(12)) ∙ (3$(6)L + 29(6)(12) + ;(12)L) ∙ (9(6)L + 2;(6)(12) +38(12)L)iL − (6$(6) + 29(12))(9(6)L + 2;(6)(12) + 38(12)L)L − (2;(6) +68(12))(3$(6)L + 29(6)(12) + ;(12)L)L ≥ 0 (quasi-concavity for DMU E)   

With the traditional objective function, the frontier is found to be Y¹3ta(�, �, �) =−0.001987�� + 0.030590�L� + 0.006875��L + 0.004788�� − ��, whereas with the linear 

objective function, YÜ��(�, �, �) = 0.000505�� + 0.004421�L� + 0.059213��L −0.015150�� − ��. These results were calculated with the Solver software, from Excel.   

For reference purposes, we removed DMU B from the example. Considering that this 

DMU is inefficient, all restrictions from (57) and (59) remained the same. However, DMU B 

had the greatest values for input � and for the output, which affects the integration limits for the 

objective functions shown in (55) and (56).  

The traditional objective function for the example without DMU B is shown in (60).  

#�� ¬¢ ¢ ¢ h1 + (3$�L + 29�� + ;�L)L + (9�L + 2;�� + 38�L)L +���LLL¼â
(−3�L)Li 8�8�8�           (60) 

The linear objective function for such example is shown in (61). 
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#�� = ¬¢ ¢ ¢ h$�� + 9�L� + ;��L + 8�� − ��i�� 8�8�8��LLL¼â      (61) 

Using the Solver software, the result for both objective functions was found to be the 

same as the previous result for the traditional objective function, i.e., Y = −0.001987�� +0.030590�L� + 0.006875��L + 0.004788�� − ��.  

For the example from Pereira (2010), presented in Table 13, the frontier should be 

described as Y(�, �, �) = =(�, �) − �(�) = $�� + 9�L� + ;��L + 8�� − ��, since there are 

also three efficient DMUs.  

The traditional objective function, for the example in Pereira (2010), is shown in (62).  

#�� ¨¢ ¢ ¢ ß1 + �\�(^,`,�)\^ �L + �\�(^,`,�)\` �L + �\�(^,`,�)\� �Là�{|}�{_~ 8�8�8�`{|}`{_~
^{|}^{_~ © =

¬¢ ¢ ¢ h1 + (3$�L + 29�� + ;�L)L + (9�L + 2;�� + 38�L)L + (−3�L)LiæL 8�8�8�á�æ�    (62) 

The linear objective function for this example is shown in (63). 

#�� ¬¢ ¢ ¢ hY(�, ��)i�{|}�{_~ 8�8�8�`{|}`{_~
^{|}^{_~  = ¬¢ ¢ ¢ h$�� + 9�L� + ;��L + 8�� −æLá�æ�

��i 8�8�8�            (63) 

For both objective functions, the smooth models’ restrictions are shown in (64).  

$(5)� + 9(5)L(1) + ;(5)(1)L + 8(1)� − (5)� = 0 (efficient DMU C) $(1)� + 9(1)L(3) + ;(1)(3)L + 8(3)� − (5)� = 0 (efficient DMU G) $(2)� + 9(2)L(2) + ;(2)(2)L + 8(2)� − (1)� = 0 (efficient DMU I) 

\�(^ã,`ã,�ã)\^ = 3$(5)L + 29(5)(1) + ;(1)L ≥ 0 (Y increases with � at DMU C) 

\�(^ç,`ç,�ç)\^ = 3$(1)L + 29(1)(3) + ;(3)L ≥ 0 (Y increases with � at DMU G)   

\�(^è,`è,�è)\^ = 3$(2)L + 29(2)(2) + ;(2)L ≥ 0 (Y increases with � at DMU I) 

\�(^ã,`ã,�ã)\` = 9(5)L + 2;(5)(1) + 38(1)L ≥ 0 (Y increases with � at DMU C) 

\�(^ç,`ç,�äç)\` = 9(1)L + 2;(1)(3) + 38(3)L ≥ 0 (Y increases with � at DMU G)   (64) 

\�(^è,`è,�è)\` = 9(2)L + 2;(2)(2) + 38(2)L ≥ 0 (Y increases with � at DMU E) 

h(29(5) + 2;(1)) ∙ (3$(5)L + 29(5)(1) + ;(1)L) ∙ (9(5)L + 2;(5)(1) + 38(1)L)iL −(6$(5) + 29(1))(9(5)L + 2;(5)(1) + 38(1)L)L − (2;(5) + 68(1))(3$(5)L + 29(5)(1) +;(1)L)L ≥ 0 (quasi-concavity for DMU C)      
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h(29(1) + 2;(3)) ∙ (3$(1)L + 29(1)(3) + ;(3)L) ∙ (9(1)L + 2;(1)(3) + 38(3)L)iL −(6$(1) + 29(3))(9(1)L + 2;(1)(3) + 38(3)L)L − (2;(1) + 68(3))(3$(1)L + 29(1)(3) +;(3)L)L ≥ 0 (quasi-concavity for DMU G)  

h(29(2) + 2;(2)) ∙ (3$(2)L + 29(2)(2) + ;(2)L) ∙ (9(2)L + 2;(2)(2) + 38(2)L)iL −(6$(2) + 29(2))(9(2)L + 2;(2)(2) + 38(2)L)L − (2;(2) + 68(2))(3$(2)L + 29(2)(2) +;(2)L)L ≥ 0 (quasi-concavity for DMU I)   

The frontier found for both objective functions, using the Solver software, is Y(�, �, �) = −1.231166�� + 10.122535�L� − 4.774693��L + 1.958938�� − ��.  

 

 

 


