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Abstract
We study narrow zigzag graphene nanoribbons (ZGNRs), employing density functional
theory (DFT) simulations and the tight-binding (TB) method. The main result of these
calculations is the braiding of the conduction and valence bands, generating Dirac cones
for non-commensurate wave vectors ~k. Employing a TB Hamiltonian, we show that the
braiding is generated by the third-neighbor hopping (N3). We calculate the band structure,
the density of states and the conductance; new conductance channels are opened, and the
conductance at the Fermi energy assumes integer multiples of the quantum conductance
unit Go = 2e2/h. We also investigate the satisfaction of the Stoner criterion by these
ZGNRs. We calculate the magnetic properties of the fundamental state employing LSDA
(spin-unrestricted DFT) and we confirm that ZGNRs with N = (2, 3) do not satisfy the
Stoner criterion and as such the magnetic order could not be developed at their edges.
These results are confirmed by both tight-binding and LSDA calculations. On the other
hand, including in the TB calculations the N3 hopping, we investigate the effects of the
intrinsic and Rashba spin orbit coupling, as well as, the external magnetic field over the
zigzag honeycomb nanoribbons (ZHNRs) edges and we show that it is possible to attains
a complete spin polarization of the edges of those nanoribbons. Open in this way, the
possibility of employing narrow width ZHNRs as a platform to realize the Kitaev chain
that harbors Majorana fermions at its edges.

Keywords: Nanoribbons, DFT, Tight-binding, Spin-orbit, conductance, Magnetism, Ma-
jorana fermions.



Resumo
Estudamos nanofitas de grafeno do tipo zigzag (ZGNRs), empregando simulações da teoria
do funcional de densidade (DFT) e o método tight-binding (TB). O principal resultado
desses cálculos é a obtenção do entrelaçamento das bandas de condução e de valência
(tranças), gerando cones de Dirac para vetores de ondas não comensuráveis ~k. Empregando
o Hamiltoniano TB, mostramos que essas tranças são geradas pela inclusão dos hopping
de terceiros vizinhos (N3). Calculamos a estrutura de bandas, a densidade de estados
e a condutância; novos canais de condutância são abertos e a condutância na energia
de Fermi assume múltiplos inteiros da unidade de condutância quântica G0 = 2e2/h.
Também investigamos a satisfação do critério de Stoner por essas ZGNRs. Calculamos
as propriedades magnéticas do estado fundamental empregando LSDA (spin-unrestricted
DFT ) e confirmamos que ZGNRs com N = (2, 3) não satisfazem o critério de Stoner
e, desse modo, a ordem magnética pode não se desenvolver nas bordas dessas nanofitas.
Esses resultados são confirmados por cálculos TB e LSDA. Por outro lado, incluindo nos
cálculos TB o hopping de terceiros vizinhos N3, investigamos os efeitos do acoplamento
spin-órbita intrínseco e Rashba, assim como o campo magnético externo sobre as nanofitas
zigue-zague do tipo colméia (ZHNRs), e mostramos que é possível obter uma polarização
de spin completa das bordas dessas nanofitas. Abrindo com esses resultados a possibilidade
de se empregar ZHNRs estreitas como uma plataforma para a realização experimental da
cadeia de Kitaev, que pode hospedar fermions de Majorana nas suas extremidades.

Palavras chave: Nanofitas, DFT, Tight-binding, Spin-órbita, condutância, Magnetismo,
férmions de Majorana.
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1 Introduction

Graphene, a monolayer composed of carbon atoms arranged in a honeycomb lattice,
attracts an enormous interest in the last decade due to its awesome properties and for
the possibility to becomes a possible substitute of silicon in technological industry. The
graphene era began with the seminal work of Andre K. Geim and Konstantin S. Novoselov
[3], who isolated sheets of graphite crystal only one atom thick. They used a simple
method of mechanical exfoliation employing adhesive tapes and graphite blocks to collect
graphene sheets and deposit them on top of a SiO2 layer wafer and into a Hall bar
device in order to produce a field-effect transistor. They measured the electron and hole
conductance, changing the transistor gate voltage for several temperatures, and obtained a
linear dependence on the conductance for both the electron and the hole channels. At low
temperatures, the graphene density of states exhibits a V-shaped gap, and at low energies
its dispersion relation is linear. The electrons behave like massless fermionic particles,
obeying the Dirac equation[1], and the conduction and valence bands touch at special
points K,K ′ forming cones called the Dirac cones as shown in Fig.1.

Figure 1 – Dispersion relation of the graphene lattice. The conduction and valence bands
touch at special points K,K ′, forming Dirac cones as indicated in the zoom.
Taken from Castro Neto,et.al.[1]

However, graphene is gapless and cannot be used in microelectronics. Therefore,
it is necessary to open and control the gap without drastically changing its mobility.
One effective way to opens a band gap is by employing electronic confinement, which
is naturally present in the geometric structure of nanoribbons, turning these systems
into excellent candidates to substitute silicon in technological applications[4]. From the
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experimental point of view, their synthesis produce nanoribbons with roughness at their
edges that present an adverse effect on their electronic transport properties[4, 5]. But this
situation can changes due to a recent botton-up synthesis of a zigzag nanoribbon of width
six (6-ZGNR) [6], (ZGNR with six carbon zigzag lines wide) with atomically precise zigzag
edges.

Graphene nanoribbons can also be obtained unzipping multi-carbon walled nan-
otubes(CNTs) by plasma etching embedded in a polymer film, or employing others
techniques such as lithographic, chemical and sonochemical methods[5, 7]. Moreover,
experimental results of magnetic order at room temperatures, employing a nanofabrication
technique based on scanning tunneling microscopy (STM) to define the orientation and
the width of the ZGNRs[8], showed that the behavior of narrow ZGNRs depends strongly
on its width, and can support a semiconductor-metal transition. On the other hand,
by means of the lithographic processes in narrow nanoribbons it was shown, employing
conductance measurements, that those ribbons present a temperature dependent gap,
turning in this way, these nanoribbons potential candidates to semiconducting devices at
ambient conditions[9].

On the other hand, currently it is possible to engineer other honeycomb nanoribbons
with similar characteristics to graphene, such as silicene [10], germanene [11], and stanene
[12], which are 2D materials made up of silicon, germanium, and tin atoms, respectively.
These materials have the advantage of exhibiting a intrinsic spin-orbit interaction stronger
than graphene [13], which is due to their higher atomic number and planar buckling
structures. Moreover, it is expected that they will be good candidates to exhibit the
quantum spin Hall effect (QSHE) [14]. The effect of the first (N1), the second (N2) and the
third (N3) nearest hopping over the electronic properties of stanene and its corresponding
nanoribbons was studied trough the tight-binding approach and ~k.~p method when the
spin-orbit coupling is present or absent[15].

Other nanostructures made of graphene such as fullerenes[16], carbon nanotubes[17]
and nanoribbons[1, 18] as shown in Fig.2, have attracted a lot of interest due to their
potential applications in medicine, electronic circuits, optical devices, spintronics, etc.
Graphene nanoribbons are very long in one direction (in an ideal case they are considered
infinite) and finite in the other (width), therefore they can be considered almost one-
dimensional. From the theoretical point of view, these structures are generated by cutting
graphene sheets along a given direction, resulting in well defined edges. The presence of
edges in nanoribbons modify the behavior of the electrons when compared to graphene
sheets. The focus of this work will be the zigzag graphene nanoribbons, but all the
theoretical tools developed here can also be applied to armchair nanoribbons (AGNRs).

The electronic properties of graphene nanoribbons have been studied in several
theoretical papers[1, 18–20]. The AGNRs can present metallic or semiconductor behavior,
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Figure 2 – Different nanostructures derived from graphene. Adapted from Ref.[2]

depending on the ribbon width, whereas the ZGNRs are always metallic independent of
their width. The AGNRs are classified by their dimers number (two atoms per line) and
ZGNRs by their zigzag lines number. Likewise, first principles calculations were performed
in nanoribbons to calculate the hopping parameters employing a tight-binding approxima-
tion up to third nearest neighbors hopping[21, 22]. They can be metallic, insulating, or
semiconducting, constituting a frontier in the research of graphene-based materials. The
edge states of ZGNRs were theoretically predicted to couple ferromagnetically along the
edges and antiferromagnetically between them [23], but direct observation of spin-polarized
edge states in ZGNRs have not yet been achieved, owning to the limited precision of
current measurement techniques [6].

In this work, we focus on the study of ZGNRs due its important contributions
in optics[24], magnetic [25] and transport properties in the bilayer graphene case[26].
The inclusion of N1,N2 and N3 hopping, employing the tight-binding approximation in
graphene and its nanoribbons were studied to obtain a more rigorous calculation over the
electronic properties[1, 27, 28]. The graphene lattice is bipartite, and a chiral symmetry is
connected to the particle-hole symmetry of the band structure, in this sense, the effect
of the second-nearest neighbor hopping (N2), between sites sharing the same sub-lattice,
breaks the particle-hole symmetry between the valence and conduction band without
introducing any qualitative changes in the electronic properties[29]. A more complete study
of the effect of the N2 hopping in the magnetic properties of the ZGRNs was reported in
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the reference[30].

One important consequence of the inclusion of the N3 hopping in the calculation, is
the lifting of the degeneracy of the edge states at the Fermi energy, producing a braiding
of the conduction and valence bands and generating Dirac cones for non-commensurate
values of the wave vector ~k [31, 32]. In addition, it was also reported that the N3 hopping
parameter can be tuned to obtain a topological transition in honeycomb lattice employing
the generalized Kane-Mele model by means of Monte-Carlo calculation[33–35]. New con-
ductance channels are opened at the Fermi energy, with the conductance assuming integer
multiples of the quantum conductance Go = 2e2/h unit. The edges of the ZGNRs behave
like a quantum wire, with the number of conductance channels being controlled by the
width of the ZGNRs. It is also expected that the inclusion of N3 coupling qualitatively
changes the properties of the edge states in pristine graphene [29], carbon nanotubes [36],
and armchair nanoribbons that include defects [37].

The general effects of the N3 hopping in pristine graphene, nanoribbons and in the
context of the Kane-Mele [38] generalized model have been considered in several articles
[21, 22, 27–29, 33–37], but their particular effects on the properties of zigzag nanoribbons
with low N width have not been addressed until now. The main objective of this Thesis is
to fills up this gap employing density functional theory (DFT) and tight-binding (TB)
methods to calculate the band structure, the density of states, and the conductance of
these kind of ZGNRs. To investigate the magnetic nature of their fundamental state we
employ the spin-unrestricted LSDA calculations. On general grounds, both DFT and TB
results are similar, showing that the inclusion of N3 hopping in the TB calculations is
necessary to capture the main physics of those low-width ZGNRs.

The edge magnetism in ZGNRs has bring a lot of attention in the last decade,
due to its potential applications in spintronics, whose key ingredient is the spin degree of
freedom. Tight-binding calculations employing only the first nearest neighbors hopping
N1 exhibits a high density of states at the edges of the ZGNRS, even in the case of
narrow ribbons, leading the Stoner criterion always to be satisfied, independently of the
magnitude of the electronic correlation present in the edges. Generally, the magnetism of
these structures is studied employing the one band Hubbard model.

When the N3 hopping is included in the calculations, we show that the peak at
the Fermi energy is flattened and the Stoner criterion is no more satisfied by low-width
ZGNRs with N / 4 and, therefore, these nanoribbons could not develop magnetic order
at their edges. However, our LSDA results shown that the ground state of these ZGNRs is
antiferromagnetic: the Stoner criterion fails but the system exhibits magnetic order, which
is a contradiction. As such, we conclude that even LSDA [39] is not able to resolve the
fundamental state of these ZGNRs into non-magnetic, ferromagnetic or antiferromagnetic
configurations. One possibility to go further, is to employ the GW approximation, that
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includes a screened-exchange self energy or a more sophisticated method that includes
local quantum fluctuations, like DMFT combined with GW approximation [40]. Those
methods could contribute to elucidate the real magnetic nature of these narrow zigzag
nanoribbons.

The possibility of the existence of ZGNRs without magnetic order constitutes a
new problem in the area and, after the recent synthesis of 6-ZGNR [6], our work could
stimulate experimental groups to improve the techniques to synthesize these ZGNRs and
measure their spin-polarized edge states. We consider this an important result of the work
because we intend to perform a GW calculation in order to clarify the problem.

Another important result of the present work, is related to the study of the effects
of the intrinsic spin-orbit interaction and Rashba effect, in the presence of N3 hopping, in
narrow zigzag honeycomb nanoribbons (ZHNRs) with (N = 2, 3, 4), under the action of an
external magnetic field. In this case, we show that the band structure of these nanoribbons
becomes completely spin polarized, which opens a perspective of technological applications,
since the action of the external magnetic field is able to control the gap of these systems.

This Thesis is organized as follows: In Chapter 2, we describe the theoretical
background employed in the development of this work, including the presentation of the
tight-binding formalism, the Landauer-Büttiker conductance, the Hubbard model and
a Stoner criterion discussion. In Chapter 3 we present the details of the tight-binding
calculations, including the N1 and N3 hopping and a critical discussion of the DFT
simulations, as well as, the transport results. We also present an extense discussion of the
LSDA simulations of the magnetic properties of narrow ZGNRs. In Chapter 4, we add
to the previous TB calculations, the spin-orbit interaction, including the intrinsic and
Rashba terms, as well as the effects of an external magnetic field and we show that due to
the N3 hopping, the narrow width ZHNRs can have their edges states completely spin
polarized, which open the possibility of employing those ZHNRs as a platform to realize
the Kitaev chain [41]. Finally in Chapter 5, we present the conclusions and discuss the
future perspectives of the work. We also add several appendixes with some details of the
calculations.
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2 Theoretical background

In this Chapter, we develop the mathematical methods employed in this work
to calculate the electronic, transport and magnetic properties of the two-dimensional
honeycomb materials. We apply those methods to analyze the band structure of graphene
nanoribbons which is the main focus of this Thesis. To calculate physical quantities like
the conductance and the density of states, we introduce the Green’s function technique in
the context of the Landauer-Büttiker formalism and to analyze the magnetic properties of
these structures we perform calculations based on the Hubbard Hamiltonian model in the
Hartree-Fock approximation.

2.1 Tight-binding method
One of the standard methods to calculate the electronic structures is the tight-

binding (TB) approach. To apply the TB method, the electrons should be tightly bound
to the atoms and interact weakly with states and potentials of surrounding atoms of
the material. As a result, the wave functions of these electrons will be rather similar to
the atomic orbitals of the corresponding free atom and their energy should be closed to
the ionization energy of the electrons in the free atoms or ions [42]. This method was
originally proposed by Bloch and the electron wave functions are constructed from a
linear combination of localized atomic orbitals (LCAO) belonging to different neighboring
atoms. The tight-binding model allows us to describe the band structure throughout the
Brillouin’s zone, with the advantage of presenting a low computational cost. Generally
the method produces good qualitative results in graphene and related systems like carbon
nanotubes and nanoribbons.

Following the Saito approach [17], due to the translational symmetry of the unit
cell along the directions of the lattice vectors ~ai, any lattice wave function satisfies Bloch’s
theorem. Mathematically, this condition can be written as,

T~ai
Ψ = ei

~k.~aiΨ, (i = 1, ..., 3), (2.1)

where T is the translation operator along the lattice vector ~ai, and ~k is the Bloch wave
vector. The wave function can be defined in many ways, but the most common form is a
linear combination of atomic orbitals. Thus, the wave function Φ(~k, ~r) is defined as the
sum over the atomic wave function ϕ(~r − ~Rj) on the site j,

Φ(~k, ~r) = 1√
N

N∑
~Rj

ei
~k. ~Rjϕ(~r − ~Rj), (j = 1, ..., n), (2.2)
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where ~Rj is the position of the atom and N is the number of unit cells, and Eq.2.2 satisfies
the Bloch’s condition

Φ(~k, ~r + ~a) = 1√
N

N∑
~Rj

ei
~k. ~Rjϕ(~r + ~a− ~Rj)

= ei
~k.~a 1√

N

N∑
~Rj−~a

ei
~k.(~Rj−~a)ϕ

[
~r − (~Rj − ~a)

]
(2.3)

= ei
~k.~aΦj(~k, ~r).

In a solid, the wave-functions Ψj(~k, ~r) are defined as a linear combination of Bloch’s
functions

Ψj(~k, ~r) =
n∑

j′=1
Cjj′(~k)Φj′(~k, ~r), (2.4)

where Cjj′ are the coefficients to be determined. Since the functions Ψj(~k, ~r) should satisfy
the Bloch’s theorem, the sum in Eq.2.4 is taken only for Bloch orbitals Φj′(~k, ~r). Within
this approach, the eigenvalues Ej(~k)(j = 1, ..., n) are given by

Ej(~k) = 〈Ψj|H|Ψj〉
〈Ψj|Ψj〉

=
∫

Ψj
∗HΨjd

3~r∫
Ψj
∗Ψjd3~r

, (2.5)

with H being the Hamiltonian of the solid. Now replacing Eq.2.4 in Eq.2.5, we have

Ei(~k) =

n∑
j,j′=1

C∗ijCij′〈Φj|H|Φj′〉
n∑

j,j′=1
C∗ijCij′〈Φj|Φj′〉

=

n∑
j,j′
Hjj′(~k)C∗ijCij′

n∑
j,j′=1

Sjj′(~k)C∗ijCij′

. (2.6)

We have defined

Hjj′(~k) = 〈Φj|H|Φj′〉, (2.7)

as the integral transfer matrix, since they describe the hopping of electrons between states
of different sites of the lattice and Sjj′(~k) = 〈Φj|Φj′〉 is the overlap matrix integral. The
coefficients Cjj′ are calculated in such way that Ei(~k) should be minimum; we have

∂Ei(~k)
∂Φ∗ij

=

n∑
j,j′=1

Hjj′(~k)Φij′

n∑
j,j′
Sjj′(~k)Φij

∗Φij′

−

n∑
j,j′
Hjj′(~k)Φij

∗Φij′(
n∑
j,j′
Sjj′(~k)Φij

∗Φij′

)2

n∑
j′=1

Sjj′(~k)Φij′ = 0, (2.8)
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multiplying both sides by
n∑
j,j′
Sjj′(~k)Φij

∗Φij′ we have

n∑
j′=1

Hjj′(~k)Cij′ = Ei(~k)
n∑

j′=1
Sjj′(~k)Cij′ , (2.9)

and by defining a column vector

Ci =


Ci1

Ci2
...

CiN

 , (2.10)

we can write

HCi = Ei(~k)SCi, (2.11)

we only have a non-zero solution when

det[H − Ei(~k)S] = 0. (2.12)

This is the well-known secular equation, which we will use to find the electronic structures
of the hexagonal lattice.

2.2 Tight binding method applied to nanoribbons
In this section, we employ the tight-binding approximation to find the band

structure of graphene nanoribbons taking into account one orbital per site. We define the
first, the second and the third next nearest neighbors hopping respectively by t, t′ and t′′.
In all the calculations we set t as the unity of energy and we employ the conventions used
for graphene lattice and its nanoribbons to define the vectors given in the Ref.[43–45]. In all
the calculations, we employ the realistic tight-binding parameters obtained in reference [21],
that fit ribbon graphene structures to density functional theory (DFT) results: t = 2.8eV ,
t′ = 0.025t and t′′ = 0.15t. As the absolute value of the N3 hopping is much larger than
the N2, we neglect the N2 hopping to preserve chiral symmetry.

2.2.1 Zigzag graphene nanoribbons (ZGNRs)

In order to define the various hopping included in our calculation, we consider a
pictorial representation of ZGNRs as indicated in Fig.3, where we indicate the unit cell by
the dashed line box denoted by M , with their width depending on the number of zigzag
lines, and denoted by N . Moreover, the corresponding vectors of the first nearest neighbors
(~δi) are given by
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~δ1 = (0,−a) , ~δ2 =
(√

3a
2 ,

a

2

)
, ~δ3 =

(
−
√

3a
2 ,

a

2

)
, (2.13)

also, from the Fig.3 we have six second nearest neighbors of the A atom (dotted orange
circle)

~τ1,2 =
(
±
√

3a
2 ,−3a

2

)
, ~τ3,4 =

(
±
√

3a
2 ,

3a
2

)
, ~τ5,6 =

(
±
√

3a, 0
)
, (2.14)

and the third nearest neighbors (~di)

~d1 = (0, 2a) , ~d2 =
(√

3a,−a,
)
, ~d3 =

(
−
√

3a,−a,
)
. (2.15)

Where a ≈ 1.42Å is the distance carbon-carbon in graphene and we define az =
√

3a
as the magnitude of the lattice vector of ZGNRs.
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Figure 3 – Schematic diagram of the ZGNR, where the green dashed region M denotes
the unit cell containing t (N1), t′ (N2) and t′′ (N3) hopping respectively. The
label N indicates the width of the ZGNR and A and B label the atoms of the
two non-equivalent sub-lattices.

The Hamiltonian of ZGNRs considering N1,N2 and N3 hopping is given by [44]

Hz =
M,N∑
m,n

∑
α

{−t[|A,m, n, α〉 〈B,m− 1/2, n, α|+ |A,m, n, α〉 〈B,m+ 1/2, n, α|

+ |A,m, n, α〉 〈B,m, n− 1, α|]− t′[|A,m, n, α〉 〈A,m+ 1/2, n+ 1, α|

+ |A,m, n, α〉 〈A,m+ 1/2, n− 1, α|+ |A,m, n, α〉 〈A,m− 1/2, n+ 1, α|

+ |A,m, n, α〉 〈A,m− 1/2, n− 1, α|+ |A,m, n, α〉 〈A,m+ 1, n, α|

+ |A,m, n, α〉 〈B,m− 1, n, α| − t′′[|A,m, n, α〉 〈B,m, n+ 1, α|

+ |A,m, n, α〉 〈B,m+ 1, n− 1, α|+ |A,m, n, α〉 〈B,m− 1, n− 1, α|] +H.c.},
(2.16)
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we set Hz as the Hamiltonian corresponding to the ZGNRs, where α is the spin index and
H.c. is the complex conjugated of the written terms. The negative sign of the hopping is
associated to the formation of the proper bonding and anti-bonding state alignment of the
pz orbitals in graphene [46]. As mentioned in the beginning of this subsection, we do not
consider the effect of the second nearest neighbors hopping (t′ = 0) in the calculations,
since, we are interested in preserve the chiral symmetry of the Hamiltonian. A brief revision
of the effects associated with this hopping will be presented in the Appendix A. To derive
the dispersion relations, we apply a Fourier transform of the ZGNR Hamiltonian, along
the translationally invariant x-axis

|Ψ(~k, α)〉 = 1√
M

M,N∑
m,n

ei
~k. ~Rm,n{ψA(~k, n)|A,m, n, α〉+ ψB(~k, n)|B,m, n, α〉}, (2.17)

where |Ψ(~k, α)〉 is the total wave function, M is the number of unit cells considered in
the calculation, N is the nanoribbon width and the |A(B),m, n〉 is the orbital of the
sub-lattice A(B) at the position n of the unit cell m, defined by the vector ~Rm = m~az. To
find the eigenvalues of the system, it is necessary to solve the Schrödinger equation and
for simplicity, we consider the overlap matrix S as unity. From Eq.2.17 we can write the
Bloch’s functions as

|φA(~k, n′′, α)〉 = 1√
M

M∑
m′′

ei
~k. ~Rm′′ |A,m′′, n′′, α〉, (2.18)

|φB(~k, n′, α)〉 = 1√
M

M∑
m′
ei
~k. ~Rm′ |B,m′, n′, α〉. (2.19)

In the following calculations, for simplicity, we omit the spin indexes α and using
the Eqs. (2.18,2.19), we can calculate the elements of the Hamiltonian matrix as considered
by the Eq. 2.7. In this way, the matrix element 〈φA(~k, n′′)|Hz |φB(~k, n′)〉, can be written
as

〈φA(~k, n′′)|Hz |φB(~k, n′)〉 = 1
M

M∑
m′,m′′

ei
~k.(~Rm′−~Rm′′ ) 〈A,m′′, n′′|Hz |B,m′, n′〉 , (2.20)
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substituting explicitly the Hamiltonian Hz, we have

〈φA(~k, n′′)|Hz |φB(~k, n′)〉 =− 1
M

M∑
m′,m′′

M,N∑
m,n

ei
~k(~Rm′−~Rm′′ )×

{t[〈A,m′′, n′′|A,m, n〉 〈B,m, n− 1|B,m′, n′〉

+ 〈A,m′′, n′′|A,m, n〉 〈B,m− 1/2, n|B,m′, n′〉

+ 〈A,m′′, n′′|A,m, n, 〉 〈B,m+ 1/2, n|B,m′, n′〉]

+t′′[〈A,m′′, n′′|A,m, n〉 〈B,m, n+ 1|B,m′, n′〉+

+ 〈A,m′′, n′′|A,m, n〉 〈B,m+ 1, n− 1|B,m′, n′〉

+ 〈A,m′′, n′′|A,m, n, 〉 〈B,m− 1, n− 1|B,m′, n′〉] +H.c.},
(2.21)

the terms associated to the same sub-lattice are delta functions

〈A,m′′, n′′|A,m′, n′〉 = δm′m′′δn′n′′ . (2.22)

Applying the delta functions we have

〈φA(~k, n′′)|Hz |φB(~k, n′)〉 = 1
M

M∑
m′,m′′

M,N∑
m,n

δm′′mδn′′ne
i~k(~Rm′−~Rm′′ )×

{−t[δmm′δ(n−1)n′ + δ(m+1/2)m′δnn′ + δ(m−1/2)m′δnn′ ]

− t′′[δmm′δ(n+1)n′ + δ(m+1)m′δ(n−1)n′ + δ(m−1)m′δ(n−1)n′ ] +H.c.}, (2.23)

with a little algebra and simplifying the notation omitting the ~k dependence of the matrix
elements, we obtain the following relations

〈φAn|Hz |φB(n−1)〉 = −t, (2.24)

〈φAn|Hz |φBn〉 = −t
(
e−ikxaz/2 + eikxaz/2

)
, (2.25)

〈φAn|Hz |φB(n+1)〉 = −t′′, (2.26)

〈φAn|Hz |φB(n−1)〉 = −t′′
(
e−ikxaz + eikxaz

)
, (2.27)

employing the corresponding trigonometrical relations eiω + e−iω = 2cos(ω), we obtain

〈φAn|Hz |φBn〉 = −2t cos
(
kxaz

2

)
(2.28)

〈φAn|Hz |φB(n−1)〉 = −2t′′ cos(kxaz). (2.29)
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In the ZGNRs we must consider the following contour conditions of first nearest
neighbors [19]

〈φA1|Hz |φB0〉 = 0, (2.30)

〈φA(N+1)|Hz |φBN〉 = 0, (2.31)

and the contour conditions for third nearest neighbors is

〈φB1|Hz |φA0〉 = 0, (2.32)

as the matrix Hamiltonian is Hermitian, we get the following equalities

〈φBN |Hz |φAN〉 = 〈φAN |Hz |φBN〉 , (2.33)

〈φBN |Hz |φA(N−1)〉 = 〈φAN |Hz |φB(N−1)〉 , (2.34)

and the Hamiltonian matrix can be written as

E



ψA1

ψB1

ψA2

ψB2
...

ψAN

ψBN


=



0 C 0 −t′′ 0 . . . 0 0
C 0 −t+D 0 0 0 0
0 −t+D 0 C 0 0 0
−t′′ 0 C 0 −t+D 0 0
...
0 0 0 0 0 0 C

0 0 0 0 0 C 0





ψA1

ψB1

ψA2

ψB2
...

ψAN

ψBN


,

(2.35)

with C = −2t cos
(
kxaz

2

)
and D = −2t′′ cos(kxaz). From the matrix, we can obtain two

dispersion relations associated to the different sub-lattices A and B

EψA(~k, n, α) =− t
[
ψB(~k, n, α)2 cos

(
kxaz

2

)
+ ψB(~k, n− 1, α)

]
−t′′

[
ψB(~k, n+ 1, α) + ψB(~k, n− 1, α)2 cos(kxaz)

]
, (2.36)

EψB(~k, n, α) =− t
[
ψA(~k, n, α)2 cos

(
kxaz

2

)
+ ψA(~k, n+ 1, α)

]
−t′′

[
ψA(~k, n− 1, α) + ψA(~k, n+ 1, α)2 cos(kxaz)

]
, (2.37)

where the solution of the previous equations can be obtained numerically.

In Fig. 4 we show the band structure of ZGNRs with N = 3, 4. When we take
into account only the first nearest neighbors hopping (t′′ = 0), the ZGNRs, independent
of their N value, are always metallic. The states at the Fermi level (EF (0)) are always
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Figure 4 – Band structures of ZGNRs with N = 3 (red) and N = 4 (blue). In the absence
of the third nearest neighbors hopping (t′′ = 0) the edge states generate a flat
band at the Fermi energy (EF (0)) as exhibited in a) and c). The net effect of
the third nearest neighbor hopping (t′′ = 0.15t) is to gives rise to the band
braiding at different Dirac points, at the Fermi energy as shown in b) and d).
The number of these points depend on N , as displayed in the inset of d).

degenerate, and as a consequence a flat band appears that becomes more larger as the
number of zigzag lines increases. Also, these states are called edge states, because they
are located at the edges of the nanoribbon and have an important contribution to the
electronic properties of the ZGNRs [19].

In Fig. 4(a,c) and in Fig. 5(a) we present some examples of the band structure
corresponding to different ZGNRs width. As displayed in these figures, the ZGNRs exhibit
localized edge states at the flat band due to the high electronic concentration at the edges
of the nanoribbon, and as a consequence a high density of states at the Fermi energy
ρ(EF = 0). However, as pointed out in [19, 47] when N is very large, the flat band should
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Figure 5 – Band structure of ZGNR with N = 20. a) t′′ = 0 e b) t′′ = 0.15t. The band
braiding at the Fermi energy in b) are not visible because the edge states merge
into one degenerate flat band a). On the other hand, the band-gap of the bulk
states decreases as displayed in b).

appears in the interval 2π/3 < |kxa| 6 π. From the figures Fig.4 (a) and (c) it is clear
that this rule is not followed. Contrarily to this case, in Fig. 5(a) with N = 20, this law is
completely confirmed.

Now, considering t′′ = 0.15t, with both t and t′′ having the same signal, the situation
changes completely, mainly in nanoribbons with narrow widths, as indicated in Fig. 4(b)
and (d). At the Fermi energy, the braiding of the conduction and valence bands, generates
Dirac cones for non-commensurate wave vectors ~k. The number of Dirac points depends
on the width of the nanoribbon and if N is odd or even, as indicated in both figures. In
Fig.4(b) there are three Dirac points, where one of these points is degenerate at the border
of Brillouin zone (Kxa = π), while in Fig.4(d) there are four Dirac’s points, as indicated
clearly in its inset. As N increases appears more Dirac points, but now they evanesce for
high N values, forming flat bands as shown in Fig.5(b).

On the other hand, in Fig.6, we plot the band structures corresponding to N = 3
and N = 4, but now considering t and t′′ having opposite signs. In Fig. 6(b) corresponding
to N = 3, the band structure presents a metallic behavior but the edge states do not form
a flat band and the bands touch each other in only one point. On the other hand, for the
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Figure 6 – Band structures of ZGNRs with N = 3 (red) and N = 4 (blue). In the absence
of third nearest neighbors hopping (t′′ = 0) the edge states generate a flat band
at the Fermi energy (EF = 0) as exhibited in (a) and (c), while in (b) and (d)
we consider t′′ = −0.15t. The effect of t′′ is to lift the flat band degeneracy and
form a single cross at the edge states as displayed in (b). On the other hand, for
N = 4 the band suffers a transition from metallic to semiconductor behavior
as indicated in (c) and (d) respectively, and as shown in the inset of (d).

N = 4, as shown in Fig. 6(c), the system is metallic, but when t′′ = 0.15t is considered
the system suffers an insulator-metal transition as shown in Fig. 6(d) and depicted in the
inset of Fig. 6(d). This gap decreases as N increases. This point will be discussed in the
Chapter 3. Another interesting point is when we increase the t′′ parameter, as shown in
Fig. 7 (a) where the braiding are damping for t = 0.3t, this damping is a direct effect of
the transverse components of the third neighbors hopping (the last term on the right hand
side of the Eq. 2.36 and Eq. 2.37). This damping is not visible in the inset of the Fig. 7
(b), where we have taken t′′ = 0.15t, but becomes more prominent for higher t′′ values.
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Figure 7 – Band structure of ZGNR with N = 6. a) t′′ = 0.30t and b) t′′= 0.15t. The
braid damping becomes more prominent for t′′= 0.30t.

2.2.2 Armchair graphene nanoribbons (AGNRs)

Armchair graphene nanoribbons (AGNRs) show different fundamental states that
basically depend on the number of dimers (two carbon atoms per site) denoted by Na[19] as
shown in Fig.8. As previously mentioned, in this section we do not consider second nearest
neighbors hopping (t′ = 0). The corresponding vectors for the first nearest neighbors (~δi)
are given by

~δ1 = (−a, 0) , ~δ2 =
(
a

2 ,
√

3a
2 ,

)
, ~δ3 =

(
a

2 ,−
√

3a
2

)
, (2.38)

and for the third nearest neighbors (~di) are

~d1 = (2a, 0) , ~d2 =
(
−a,
√

3a,
)
, ~d3 =

(
−a,−

√
3a,

)
. (2.39)

Following the same steps of the subsection 2.2.1, the Hamiltonian of the armchair
nanoribbons can be written as

Ha =
M,N∑
m,n

∑
α

{−t[|A,m, n, α〉 〈B,m− 1/2, n, α|+ |A,m, n, α〉 〈B,m, n− 1, α|

+ |A,m, n, α〉 〈B,m, n+ 1, α|]− t′′[|A,m, n, α〉 〈B,m− 1/2, n+ 2, α|

+ |A,m, n, α〉 〈B,m− 1/2, n− 2, α|+ |A,m, n, α〉 〈B,m+ 1/2, n, α|] +H.c.},
(2.40)
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Figure 8 – Schematic diagram of the AGNR, where the green dashed regionM denotes the
unit cell with the corresponding hopping terms t (N1) and t′′ (N3), respectively.
The label Na indicates the width of the AGNR and A and B label the atoms
of the two non-equivalent sub-lattices.

in subsequent calculations we set Ha as the Hamiltonian of the AGNRs, following the
same procedure of ZGNRs of the subsection 2.2.1, and using the wave function 2.18

|φA(~k, n′′, α)〉 = 1√
M

M∑
m′′

ei
~k. ~Rm′′ |A,m′′, n′′, α〉, (2.41)

In the following calculations, for simplicity, we omit the spin indexes α and the Hamiltonian
term 〈φA(~k, n′′)|Ha |φB(~k, n′)〉 can be written as

〈φA(~k, n′′)|Ha |φB(~k, n′)〉 =− 1
M

M∑
m′,m′′

M,N∑
m,n

ei
~k(~Rm′−~Rm′′ )×

{t[〈A,m′′, n′′|A,m, n〉 〈B,m− 1/2, n|B,m′, n′〉

+ 〈A,m′′, n′′|A,m, n〉 〈B,m, n− 1|B,m′, n′〉

+ 〈A,m′′, n′′|A,m, n, 〉 〈B,m, n+ 1|B,m′, n′〉]

+ t′′[〈A,m′′, n′′|A,m, n〉 〈B,m− 1/2, n+ 2|B,m′, n′〉

+ 〈A,m′′, n′′|A,m, n, 〉 〈B,m+ 1/2, n|B,m′, n′〉

+ 〈A,m′′, n′′|A,m, n〉 〈B,m− 1/2, n− 2|B,m′, n′〉] +H.c.},
(2.42)
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and applying the delta functions as established in Eq. 2.22, we have

〈φA(~k, n′′)|Ha |φB(~k, n′)〉 = 1
M

M∑
m′,m′′

M,N∑
m,n

δm′′mδn′′ne
i~k(~Rm′−~Rm′′ )×

{−t[δ(m−1/2)m′δnn′ + δmm′δ(n−1)n′ + δmm′δ(n+1)n′ ]

− t′′[δ(m−1/2)m′δ(n+2)n′ + δ(m−1/2)m′δ(n−2)n′ + δ(m+1/2)m′δnn′ ] +H.c.}, (2.43)

simplifying the notation and omitting the ~k dependence of the matrix elements, we obtain
the following relations

〈φAn|Ha |φBn〉 = −te−ikxa/2, (2.44)

〈φAn|Ha |φB(n+1)〉 = −t, (2.45)

〈φAn|Ha |φB(n−1)〉 = −t. (2.46)

Considering the terms that contain the third nearest neighbors hopping, we have

〈φAn|Ha |φB(n+2)〉 = −t′′e−ikxa/2, (2.47)

〈φAn|Ha |φB(n−2)〉 = −t′′e−ikxa/2, (2.48)

〈φAn|Ha |φBn)〉 = −t′′eikxa/2. (2.49)

In the AGNRs case, we must consider the following contour conditions for the first
nearest neighbors [19]

〈φA1|Ha |φB0〉 = 0, (2.50)

〈φB1|Ha |φA0〉 = 0, (2.51)

and the contour conditions for the third nearest neighbors are

〈φA1|Ha |φB(−1)〉 = 0, (2.52)

〈φB1|Ha |φA(−1)〉 = 0, (2.53)

as the Hamiltonian is Hermitian, we get the following equalities

〈φBN |Ha |φAN〉 = 〈φAN |Ha |φBN〉 , (2.54)
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〈φBN |Ha |φA(N−1)〉 = 〈φAN |Ha |φB(N−1)〉 , (2.55)

and the AGNRs matrix Hamiltonian can be written as

E



ψA1

ψB1

ψA2

ψB2
...

ψAN

ψBN


=



0 Z 0 −t 0 G . . . 0 0
Z∗ 0 −t 0 G∗ 0 0 0
0 −t 0 Z +G∗ 0 0 0 0
−t 0 Z∗ +G 0 −t 0 0 0
...
0 0 0 0 0 0 0 Z

0 0 0 0 0 0 Z∗ 0





ψA1

ψB1

ψA2

ψB2
...

ψAN

ψBN


, (2.56)

with Z = −te−ikxa/2 and G = −t′′eikxa/2. From this equation, we can obtain two dispersion
relations corresponding to the sub-lattices A and B, respectively

EψA(k, n, α) = −t{ψB(k, n, α)e−i
kax

2 + ψB(k, n− 1, α) + ψB(k, n+ 1, α)}

−t′′e−i
kxa

2 [ψB(k, n− 2, α) + ψB(k, n+ 2, α)]− t′′ei
kxa

2 ψB(k, n, α), (2.57)

EψB(k, n, α) = −t{ψA(k, n, α)ei
kaa

2 + ψA(k, n− 1, α) + ψA(k, n+ 1, α)}

−t′′ei
kax

2 [ψA(k, n− 2, α) + ψA(k, n+ 2, α)]− t′′e−i
kax

2 ψA(k, n, α). (2.58)

When we take into account only the first nearest neighbors hopping (t′′ = 0), the
armchair graphene nanoribbons (AGNRs) exhibit metallic or semiconductor behavior
depending on the width of the ribbon (in this case the number of dimers is given by Na).
Thus, when Na = 3p+ 2 and p is an integer, the system is metallic, and when Na = 3p or
Na = 3p+ 1 the system is a semiconductor. However, AGNRs do not develop magnetic
order, what is due to its low density of states at the Fermi level (EF = 0) [19]. In Fig.9 (a)
and in Fig.9 (b) we plot the band structure of AGNRs corresponding to Na = 7 (red line)
and Na = 8 (blue line), respectively. In the first case, the gap decreases as stands in Fig.9
(b). In the second one, the effect is more relevant. When we only consider the first nearest
neighbors hopping the system is metallic, but when we consider the first and the third
nearest neighbors hopping, the system shows a semiconductor behavior as indicated in
Fig.9 (d). This change is important when we study the transport properties, because we
can control the conductance of the system by means of t′′.

2.3 The Green’s functions formalism
The Green’s functions (GF) approach is an important tool in physics, the concept

of Green’s functions appears in many physical contexts such as classical mechanics and
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Figure 9 – Band structures of AGNRs with Na = 7 (red) and N = 8 (blue). In the
absence of the third nearest neighbors hopping (t′′ = 0), the bands exhibit a
semiconductor or a metallic behavior as show in (a) and (c), respectively. When
the third nearest neighbors hopping is present (t′′ = 0.15t) the band in (b) is
robust against t′′, while in the Na = 8 case, the band suffer a transition from
metal (c) to semiconductor (d) behavior.

electromagnetism. The Green’s function is defined as the solution of the non-homogeneous
differential equation[48]

[z −H]G(~r, ~r′, E) = δ(~r − ~r′), (2.59)

where z = E + iη, with E being the real energy and η being an infinitesimal quantity
that guarantees the right convergence of the function in the infinite limit, and H is the
Hamiltonian operator of the system that has a complete set of eigenfunctions, such that

H(r)ψn(r) = Enψn(r). (2.60)

These eigenfunctions (ψn) are chosen to be orthonormal and obeying the complete-
ness relation

〈ψn|ψm〉 = δn,m ;
∑
n

|ψn〉〈ψn〉 = 1, (2.61)
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also, in the Dirac’s notation, the Green’s function defined in Eq.2.59 can be expressed as

Gz = 1
z −H

, (2.62)

which, employing the completeness relation we can write

G(z) = 1
z −H

∑
n

|ψn〉〈ψn| =
∑
n

|ψn〉〈ψn|
z − En

, (2.63)

which can be written in the coordinate representation as

G(r, r′, z) =
∑
n

ψn(r)ψ∗n(r′)
z − En

. (2.64)

It is more convenient to separate the GF into the superior and inferior complex semi-planes
in order to define the advanced G+ and the retarded G− Green’s functions, respectively

G±(r, r′, E) = lim
η→0
G±(r, r′, E ± iη), (2.65)

using the Cauchy’s relation

lim
η→0

1
x± iη

= P
(1
x

)
∓ iπδ(x), (2.66)

where P is the principal value[48]. We can write the Eq. 2.64 as

G±(r, r, E) = lim
η→0

∑
n

ψn(r)ψ∗n(r)
E ± iη − En

=
∑
n

|ψn(r)|2
{
P
[ 1
E − En

]
∓ δ(E − En)

}
, (2.67)

calculating the imaginary part of the trace we obtain the density of states

ρ(E) = ∓ 1
π
ImTr[G±(E)]. (2.68)

2.4 Electronic Transport
Electronic Transport is one of the most important research area of nanoscopic

electronic devices. As these devices become of atomic dimensions, the theory of classical
transport is no more valid to explains the new physics that appears and as an important
consequence, the Ohm law fail. This is the limit where quantum mechanics intervenes
as a tool to explain the rich phenomenology that appears when the dimensions of the
device is reduced in such way. The choice of an appropriate method to describe the
electronic transport properties and that presents a low computational cost and good
numerical accuracy is fundamental. The method of the Green’s functions in Landauer-
Büttiker formalism, results in a framework suitable to perform electrical conductance
calculations in two-dimensional nanoribbons. In this chapter, we present the main ideas of
the Landauer-Büttiker formalism which will be used to develop the recursive method of
Green’s functions.
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2.4.1 Landauer-Büttiker formalism

The method commonly used to describe electron transport properties of nanoscopic
devices is the Landauer-Büttiker formalism, which describes the electric current through a
conductor in terms of its electronic transmittance. To understand this method, we assume
that semi-infinite contacts or leads are connected to a central device, which acts as a
scattering region between the leads (Fig.10). The contacts are considered transparent, that
is, the electrons pass through them with minimum reflection probability. To calculate the
electric current we apply a potential into the conductor, in such a way that the electrons
are forced to go from the contact 1 (left) to the contact 2 (right). When the electrons
are at the interface between the contact 1 and the conductor, there is a barrier to cross,
leading to a probability of transmission to attains the contact 2 [49] and vice versa. Thus,
we define the total current IT that flows through the conductor as

Left lead Right leadConductor

L

V

μ1 μ2

Figure 10 – Schematic picture of an electronic device (conductor) attached to two contacts,
with chemical potentials µ1 and µ2 subjected to a potential V .

I = I12 + I21, (2.69)

where I12 is the current flowing from left to right and I21 the current flowing from right to
left. Thus by following the method of [49], we can write I12, as

I12 = e

L

∑
~k

~vT12f12(E) = e

L

∑
~k

1
~
∂E

∂~k
T12f12(E), (2.70)

where e is the electron’s charge; ~v = 1
~
∂E

∂~k
is the electron’s group velocity; T12 is the

transmission probability of the electrons displace from the left to the right across the
barrier, and f(E) is the Fermi-Dirac function. By transforming a sum into an integral, as
in the case of the free electron gas, we obtain

∑
~k

→ 2× L

2π

∫
d~k, (2.71)
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replacing in the previous equation, we have

I12 = 2e
h

∫ Ef +µ2

Ef +µ1
T12(E)f12(E)∂E

∂~k
d~k = 2e

h

∫
T12(E)f12(E)dE. (2.72)

A similar equation can be obtained for I21

I21 = 2e
h

∫
T21(E)f21(E)dE. (2.73)

For small potentials and conservation of current in the lead-conductor, we assume
that the transmission probabilities are equal, i.e., T12(E) = T21(E) = T (E). Thus, by
replacing Eq.2.72 and Eq.2.73 into Eq.2.69, we obtain

IT = 2e
h

∫ Ef +µ2

Ef +µ1
T (E)(f12 − f21)dE, (2.74)

as we are working with small potential differences between the left and right leads, we can
perform a Taylor expansion for the distribution of Fermi-Dirac f12 − f21 ≈ −(µ1 − µ2) ∂f

∂E
,

so Eq.2.74, results

IT = 2e
h

(µ1 − µ2)
∫ Ef +µ2

Ef +µ1
T (E)

(
− ∂f
∂E

)
dE, (2.75)

and for low temperatures (T → 0), we can approximate ∂f
∂E
≈ −δ(E − Ef ), making use of

the properties of the Dirac delta function

∫
F (x)δ(x− a)dx = F (a),

the conductance is given by

G = 2e2

h
T (Ef ). (2.76)

This is the Landauer’s equation of the quantum conductance, that describes quantum
transport properties in a coherent regime. For a general case, we can say that T is the
sum of the transmission probabilities of two contacts in different channels, that is [49]

Tpq =
∑
m,n

|tpqmn|2, (2.77)

where |tpqmn|2 is the probability that an electron entered into the device by the contact q
into the channel n and leaves the device by the contact p and into the channel m.

2.4.2 Finite ribbon attached to semi-infinite contacts

In this section, we calculate the Green’s functions of a finite region attached to
both sides of semi-infinite contacts. This calculation give us the total Green’s functions in
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Figure 11 – Schematic diagram of central (scattering) device attached to two right and
left contacts. The coupling between the leads and the device can be taken as
an effective interaction described by the self-energies ΣR,L at the interfaces.

infinite graphene nanoribbons. We divide the system into three parts, which is shown in
Fig.11. The total Hamiltonian in matrix form can be divided into sub-matrices as follows

H =


HL VLC 0
VCL HC VCR

0 VRC HR

 , (2.78)

where HC is the Hamiltonian of the device and HR and HL are the Hamiltonian of the
right and left contacts, respectively. VLC and VRC are the couplings between the contacts
and the region of the device and VCL and VCR their respective Hermitian conjugates. The
Green’s function operator is given by

(E −H)G(E) = 1, (2.79)

where G can be divided into sub-matrices as

G =


GL GLC GLR
GLR GCL GC
GRL GRC GR

 . (2.80)

Substituting H and G in the Eq. 2.79 we obtain [50]
z −HL −VLC 0
−VCL E −HC −VCR

0 −VRC z −HR



GL GLC GLR
GCL GC GCR
GRL GRC GR

 =


1 0 0
0 1 0
0 0 1

 ,
and then, we can obtain the following relations

(z −HL)GLC − VLCGC = 0, (2.81)

−VLCGLC + (z −HC)GC − VCRGRC = 1, (2.82)

−VRCGC + (z −HR)GRC = 0. (2.83)
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Figure 12 – (Color online) (a) Schematic diagram of the two terminal device, (scattering
region) attached to equal semi-infinite leads through the coupling (ΓL,ΓR)
functions. (b) Vj,c is the matrix that couples the central part to the leads
through the hopping tc.

Performing the calculations, we obtain GLC = GLVLCGC and GRC = GRVRCGC and
then we have the Green’s function of the device

Gr/aC (z) = [z −HC − ΣL(z)− ΣR(z)]−1, (2.84)

where z = E ± iη and

ΣL(z) = VCLgL(z)VLC , (2.85)

ΣR(z) = VCRgR(z)VRC , (2.86)

are the self-energies of the contacts ΣL,R, that describe the effect of the contacts over the
device. In Fig.11 we depict the self-energies coupling of the device. These self-energies can
be calculated from the Green’s functions of the surface of the semi-infinite right and left
contacts, gL(z) = (z −HL)−1 [51]. A powerful technique to find the self-energies is the
recursive Green’s function method, which is analyzed in detail in the Appendix B.

The electrical conductance in infinite graphene nanoribbons is calculated employing
the cell indicated in the rectangular region C of the Fig.12(b), through the Landauer-
Büttiker formula

G(z) = GoTr{ΓL(z)Grc (z)ΓR(z)Gac (z)}, (2.87)
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Figure 13 – (Color online) (a) Density of states and (b) conductance of ZGNRs with
t′ = t′′ = 0 and N = 2, 3, 4, 5.
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where Go = 2e2/h is the quantum conductance unit. Tr{· · · } indicates the trace of
the product of the retarded and advanced Green’s functions of the central part Gr,ac (z),
respectively, and its couplings to the leads Γj(z) (j = L,R). To calculate Grc (z) and Gac (z),
we employ z = E − iη and z = E + iη, respectively. Also, we define the couplings to the
leads ΓL,R as

Γj(z) = i
{

Σj(z)−
[
Σj(z)

]†}
(j = L,R). (2.88)

With the calculation of Green’s function of the central part given by Eq.2.84 we
can perform the calculation of the density of states by Eq.2.68. As we are considering
infinite graphene nanoribbons, the local and total density of states are given by

LDOS(E) = −(1/π)Im[Grc (z)ii], (2.89)

ρ(E) = 1
L

L∑
i=1

LDOS(E), (2.90)

where L = 2N is the number of sites along the transverse direction.

In Fig.13, we plot the density of states (a) and conductance(b) of ZGNRs with
N = 2, 3, 4, 5, considering only the first nearest neighbors hopping (t′′ = 0). As we can
observe, ρ(E) shows a pronounced peak at the Fermi level, indicating that the high
concentration of the electrons are localized at the edges of the nanoribbons, also, the
conductance G is given by an integer multiple of the quantum conductance G0.

2.5 Hubbard model
A minimum model that takes into account the local strong electronic correlation

and perhaps one of the most important to explain magnetism in metals is the Hubbard
model. In second quantization it can be expressed as [52]

H = −
∑
ij

∑
α

tij(c†iαcjα + h.c) + 1
2
∑
iα

Uiniαniα, (2.91)

where the first term is the hopping Hamiltonian studied in Section 2.2, where c†i (cj) are the
creation(annihilation) operator at sites i and j, respectively with spin index α. The second
term describes the electronic correlation Hamiltonian between electrons at the same site,
being Ui the interaction energy or Hubbard parameter and niα = ciαciα is the number
operator. A more complete revision of the Hubbard model can be found in the reference
[52]. Despite its simplicity, there is not exact solution of the Hubbard model in the general
case, essentially because the second term contains a product of four operators. One of
the first approximate method to solve this Hamiltonian is known as the Hartree-Fock
approximation or mean field approximation that is detailed in Appendix C.



Chapter 2. Theoretical background 43

2.6 Stoner’s criterion
The Stoner’s criterion seeks to explain the fact that some transition materials

show magnetic properties and others not. In the paramagnetic phase we have, on average,
n↑ = n↓ = n0. The energy cost necessary to invert the spins up (↑) to the spins down
(↓) in a band will be calculated. Taken into account the Pauli’s principle, the electrons
with a defined spin will occupy unoccupied states above the Fermi’s energy, decreasing the
Coulomb interaction and increasing the total kinetic energy. The competition between these
two effects determines the stability of the non-magnetic state. The number of electrons δn,
with energy in the interval δε, promoted from one band to the other is given by [53]

δn = ρ(ε)δε, (2.92)

where ρ(ε) is the density of electronic states at the Fermi level with a defined spin. The
kinetic energy acquired in this transfer can be write as

∆K ≈ δnδε = ρ(ε)(δε)2, (2.93)

and the variation of the Coulomb energy after the increases in the number of electrons
with spin-up (↑) and the decreases in the number of electrons with spin-down (↓) is

∆U = Uf − Ui
= U(n0 + δn)(n0 − δn)− Un2

0

= −Uδ2n = −Uρ2(ε)(δε)2. (2.94)

The variation of the total energy due to this transfer is given by

∆ET = ∆K + ∆U = ρ(ε)(δε)2 − Uρ2(ε)(δε)2 = ρ(ε)(δε)2[1− Uρ(ε)]. (2.95)

If Uρ(ε) > 1, the paramagnetic state is unstable since ∆ET < 0 and the ground
state must has an magnetization M 6= 0. Therefore, systems with high effective electron-
electron interaction or/and density of states ρ(E) relatively high at the Fermi level, are
good candidates to exhibit ground state with magnetic order. In the particular case of
ZGNRs, only considering the first nearest neighbors hopping, the Stoner criterion is always
satisfied since, in this case ρ(E) shows a large peak at the Fermi energy, independent
of its width, as shown in Fig.13 (a). On the other hand, considering the first and the
third nearest neighbors hopping, the Stoner criterion is not satisfied for nanoribbons with
narrow width as we will discuss in the next chapter.
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3 Braiding of edge states in narrow
zigzag graphene nanoribbons: Effect
of the third nearest neighbors hop-
ping

In this Chapter, we present the results of the first work of this Thesis Ref. [54]. We
would like to thank Armando Pezo from the Federal University ABC, that performs under
our supervision, the DFT and LSDA simulations employed in this chapter.

3.1 Density functional theory simulations
In this section, we develop an ab initio calculation by means of the density func-

tional theory (DFT) to investigate the behavior of the band structure of narrow width
zigzag nanoribbons. We employed in all the calculations, the local (spin) self-consistent
pseudopotential method using the local density approximation (LDA) of the density func-
tional theory (DFT) and, for the purposes of magnetism computations discussed in Sec.
3.3, the L(Spin)DA as implemented in the SIESTA package [39]. An energy cutoff of 350
Rydbergs (Ry) was employed with a double-(ζ) polarized basis set. In this approach, the
electron density is obtained by integrating the density matrix with the proper Fermi-Dirac
distribution. The geometry of each ZGNR was fully relaxed until the force felt by each
atom was less than 0.001 eV/A. A k-sampling of 20 k-points was employed. We set the
vacuum between edges and planes as 25 and 20 Å, respectively, in order to avoid spurious
interactions with the periodic images. The edges of the ZGNRs were passivated with
hydrogen to neglect effects related to carbon dangling bonds. In the Appendix D we discuss
some general aspects of the DFT theory.

In Figs. (14, 16)a,b we plot the band structure and the density of states, for even
and odd ZGNRs, respectively. We only plot the branches close to the Fermi energy in order
to compare to the tight-binding results of the next section, as indicated in Figs. (17, 18)a;
we set the Fermi level to zero. The TB and LDA results are very similar, however, the LDA
braiding results present some distortion as indicated in Fig. 15. This happens because
it takes into account all the orbitals present in the ZGNRs, and the main cause of this
particle-hole asymmetry is the N2 hopping, which is hiding inside the LDA calculations.
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Figure 14 – (Color online) Electronic band structure (a) and unpolarized density of states
(b) for ZGNRs with even width, N = 2, 4, 6, 8.
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Figure 15 – (Color online) Zoom showing the existence of braiding of conduction and
valence bands at the Fermi level, for ZGNRs with even width N = 2, 4, 6, 8.

3.2 Tight-binding calculations
In order to investigate in more detail, the braiding of edge states obtained in the

last section by the LDA calculations, and the associated transport properties of narrow
ZGNRs, we perform tight-binding calculations considering the effects of the N1 and N3
hopping employing the tight-binding Hamiltonian ( Eq. 2.16).
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Figure 16 – (Color online) Electronic band structure (a) and unpolarized density of states
(b) for ZGNRs with odd width, N = 3, 5, 7, 9.

In the following calculations, we employ the realistic tight-binding parameters
obtained in reference [21] that fit ribbon graphene structures to density functional theory
(DFT) results: t = 2.8eV , t′ = 0.025t, and t′′ = 0.15t. It is interesting to observe that the
absolute value of the N3 hopping is much larger than the N2, which reinforces our earlier
supposition of only considering hopping that preserves chiral symmetry. In the next two
subsections, for the calculation of the conductance we consider the central cell and the
leads connected by the same N1 hopping: tc = t. Therefore, the two-terminal device of Fig.
12b reduces to an infinite ZGNR.

3.2.1 N3 of the same sign as N1

In Figs. (17, 18)(a,b), we plot the band structure and the density of states, re-
spectively, for even and odd ZGNRs, with t of the same sign as t′′. The net effect of the
inclusion of N3 hopping is to lift the degeneracy of the edge states at the Fermi energy,
producing the braiding of the valence and conduction bands [29, 55] and generating Dirac
cones with non-commensurate wave vectors ~k. For N = 2, the Dirac cone moves from the
border of the Brillouin zone (when t′′ = 0) to a non-commensurate ~k. For even N , a gap is
opened at the border of the Brillouin zone, while for odd N this gap is closed, but in both
cases with an increase in N the density of states grows and generates a strong peak at
the Fermi energy. A similar effect occurs in the case of oligoacenes, formed by joining a
finite number of benzene rings [55]. In this case, the gap shows an oscillatory behavior,
depending on the number of benzene rings.
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Figure 17 – (Color online) (Color online) (a) Band structure, (b) density of states and (c)
conductance of ZGNRs with t of the same sign as t′′, and N = 2, 4, 6, 8, 10.



Chapter 3. Braiding of edge states in narrow zigzag graphene nanoribbons: Effect of the
third nearest neighbors hopping 48

-3 -2 -1 0 1 2 3

K
x
a

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1
E

/t

0 1 2 3 4

ρ(Ε)

N=3
N=5
N=7
N=9

(a) (b)

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

E/t

0

1

2

3

4

5

6

7

8

9

10

11

G
/G

0

N=3
N=5
N=7
N=9
N=11

(c)

Figure 18 – (Color online) (a) Band structure, (b) density of states and (c) conductance
of ZGNRs with t of the same sign as t′′, and N = 3, 5, 7, 9, 11.
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In the two insets of Fig. 17a, we present the braiding of edge states (top inset) and
the LDOS(E=0) at the Fermi energy (bottom inset), as a function of the transverse sites’
position for a 6-ZGNR. It is clear from the bottom inset that the LDOS assumes high
values only at the border of the 6-ZGNR and decays rapidly in a direction toward the
center, where it vanishes. Therefore, the edge states’ braiding produces a quantum wire
that harbors a multi-channel conductance associated with the width N of the ZGNR. The
number of Dirac cones is N/2 for even N and (N + 1)/2 for odd N . When N increases,
the number of Dirac cones also increases, and the valence and conduction bands merge
together, generating a metallic behavior for even or odd N , and the band structure tends
to a case similar to only N1 hopping being present, with the density of states exhibiting a
strong peak at the Fermi energy. We think this is the reason why these braiding effects
have not been receiving much attention up to now. The majority of the papers are focused
on TB calculations for pristine graphene, large N nanoribbons and in the context of the
Kane-Mele [38] generalized model [22, 28, 29, 33–37], or more complete numerical LDA
calculations for a N = 11 zigzag ribon [21], in which the numerical resolution blurs the
braiding effects of the edge states, which according to our calculations only occur for low
N ZGNRs.

It is important to mention here that the edge braiding states are not affected
by the intrinsic spin-orbit interaction (SO), since this interaction (λso) is negligible in
graphene; λso = 1.3µeV [14]. However, the 2D materials, such as silicene [10], germanene
[11], and stanene [12] exhibit a much stronger intrinsic SO interaction than graphene [13],
which is due to their higher atomic number and planar buckling structures. In silicene,
the SO is very low; λso = 3.9meV , and can also be neglected. However, in germanene:
λso = 46.3meV and in stanene: λso = 64.4meV [14], this interaction is higher and the
degeneracy of the edge braiding states is lifted by the SO interaction, and a tiny gap of
the order of meV is opened in the density of states.

Another important result of the present work is obtained as a consequence of the
Stoner criterion, which states that the magnetic order is favored if Uρ(Ef) > 1 [56, 57],
where U is the electronic local Coulomb correlation and ρ(Ef) is the non-interacting
density of states at the Fermi energy. Considering a N1 tight-binding calculation, the
ZGNRs edge states were theoretically predicted [18] to couple ferromagnetically along
the edges and antiferromagnetically between them. When only N1 neighbors hopping are
taken into account, the Stoner criterion is always satisfied, due to the moderate electronic
correlation of the order of U ' 0.8t present in those ZGNRs, [58] and the strong peak
at the Fermi energy. However, when the N3 hopping is included in the calculations, this
strong peak disappears for low-width ZGNRs as indicated in Figs. (17, 18)b, and the
Stoner criterion could not be satisfied. According to the density of states curves presented
in Figs. (17, 18)b, for N = (2, 3), ρ(Ef ) = (0.20, 0.40), and to satisfy the Stoner criterion,
we must have U > 5.0t, U > 2.5t. For N = (4, 5), ρ(Ef ) = (0.83, 1.70), the Stoner criterion
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is only satisfied if (U > 1.20t, U > 0.59t), respectively. Therefore, according to our TB
calculations, low-width ZGNRs with N / 4 could not develop magnetic order at their
edges.

In Figs. (17, 18)c, we plot the conductance in units of the quantum conductance
Go = 2e2/h for even and odd ZGNRs, respectively. Due to the presence of the edge states’
braiding, new conductance channels are open at integer steps, and the conductance at the
Fermi energy assumes integer multiples of Go: for N = (2, 3, 4, · · · ), G = (2, 3, 4, · · · )Go,
respectively. These ZGNRs behave as a multiple conductance quantum wire that works as
a “current filter". The conductance value at the Fermi energy attains high integer values
that can be controlled by their width N . Therefore, the system exhibits a potential to
be employed in technological applications. Another interesting aspect of the conductance
results is the fulfillment of the electron-hole symmetry in relation to the Fermi energy,
which is a consequence of the chiral symmetry of the Hamiltonian, as discussed in the
introduction of this work.

Another interesting point of the present results is the values assumed by the density
of states at the Fermi level, obtained from the unplolarized LDA calculations, as plotted
in Figs. (14, 16)b. For N = 2, ρ(0) assumes a value close to zero, and for N = 3 it is
of the order of the unit, but increases with the increasing of N , which agrees with our
TB calculations as indicated in Figs. (17, 18)b. An interesting question here, is why the
density of states obtained by the TB and DFT are qualitatively so different? The first
exhibits van-Hove singularities whereas the second not. The main reason is that: in DFT
the density of states depends basically on the number of the grid resolution employed in
the calculation to form the density matrix [59]. The numerical effort necessary to produces
these singularities in DFT are high and here we are not interested in this calculation, once
we focus on the obtention of the density of states at around the Fermi energy to estimate
the Stoner criterion. On the other hand, in tight binding approximation the calculation is
analytic and the van-Hove singularities appear in a natural way.

3.2.2 N3 and N1 of opposite signs

Contrary to the case studied in the earlier subsection, we did not identify any
known 2D real system with the N3 and N1 hopping having opposite signs. However,
a recent paper described an experimental realization of tunable optical sawtooth and
zigzag lattices employing optical lattices of ultracold atoms of alkali-earth-like bosons and
fermions ((173,174)Yb and (84,85)Sr isotopes) [60]. The authors attain precise control over
the intra and inter-unit-cell hopping. Therefore, the results presented in this subsection
represent theoretical possibilities [29, 31] that we expect to be realized employing optical
lattices.

In Figs. (19, 20)(a,b), we plot the band structure and the density of states for even
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Figure 19 – (Color online) (a) Band structure, (b) density of states and (c) conductance
of ZGNRs with t and t′′ of opposite signs, and N = 2, 4, 6, 8, 10.
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Figure 20 – (Color online) (a) Band structure, (b) density of states and (c) conductance
of ZGNRs with t and t′′ of opposite signs, and N = 3, 5, 7, 9.
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and odd ZGNRs, respectively, considering t and t′′ of opposite signs. For low, even N

values, the system behaves as a band insulator, with the band structure exhibiting a gap
∆g at the Fermi energy, but with an increase in N , this gap decreases logarithmically,
as indicated in the inset of Fig. 19c, and tends asymptotically to zero, leading to the
system’s undergoing an insulator-metal transition. This is a Lifshitz-type transition [61],
but here the topology of the Fermi surface changes in a discrete way. For the odd N case,
as indicated in Fig. 20(a,b), the valence and conduction bands cross each other at the
borders of the Brillouin zone, and the system is always metallic.

In Figs. (19,20)c, we plot the conductance for even and odd ZGNRs in units of
Go = 2e2/h, respectively. For even N , the ZGNRs behave like an insulator, with the gap
controlled by the width of the nanoribbon. The gap also decreases logarithmically with
an increase in the nanoribbon width N , as indicated in the inset of Fig. 19c, and tends
asymptotically to a semimetal band. This kind of control is quantified by the possibility
of switching between different states of electrical conductivity of the material. The ratio
of the ON- and OFF-state conductance of field-effect-transistors, probed at zero gate
bias and at low drain bias, is defined as the ON/OFF ratio of the material [62, 63]. In
the case of graphene, it is very low when compared to silicon, i.e. graphene continues to
conduct a lot of electrons even in its OFF state. One possible candidate for overcoming the
limitations of graphene is the ZGNRs discussed here, whose gap decreases logarithmically
with an increase in N , allowing a fine control over the conductance of charge carriers and
making feasible the adjustment of the variation of the ON/OFF ratio to a value adequate
to the technological needs. For odd N , the conductance exhibits a behavior similar to the
metallic armchair nanoribbons, with Na = 3p− 1, where p is an integer number [19].

In Fig. 21, we plot the band structure of a 4-ZGNR considering the hopping t′′

variable. For negative t′′ values, the 4-ZGNR behave as a band insulator, and for positive
t′′ values, it becomes metallic. Due to the variation of the N3 hopping, the nanoribbon
evolves continuously from a gap situation to a metallic Dirac multi-channel quantum wire,
undergoing a Lifshitz [61] insulator-metal transition at the quantum critical point t′′ = 0.
This kind of phase transition was reported in a honeycomb two-leg ladder [31] for N = 2.

3.2.3 An application: a quantum dot connected do semi-infinite leads

In this subsection, we consider in all the calculations the central cell indicated
by a green box in Fig. 12b, connected to the leads by a variable hopping tc ≤ t. The
hopping tc can be tuned by voltage gates. From the experimental point of view, tc can be
tuned in narrow graphene nanoribbons, employing a resonant cavity formed between two
electrostatically bipolar junctions [64]. This problem was also addressed theoretically in
reference [65] through Fabry-Perot oscillations in the conductance.

The absence of a true gap in graphene sheets constitutes a great problem from the
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Figure 21 – (Color online) Band structure of a 4-ZGNR considering different N3 hopping:
t′′ = (−0.3,−0.2,−0.1, 0, 0.1, 0.2, 0.3)t.

technological point of view. In order to employ this material as a substitute of silicon for
use in development of logic transistors, a fine control over the conductance of charge carries
is necessary. In this subsection we show that the system can be tuned to an insulator-metal
transition, with the conductance at the Fermi energy exhibiting a staircase behavior as a
function of the hopping tc.

In Figs. 22(a,b), we plot the conductance of the two-terminal device, presented
in Fig. 12b, as a function of the energy E, for two ZGNRs with N = 2 and N = 5,
respectively. Varying the hopping tc in the interval [0, 1]t, the system can be tuned to an
insulator-metal transition, as indicated in Fig. 22a for N = 2, where the transition occurs
at a critical hopping tcrit = 0.335t. When N = 5, as plotted in Fig. 22b, this transition
occurs at tcrit = 0.07t, with the inset of the Fig. 22b showing that the conductance at the
Fermi energy exhibits a staircase behavior as a function of tc, increasing 2Go in each step.
In the odd conductance channels, there is only one critical point that is formed by the
closing of a step, followed by the opening of another conductance channel that increases
the conductance by one more Go unit. We represent those points by the numbers: (1)
corresponding to the first transition (tc = 0.07t) at 1Go, (2) corresponding to the second
transition (tc = 0.34t) at 3Go, and (3) corresponding to the third transition (tc = 1.0t) at
5Go. Therefore, the system is tuned through all the possible integer conductance units.
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Figure 22 – (Color online) a) Two terminal ZGNR device conductance for N = 2, and
for b) N = 5, considering different couplings tc connecting the central cell
(indicated by a green box in Fig. 12b) to the leads.
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3.3 Polarized density functional theory (LSDA) simulations
In order to investigate the magnetic nature of the fundamental state of the low-

width ZGNRs, we return to the DFT calculations, but now employing the spin polarized
version of this theory (LSDA), as it is implemented in the SIESTA package [39].

The Lieb theorem [66] establishes that the bipartite lattice, present in pristine
graphene and described by the Hubbard hamiltonian in the half filling case, must have
the total magnetic moment J of the ground state null, such that

J = 1
2 ||B| − |A||. (3.1)

where B and A represent the graphene sublattices, with the number of sites given by
|A| and |B|, respectively. This result must be fulfilled by our tight-binding hamiltonian
defined by Eq. 2.16, that exhibits chiral symmetry, once we take into account only N1
and N3 hopping. However, this symmetry is not present in the DFT simulations, since
this method takes into account all the orbitals present in the ZGNRs and, consequently,
the processes associated with the hopping N2 that break particle-hole symmetry of the
Hamiltonian. In this way, the Lieb theorem is not valid, and the ZGNRs could develop any
magnetic order or no magnetic order at all. To investigate the possible magnetic ground
state of those nanoribbons, we calculate the total energy for each of them when there
are magnetic moments along the edges for non-magnetic (NM), ferromagnetic (F) and
antiferromagnetic (AF) configurations. The results are presented in Fig. 23

In Fig. 23, we plot the total energy E(eV )/2N per site (there are 2N sites along
the ZGNRs transverse direction) as a function of N , corresponding to the NM, AF and
F configurations between the edges. The magnetic energy difference ∆mag. between the
curves is very small and attains a flat regime as N increases, meaning that correlations
between edges become less important as the ZGNRs width becomes larger.

The inset (a) shows ∆mag per unit cell corresponding to the energy difference
between ferro and antiferromagnetic (F −AF ) configurations as a function of N , whereas
the energy difference between the non-magnetic and antiferromagnetic (NM − AF ) cases
is given with respect to the edge atoms. The AF configuration wins in all cases, although
we still believe that for lower N ZGNRs we need more accurate calculations.

Using standard Mulliken population analysis in the inset (b), we show the magnetic
moment m(µB) in Bohr magneton units associated to the edge atoms; it decreases as
the number of zigzag lines does and attains its minimum value for N = 2, where the
competition occurs between NM and AF configurations, but it does not vanish as we expect
from the non-satisfaction of the previously discussed Stoner criterion. On the other hand,
a recent work [30], which studied ZGNRs employing a TB Hubbard model and considering
N1 and N2 hopping, obtained a vanishing magnetization for low N, even satisfying the
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Figure 23 – Energy in electron Volts units E(eV )/2N per site as a function of the low-
width ZGNRs width N , corresponding to the NM, AF and F configurations
between the edges.

Stoner criterion.

In Fig. 24 we plot the polarized density of states corresponding to different spin
orientations, obtained from the unrestricted spin-polarized LSDA corresponding to a)
N = 2 and b) N = 3. We also plot the non-polarized solution obtained from the LDA.
The non-polarized density of states in both cases is very low at the Fermi level, which will
lead to the non satisfaction of the Stoner criterion.

Concerning the calculation of the Stoner criterion employing LSDA, it is worth
to mention that the electronic correlations were included in this theory through a weak-
coupling mean-field theory. LSDA assumes that the electronic correlation, like the Hubbard
parameter U , is small when compared to the bandwidth W and, as a consequence of this
correlation, a gap is opened at the Fermi energy. For that purpose, we followed the method
given by [67], in which the exchange integral (=Stoner parameter I) is calculated as an
energy difference, once we take into account the polarized LDOS for both majority and
minority spin populations, as indicated by the horizontal arrow in Fig. 24a. This energy
difference can be expressed in terms of the local magnetic moment m, which is obtained
through an integral of the magnetization density M(r) over the atomic unit cell Ω

m =
∫

Ω
M(r)dr, (3.2)

which was also calculated and shown in the inset b) of the Fig. 23. The energy difference
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Figure 24 – (Color online) Polarized density of states obtained from the spin-unrestricted
LSDA calculations for a) N = 2, b) N = 3 and c) N = 4.
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∆ is calculated from Figs. 24(a,b), as

∆(E) = m · I, (3.3)

and the Stoner criterion holds as long as

ρo(EF ) · I > 1, (3.4)

where ρo(EF ) is the value of the LDOS at the Fermi level obtained from the non-polarized
LDA calculation in Figs. 14 and 16 and reploted in Figs. 24(a,b) .

The Stoner parameter I is calculated from the direct application of Eq. 3.3 and
the results are: I = 2.37eV = 0.85t for N = (2, 3) (the same result of I for both, N = 2, 3
is fortuitous) and I = 2.12eV = 0.76t for N = 4. Now extracting the unpolarized density
of states, at the Fermi level ρo(EF ), from Figs. 24(a,b), and applying Eq. 3.4 we obtain
for N = 2, Iρ(EF ) = 0.10; for N = 3, Iρ(EF ) = 0.76 and for N = 4, Iρ(EF ) = 2.12.

Therefore, the results employing TB or LSDA agree in predicting that narrow-width
ZGNRs with N = (2, 3) do not satisfy the Stoner criterion, and for N = 4, it is satisfied
but has the same order of magnitude of the N = (2, 3) case. This is a robust result, since
the density of states, at the Fermi level ρo(EF ) of these nanoribbons, is very low in both
methods. However, according to the inset (b) of Fig. 23, the ground state of these ZGNRs
is antiferromagnetic: the Stoner criterion fails but the system exhibits magnetic order,
which is a contradiction. As such, we conclude that even LSDA [39] is not able to resolve
the magnetic order of these narrow-width ZGNRs.

The electronic correlations associated with the Stoner parameter I present the
same order of magnitude of the parameter U , employed in the literature [21]: I = 0.85t for
N = (2, 3) and I = 0.76t for N = 4. Therefore, further calculations, like LDA+U method
could not resolve this issue. The antiferromagnetic ground state should be a consequence
of the mean-field character of the LSDA, and one possibility to go further is to employ
the GW approximation, which includes a screened-exchange self energy as a result of
the renormalization of the bare Coulomb interaction. Besides, the system could not be
robust under the quantum fluctuations present in the edge magnetism of ZGNRs [68],
and a method that includes local quantum fluctuations, like DMFT combined with GW
approximation [40] could contribute to elucidate the real magnetic nature of the ground
state of these narrow zigzag nanoribbons.

In Fig.25, we plot the band structures obtained from the spin-unrestricted LSDA
calculations for N = 2, 3, 4. It is clear from the figures that the mean field random phase
approximation (RPA), included in LSDA, open a tiny gap at the Fermi energy in the
band structure of the N = 2 nanoribbon, and this gap increases with the increasing of the
nanoribbon width, as indicated in the cases of N = 3, 4. However, in the next chapter, we
will show that the intrinsic spin-orbit coupling plays a role similar to the correlations in
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Figure 25 – (Color online) Band structures obtained from the spin-unrestricted LSDA
calculations for a) N = 2, b) N = 3 and c)N = 4.
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LSDA, and also opens up a gap at the Fermi energy in the band structure, which can be
closed by the application of an external magnetic field.
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4 Spin-orbit interaction

In this chapter, we describe the effects of the spin-orbit (SO) interaction. In
conjunction with the N1 and N3 hopping, we study the effects of the intrinsic and Rashba
SO, as well as, the magnetic field in the two-dimensional systems that crystallize in
honeycomb lattices (ZHNRs) like: graphene, silicene, germanene and stanene. We show
that the presence of the N3 hopping is determinative to realize the edge spin polarization
of those ZHNRs, opening the possibility of employing those ribbons as a platform to
generate the ZHNRs Kitaev chain [41]. The material developed in this chapter will be
employed as the basis of the second work of this Thesis.

4.1 Spin-orbit coupling in atoms
The spin-orbit interaction is a relativistic phenomenon that occurs when a particle

with spin, like the electrons move at around the atomic nuclei. The effect is a result of the
electromagnetic interaction between the electron’s magnetic dipole, and the electrostatic
field of the positively charged nucleus with its motion inside a potential, which leads to an
effective interaction between the spin angular momentum of the electron and its orbital
angular momentum. This interaction is responsible for the splitting of the energy levels in
atoms and molecules [69]. The atomic spin-orbit interaction is given by

HSO = ξ0~L · ~S, (4.1)

where ξ0 is the atomic spin-orbit parameter, ~L is the electron angular momentum and ~S is
the spin momentum. As we are considering materials whose main contribution come from
s, p orbitals, our base to form the spin-orbit matrix Hamiltonian can be written in terms
of these orbitals. In Appendix E we give the total matrix Hamiltonian in this basis.

4.2 Intrinsic spin-orbit coupling
The Intrinsic spin-orbit coupling (ISO) corresponds to an effective interaction of

low-energies; the details of the low energy Hamiltonian are summarized in Ref [14]. In
graphene the ISO corresponds to and effective coupling of second order while in buckled
materials such as silicene, germanene and stanene it is a coupling of first order. In graphene,
the ISO is originated from the pz orbitals, which are perpendicular to the px and py orbitals
(θ = π), while in buckled materials this angle is θ 6= π as indicated in the Table 1 [14].
Taking the matrix E.14 as a perturbation [70], in second quantization, it can be shown
that the intrinsic spin-orbit interaction is given by [14, 71].
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Hso = iλso
∑

〈〈ij〉〉,αβ
νijc

†
iασ

z
α,βcjβ +H.c., (4.2)

where the sum is performed over the possible second nearest neighbors labeled here by
〈〈i, j〉〉. In addition, νij = ~dik×~dkj

|~dik×~dkj |
= ±1, that connects the sites i to j through the site

k, are −1 (clockwise) or +1 (anticlockwise). The interaction connecting the site i to its
second nearest neighbors is displayed in Fig.26, and σzαβ is the correspondent Pauli spin
matrix.

a) b)

Figure 26 – Picture displaying the possible interactions with the six next nearest neighbors
in zigzag configurations (a) and armchair configurations (b). The different
arrows (blue and green) colors indicate two possible values depending if the
connections are clockwise (νij = −1) or anti-clockwise (νij = +1).

4.2.1 Effect of the intrinsic spin-orbit over the ZHNRs

The effects of the intrinsic spin-orbit interaction (ISO) in large width ZHNRs were
studied few years ago in the paper of Kane-Mele[38]. They found a new state of matter
associated with the quantum spin Hall effect (QSHE). The new striking characteristic of this
system is that it exhibits insulator bulk states and conducting edge states. Unfortunately,
there is a little probability of obtaining experimentally this state in graphene, due to its
tiny ISO interaction (λso ≈= 1× 10−6meV ) [71]. On the other hand, there are other two
dimensional materials, recently synthesized: silicene, germanene and stanene, where the
SO interaction is large. These structures are buckling; the atoms A and B are located in
different planes and their atomic number are larger than the carbon atoms of graphene,
and consequently their (ISO) are much larger than in graphene. In addition, the buckling
honeycomb lattices possess a Rashba SO term λRI , that is originated intrinsically by the
buckling nature of the system, and their values are shown in the table 1 [14].

The possible interactions of a given site with its six second nearest neighbors are
indicated in Fig.26(a) and the vectors of the second nearest neighbors are established by
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System a(Å) θ tso(meV ) λRI(meV )
Graphene 2.46 90◦ 1.3× 10−3 0
Silicene 3.86 101.7◦ 3.973 0.7
Germanene 4.02 106.5◦ 46.3 10.7
Stanene 4.70 107.1◦ 64.4 9.5

Table 1 – Parameters values of different 2D systems.

Figure 27 – Pictorial representation of the atoms A and B in a buckling honeycomb lattice.
The angle between atoms in relation to the z axis in graphene is θ = π/2,
but in buckling structures this angle assumes other values as indicated in the
table 1.

Eq.2.14, then, the Hamiltonian of intrinsic spin-orbit interaction of ZHNRs is given by

Hso =iλso
M,N∑
m,n

∑
α,β

νi,j{|A,m, n, α〉σzα,β 〈A,m+ 1, n, β|+ |A,m, n, α〉σzα,β 〈A,m− 1, n, β|

+ |A,m, n, α〉σzα,β 〈A,m+ 1/2, n− 1, β|+ |A,m, n, α〉σzα,β 〈A,m− 1/2, n, β|

+ |A,m, n, α〉σzα,β 〈A,m+ 1/2, n+ 1, β|+ |A,m, n, α〉σzα,β 〈A,m− 1/2, n− 1, β|},
(4.3)

and the wave function 2.18 is given by

|φA(~k, n′′, α)〉 = 1√
M

M∑
m′′

ei
~k. ~Rm′′ |A,m′′, n′′, α〉, (4.4)

on the other hand, omitting the ~k dependence to simplify the notation, and taking into
account that 〈A,m′′, n′′|A,m′′, n′′〉 = δm′′mδn′′n, the term 〈φA, n′′, α|Hso|φA, n′, β〉 can be
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expressed as

〈φA, n′′, α′|Hso|φA, n′, β′〉 = i
λso
M

M∑
m′,m′′

M,N∑
m,n

∑
α,β

ei
~k.(~Rm′′−~Rm′ )δm′′mδn′′n 〈α′| {|α〉σz 〈β|} |β′〉×

{δ(m+1/2)m′δ(n−1)n′ − δ(m+1)m′δnn′ + δ(m+1/2)m′δ(n+1)n′

− δ(m−1/2)m′δ(n+1)n′ + δ(m−1)m′δnn′ − δ(m−1/2)m′δ(n−1)n′}, (4.5)

where σzαβ = |α〉σz 〈β|, also we have the following relations

〈↑|σzαβ |↑〉 = 〈↓|σzαβ |↓〉 = 1, (4.6)

〈↑|σzαβ |↓〉 = 〈↓|σzαβ |↑〉 = 0. (4.7)

The sum is performed over all unit cells of the ZHNRs and remembering that
sin(ω) = [(eiω − e−iω)/2i], the previous equations generate three matrix elements

〈φA, n, ↑ |Hso|φA, n, ↑〉 = −2λso sin(kxaz), (4.8)

〈φA, n, ↑ |Hso|φA, n− 1, ↑〉 = 2λso sin
(
kx
az
2

)
, (4.9)

〈φA, n, ↑ |Hso|φA, n+ 1, ↑〉 = 2λso sin
(
kx
az
2

)
, (4.10)

and the calculations associated to the B lattice atoms are performed in the same way.
The results associated to the spin-down, are equal to the previous one but with a negative
signal in front of the equations

〈φA, n, ↓ |Hso|φA, n, ↓〉 = 2λso sin(kxaz), (4.11)

〈φA, n, ↓ |Hso|φA, n− 1, ↓〉 = −2λso sin
(
kx
az
2

)
, (4.12)

〈φA, n, ↓ |Hso|φA, n+ 1, ↓〉 = −2λso sin
(
kx
az
2

)
. (4.13)

The respective contour condition is

〈φA, 1, α|Hso|φA, 0, α〉 = 0, (4.14)

and the matrix Hamiltonian containing the intrinsic spin-orbit term is given by

E



ψA1

ψB1

ψA2

ψB2
...

ψAN

ψBN


=



S2 C S1 −t′′ 0 . . . 0 0
C −S2 −t+D −S1 0 0 0
S1 −t+D S2 C S1 0 0
−t′′ −S1 C −S2 −t+D 0 0
...
0 0 0 0 0 S2 C

0 0 0 0 0 C −S2





ψA1

ψB1

ψA2

ψB2
...

ψAN

ψBN


,

(4.15)
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where C = −2t cos
(
kxaz

2

)
, D = −2t′′cos(kxaz), S1 = 2λso sin

(
kxaz

2

)
and S2 =

−2λso sin (kxaz). The corresponding dispersion relations can be written as

EψA(~k, n, α) =− t
[
ψB(~k, n, α)2 cos

(
kxaz

2

)
+ ψB(~k, n− 1, α)

]
−t′′

[
ψB(~k, n+ 1, α) + ψB(~k, n− 1, α)2 cos(kxaz)

]
∓ 2λso sin(kxaz)ψA(~k, n, α)± 2λso sin

(
kxaz

2

)
ψA(~k, n+ 1, α), (4.16)

EψB(~k, n, α) =t
[
ψA(~k, n, α)2 cos

(
kxaz

2

)
+ ψA(~k, n+ 1, α)

]
+t′′

[
ψA(~k, n− 1, α) + ψA(~k, n+ 1, α)2 cos(kxaz)

]
± 2λso sin(kxaz)ψB(~k, n, α)∓ 2λso sin

(
kxaz

2

)
ψB(~k, n+ 1, α), (4.17)

where ± correspond to spin up or down (↑, ↓), respectively.

In Fig.28 we plot band structures of narrow ZHNRs with even width, N = 2, 4, 6, 8,
considering t′′ = 0 in Fig.28(a) and t′′ = 0.15t in Fig.28(b). We consider λso = 0.05t in
both cases. In the former case (a), for N = 2 (black line), there is a small gap and the
system is clearly semiconductor as displayed in the inset of the figure. However for N > 2,
the edge states form a conductor and the system becomes a topological insulator. In the
second case (b), the effect of the third nearest neighbors hopping is observable, the gap of
N = 2 increases and the system can be considered an insulator and the gap decreases as
N increases. For ZHNRs with N = 4, 6, 8, the system presents a semiconductor behavior
as depicted in the inset of the Fig.28(b) and for N > 8 the system comes back to its
topological insulator nature, which was researched in the seminal paper of Kane-Mele
model in graphene and proposed to silicene [38, 72]. On the other hand, the gap in these
narrow ZHNRs increases with the increasing of the value of λso as indicated in Table1, for
different honeycomb materials. However, when N is large we can tune t′′ as a parameter
to get different topological transitions as indicated in Ref[33, 34].

In Fig.29, we present the results of ZHNRs considering odd N . In (a) Considering
t′′ = 0, we show that for all N the system presents a typical topological insulator behavior.
(b) Considering t′′ = 0.15t, the system does not suffer any changes in the edge states and
we only have a Dirac point at the border of the Brillouin’s zone.

A complete calculation of the intrinsic spin-orbit interaction of the armchair
nanoribbons are detailed in Appendix F.
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Figure 28 – Band structures of ZHNRs with N = 2 (black), N = 4 (red), N = 6 (blue) and
N = 8 (violet) in the presence of the ISO. a) Considering t′′ = 0, for N = 2, a
small gap is open at the edge states, while for N > 2 the bands crossing each
other at only one point, as displayed in the inset. b) Considering t′′ = 0.15t,
the Dirac’s points disappear and the system presents a gap for N = 2, which
decreases with the increasing of N , and finally closes for N = 8, where the
system suffers a topological transition for a metallic state, as depicted in the
inset of the figure. In both figures we have used λso = 0.05t.

4.3 Rashba spin-orbit coupling
The Rashba spin-orbit coupling can arises due to the perpendicular electric field

applied to the plane of nanoribbons, or due to the presence of a substrate. In second
quantization, the Hamiltonian that describes this interaction is given by [73, 74]

HR = i
∑
〈ij〉α,β

c†iα(~σ.~uij)αβcjβ +H.c, (4.18)

where ~σ is the vector whose components are the Pauli spin matrices and

~uij = e

2m2avf
~E × ~δij = −λR

a
k̂ × ~δij, (4.19)

where λR is the Rashba spin-orbit parameter, e is the electron’s charge, m is the electron’s
mass, vf is the Fermi velocity, ~E is the electric field applied perpendicularly to the plane
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Figure 29 – Band structures of ZHNRs with N = 3 (black), N = 5 (red), N = 9 (blue)
and N = 9 (violet) in the presence of ISO. a) Considering t′′ = 0, for all N ,
the band structures show a topological insulator behavior. b) Considering
t′′ = 0.15t, the edge states are robust against ISO and the system does not
suffer any change in their edge states. In both figures we have used λso = 0.05t.

of the system, and ~δij are the position vectors corresponding to the first nearest neighbors.
For zigzag nanoribbons, the Hamiltonian is given by

HR =i
M,N∑
m,n,

∑
α,β

[|A,m, n, α〉 (~un(n−1).~σ) 〈B,m, n− 1, β|+

+ |A,m, nα〉 (~um(m+1/2).~σ) 〈B,m+ 1/2, n, β|+ (4.20)

+ |A,m, nα〉 (~um(m−1/2).~σ) 〈B,m− 1/2, n, β|+H.c.],

with

~un(n−1) = −λR
a
k̂ × ~δn(n−1), (4.21)

~um(m+1/2) = −λR
a
k̂ × ~δm(m+1/2), (4.22)

~um(m−1/2) = −λR
a
k̂ × ~δm(m−1/2), (4.23)
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where ~δij labels the position vector corresponding to the first nearest neighbors and are
given by the Eq.2.13

~δ1 = −aĵ, (4.24)

~δ2 = az
2 î+ a

2 ĵ, (4.25)

~δ3 = −az2 î+ a

2 ĵ, (4.26)

considering these equations, the vectors ~uij corresponding to the first nearest neighbors
are

~un(n−1) = −λRσx, (4.27)

~um(m+1/2) = λR
σx
2 − λR

√
3

2 σy, (4.28)

~um(m−1/2) = λR
σx
2 + λR

√
3

2 σy. (4.29)

Using the wave function 2.18

|φA(~k, n′′, α)〉 = 1√
M

M∑
m′′

ei
~k. ~Rm′′ |A,m′′, n′′, α〉, (4.30)

and omitting the ~k dependence to simplify the notation, the term 〈φA, n′′, α|HR |φB, n′, β〉,
is given by

〈φA, n′′, α|HR |φB, n′, β〉 =

= i

M

M∑
m′,m′′

M,N∑
m,n

ei
~k.(~Rm′−~Rm′′ )×

{〈A,m′′, n′′, α|A,m, n, β〉(~un(n−1).~σ) 〈B,m, n− 1, β|B,m′, n′, α〉

+ 〈A,m′′, n′′, α|A,m, n, β〉(~um(m+1/2).~σ) 〈B,m+ 1/2, n, β|B,m′, n′β〉

+ 〈A,m′′, n′′, α|A,m, nβ〉(~um(m−1/2).~σ) 〈B,m− 1/2, n, β|B,m′, n′, β〉+H.c.}, (4.31)

and the products can be converted into delta functions as

〈φA, n′′, α|HR |φB, n′, β〉 =

= i

M

M∑
m′,m′′

M,N∑
m,n

ei
~k.(~Rm′−~Rm′′ )δm′′mδn′′n×

{〈α| β〉(~un(n−1).~σ)δmm′δ(n−1)n′ 〈β|α〉

+ 〈α| β〉(~um(m+1/2).~σ)δm(m+1/2)δnn′ 〈β| β〉

+ 〈α| β〉(~um(m−1/2).~σ)δm(m−1/2)δnn′ 〈β| β〉}. (4.32)
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Performing the calculations we obtain two terms

〈φA, n, ↑|HR |φB, n− 1, ↓〉 = −iλR, (4.33)

and

〈φA, n, ↑|HR |φB, n, ↓〉 = iλR

{
eikxaz/2

(
1
2 + i

√
3

2

)
+ e−ikxaz/2

(
1
2 − i

√
3

2

)}
. (4.34)

Rearranging the exponential terms by means of the Euler’s equation, we can write

〈φA, n, ↑|HR |φB, n, ↓〉 = iλR
{
cos(kxaz/2)−

√
3 sin(kxaz/2)

}
= −2iλR cos

(
kx
az
2 −

2π
3

)
. (4.35)

In the same way, we can obtain the terms 〈φB, n′′, ↑|HR |φB, n′, ↓〉, which are given
by

〈φB, n, ↑|HR |φA, n+ 1, ↓〉 = iλR, (4.36)

〈φB, n, ↑|HR |φA, n, ↓〉 = 2iλR cos
(
kx
az
2 + 2π

3

)
, (4.37)

and the corresponding contour condition is

〈φA, 1, α|HR |φB, 0, ᾱ〉 = 0, (4.38)

the terms with inverted spin such as 〈φA, n′′, ↓|HR |φB, n′, ↑〉 and 〈φB, n′′, ↓|HR |φA, n′, ↑〉
are the complex conjugated of the previous equations. Therefore, the matrix Hamiltonian
of ZHNRs considering Rashba spin-orbit coupling is given by

H =



0 C 0 −t′′ . . . 0 −iφ− 0 0 . . .

C 0 −t+D 0 iφ+ 0 iλR 0
0 −t+D 0 C 0 −iλR 0 −iφ−
−t′′ 0 C 0 0 0 −iλR 0
...
0 iφ− 0 0 0 C 0 −t′′

−iφ+ 0 −iλR 0 C 0 −t+D 0
0 iλR 0 iφ− 0 −t+D 0 C

0 0 iλR 0 −t′′ 0 C 0



,

(4.39)

with

C = −2t cos
(
kxaz

2

)
; D = −2t′′ cos(kxaz) (4.40)



Chapter 4. Spin-orbit interaction 71

φ− = 2λR
(
kx
az
2 −

2π
3

)
, (4.41)

φ+ = 2λR
(
kx
az
2 + 2π

3

)
. (4.42)

The corresponding dispersion relations are given by

EψA(~k, n, α) =− t
[
ψB(~k, n, α)2 cos

(
kxaz

2

)
+ ψB(~k, n− 1, α)

]
−t′′

[
ψB(~k, n+ 1, α) + ψB(~k, n− 1, α)2 cos(kxaz)

]
− iλRψB(~k, n, ᾱ)− iφ−ψB(~k, n+ 1, ᾱ), (4.43)

EψB(~k, n, α) =− t
[
ψA(~k, n, α)2 cos

(
kxaz

2

)
+ ψA(~k, n+ 1, α)

]
−t′′

[
ψA(~k, n− 1, α) + ψA(~k, n+ 1, α)2 cos(kxaz)

]
+ iλRψA(~k, n, ᾱ) + iφ+ψA(~k, n+ 1, ᾱ). (4.44)

where α and ᾱ label opposite spins directions.

In Fig. 30 we plot the band structure of zigzag nanoribbons with even and odd N ,
in the presence of Rashba spin-orbit coupling. The main effect of this interaction is to lift
the spin degeneracy, separating states with spin up and down, respectively. The braiding
effects, due to the third nearest neighbors hopping, is preserved and we have different
Dirac’s points accordingly to their spin projection.

4.4 Exchange field
Another important interaction is the exchange field (EF) of ZHNRs, which may

arise due to the proximity of the nanorribon with a ferromagnet substrate [71]. The EF
gives rise to the Zeeman effect, which not only can opens a band gap at the Fermi energy,
but also is responsible to the lift of the spin degeneracy [75]

Hex = Mex

∑
i;α,β

c†iαs
z
α,βciβ +H.c., (4.45)

where Mex is the strength of the energy associated to the magnetic field and szαβ is
the correspondent elements of the Pauli matrix with spin index α and β. This term is
responsible for the time reversal symmetry present in the system [76, 77]. The exchange
field Hamiltonian of the ZHNRs can be written as

Hex = Mex

M,N∑
m,n;α

|A,m, n, α〉 sz 〈A,m, n, β|+H.c., (4.46)
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Figure 30 – Band structure of zigzag nanoribbons in the presence of N3 hopping and
Rashba spin orbit interaction. (a)N = 2, 4 and (b)N = 3, 5. In both cases, we
consider λR = 0.05t and t′′ = 0.15t.

Using the wave function 2.18

|φA(~k, n′′, α)〉 = 1√
M

M∑
m′′

ei
~k. ~Rm′′ |A,m′′, n′′, α〉, (4.47)

and omitting the ~k dependence to simplify the notation, the matrix element of the
Hamiltonian, 〈φA,m′′, n′′, α|Hex |φA,m′, n′, β〉 can be written as

〈φA,m′′, n′′, α|Hex |φA,m′, n′, β〉 =

= Mex

M

M,N∑
m,n

ei
~k.(~Rm′−~Rm′′ )×

〈A,m′′, n′′, β| (|A,m, n, α〉 sz 〈A,m, n, β|) |A,m′, n′, β〉 , (4.48)

then, we have

〈φA,m′′, n′′, α|Hex |φA,m′, n′, β〉 =

= Mex

M

M,N∑
m,n

ei
~k.(~Rm′−~Rm′′ )δm′′mδn′′n 〈α| (|α〉 sz 〈β|) |β〉 δm′mδn′n. (4.49)
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Summing over the delta functions, and observing that after this sum the exponential
terms vanishes, what means that this coupling corresponds to a term without connection to
the nearest neighbors, therefore, this term comes into the diagonal part of the matrix and
that 〈↑| sz↑↑ |↑〉 = 1 and 〈↓| sz↓↓ |↓〉 = −1. Therefore, the results corresponding to different
projections of the spins are

〈φA, n, ↑|Hex |φA, n ↑〉 = Mex, (4.50)

〈φA, n, ↓|Hex |φA, n ↓〉 = −Mex. (4.51)

The result is the same for the non-equivalent atoms A or B, and the matrix
Hamiltonian containing the exchange field term can be written as

E



ψA1↑

ψB1↑
...

ψA1↓

ψB1↓
...


=



Mex C 0 −t′′ 0 . . .

C Mex −t+D 0 0
...
0 0 −Mex C −t+D

0 0 0 −Mex 0
...





ψA1↑

ψB1↑
...

ψA1↓

ψB1↓
...


, (4.52)

with

C = −2t cos
(
kxaz

2

)
; D = −2t′′ cos(kxaz). (4.53)

The respective dispersion relations are given by

EψA(~k, n, α) =− t
[
ψB(~k, n, α)2 cos

(
kxaz

2

)
+ ψB(~k, n− 1, α)

]
−t′′

[
ψB(~k, n+ 1, α) + ψB(~k, n− 1, α)2 cos(kxaz)

]
±MexψA(~k, n, α), (4.54)

EψB(~k, n, α) =− t
[
ψA(~k, n, α)2 cos

(
kxaz

2

)
+ ψA(~k, n+ 1, α)

]
−t′′

[
ψA(~k, n− 1, α) + ψA(~k, n+ 1, α)2 cos(kxaz)

]
±MexψB(~k, n, α), (4.55)

where ± indicates the spin index, with, + for spin-up (↑) and − for spin-down (↓). In Fig.
31 we plot the band structures of ZHNRs with N = 2, 3 width, considering the effects
of the N3 hopping and the magnetic field. The bands are displaced as indicated by the
arrows of the figure, but maintain their braiding above and below the Fermi energy.
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Figure 31 – Band Structures of zigzag nanoribbons corresponding to N = 2 (left figure)
and N = 3(right figure) considering the effects of the N3 hopping and the
magnetic field. M = 0.04t and t′′ = 0.15t.

4.5 Effective spin orbit interactions and exchange field
In this section, we consider all the interactions previously studied, and the total

dispersion relations including all the couplings are given by

EψA(~k, n, α) =− t
[
ψB(~k, n, α)2 cos

(
kxaz

2

)
+ ψB(~k, n− 1, α)

]
−t′′

[
ψB(~k, n+ 1, α) + ψB(~k, n− 1, α)2 cos(kxaz)

]
∓ 2λso sin(kxaz)ψA(~k, n, α)± 2λso sin

(
kxaz

2

)
ψA(~k, n+ 1, α)

− iλRψB(~k, n, ᾱ)− iφ−ψB(~k, n+ 1, ᾱ)±MexψA(~k, n, α), (4.56)

EψB(~k, n, α) =− t
[
ψA(~k, n, α)2 cos

(
kxaz

2

)
+ ψA(~k, n+ 1, α)

]
−t′′

[
ψA(~k, n− 1, α) + ψA(~k, n+ 1, α)2 cos(kxaz)

]
± 2λso sin(kxaz)ψB(~k, n, α)∓ 2λso sin

(
kxaz

2

)
ψB(~k, n+ 1, α)

+ iλRψA(~k, n, ᾱ) + iφ+ψA(~k, n+ 1, ᾱ)±MexψB(~k, n, α). (4.57)

In Fig. 32 we show the band structure corresponding to a ZHNR with N = 2
for different values of Mex, where we have considered fixed values of λso = 0.04t and
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Figure 32 – Band structure of a ZHNR with N = 2. The simulation includes only the
effects of N1 hopping, the intrinsic and Rashba ISO, as well as, the magnetic
field M . We set λso = 0.04t, λR = 0.05t and t′′ = 0.

λR = 0.05t, and we include only the effects of N1 hopping, t′′ = 0. The spin degeneracy is
not broken as shown in all the cases, also for high values of Mex, the system opens a gap
leading to a transition metal-insulator as shown for Mex = 0.2t in yellow line.

Contrary to this case, in Fig. 33 we show the band structure corresponding to a
ZHNR with N = 2, in the presence of the first and third nearest neighbor hopping, as well
as, both intrinsic and Rashba spin-orbit coupling and an external magnetic field. When the
magnetic field is Mex = 0, the system shows an insulator behavior, moreover the spin-up
and spin-down bands are degenerated in only one point: at the boundary of the Brillouin’s
zone, as indicated by the black curves of the inset at right. When M begins to increase,
this degeneracy is completely lifted and the bands turn spin polarized, as indicated in the
Mex = 0.01t case (red curves). For Mex = 0.05t the gap closes and the system becomes
metallic (blue curves); for Mex = 0.10t, the braiding of the bands is recovered (violet
curves), and finally for Mex = 0.20t the system becomes an insulator again (orange curves).
The important point here, is that ZHNRs can be considered a system that exhibits a
complete spin polarization of the edges, as well as, their gap could be controlled by means
of the magnetic field, opening the possibility of employing these ribbons as a platform
to generate the ZHNRs Kitaev chain [41]. We consider this an important result that can
stimulate experimental efforts in order to synthesize those low width ZHNRs to develop
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Figure 33 – Band structure of a ZHNR with N = 2. The simulation includes the effects of
N1 and N3 hopping, the intrinsic and Rashba ISO, as well as, the magnetic
field M . We set λso = 0.04t, λR = 0.05t and t′′ = 0.15t.

technological applications. In Fig. 34, we present the situation where λso = 0; the main
contribution to the lifting of the band spin degeneracy, comes from Rashba spin-orbit
interaction, N3 hopping and by the variation of the exchange field.
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Figure 34 – Band structure of a ZHNR with N = 2. The simulation includes the effects
of N1 and N3 hopping, the Rashba ISO, as well as, the magnetic field M . We
set λso = 0, λR = 0.05t and t′′ = 0.15t.
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5 Conclusions and perspectives

We performed LDA simulations and tight-binding calculations on the narrow width
ZGNRs, that confirm the braiding of the valence and conduction bands. We developed a
tight-binding study of low-width ZGNRs, taking into account the nearest-neighbor hopping
N1 and the third-neighbor hopping N3. We calculated the band structure, the density of
states, and a two-terminal device conductance employing the Landauer-Buttiker formalism.
In order to investigate the magnetic nature of the fundamental state of these nanoribbons,
we employed the spin polarized version of the density functional theory (LSDA).

Within the TB method, we analyzed two situations: when the N1 and N3 hopping
have the same sign and when they have opposite signs. In the first case, the ZGNRs
always exhibit a metallic behavior, as a consequence of the braiding of the branches of the
conduction and valence bands. New conductance channels are open, and the conductance at
the Fermi energy takes on integer multiples of the conductance unit G0. The conductance
can attain high integer values that can be controlled by the width N of the ZGNRs, in
this way defining a multi-channel quantum wire “current filter". Therefore, the system has
potential to be employed in technological applications.

In the second case, for even N , the ZGNRs exhibit an insulator phase, with the
gap at the Fermi energy decreasing logarithmically with an increase in N and tending
asymptotically to zero, leading to the ZGNR developing an insulator-metal transition. This
is a kind of Lifshitz-type transition, but here the topology of the Fermi surface changes
in a discrete way. As discussed earlier, we did not identify any real system in which the
N3 and NN hopping have opposite signs. However, we think that one possibility for its
experimental realization is employing optical lattices of ultracold atoms, as discussed in
a recent paper [60], where the authors described an experimental realization of tunable
optical sawtooth and zigzag lattices, with precise control over the intra- and inter-unit-cell
hopping. For odd N , the conductance exhibits a behavior similar to metallic armchair
nanoribbons.

We also calculated the conductance of a ZGNR two-terminal device as a function
of the hopping tc that connects the central cell and the leads, as indicated in Fig. 22b. We
showed that the system can be tuned to an insulator-metal transition, with the conductance
at the Fermi energy exhibiting a staircase behavior as a function of tc and assuming all
the possible integer multiples of the conductance unit (Go), compatible with the width of
the ZGNRs.

Considering only a N1 tight-binding calculation, the ZGNRs edge states were
theoretically predicted [18] to couple ferromagnetically along their edges and antiferromag-
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netically between them. In this case, the Stoner criterion is always satisfied, due to the
moderate electronic correlation U ' 0.8t [58] present in those ZGNRs, and the strong peak
at the Fermi energy. However, when N3 hopping is included in the Hamiltonian, the peak
at the Fermi energy is flattened, as indicated in Figs. (14,17)b, and the Stoner criterion
is not satisfied for ZGNRs with N = (2, 3). Therefore, the magnetic order could not be
developed at their edges. These conclusions are also confirmed by LSDA simulations, but
LSDA is not able to resolve the fundamental state of these ZGNRs into NM, F, and AF
configurations. One possibility to go further, is to employ the GW approximation, that
includes a screened-exchange self energy or a more sophisticated method that includes
local quantum fluctuations, like DMFT combined with GW approximation [40]. Those
methods could contribute to elucidate the real magnetic nature of these narrow zigzag
nanoribbons.

The possibility of the existence of ZGNRs without magnetic order constitutes a
new problem in the area and, after the recent synthesis of 6-ZGNR [6], our work could
stimulate experimental groups to improve the techniques to synthesize these ZGNRs and
measure their spin-polarized edge states.

Another important result of the present work, is related to the study of the effects
of the intrinsic spin-orbit interaction and Rashba effect in the presence of N3 hopping in
narrow zigzag honeycomb nanoribbons (ZHNRs) with (N = 2, 3, 4), under the action of an
external magnetic field. In this case, we show that the band structure of these nanoribbons
becomes completely spin polarized, which opens a great perspective of technological
applications, since the action of the external magnetic field is able to control the gap of
these systems. This result opens the possibility of employing narrow width ZHNRs as a
platform to realize the Kitaev chain [41] that harbors Majorana fermions at its edges. One
of the possible ways to perform this setup experimentally consists of three basic ingredients
[78]: 1. A structure that exhibits a strong intrinsic spin-orbit interaction and Rashba effect,
which in our case may be a quantum wire constituted by narrow ZHNRs. 2. An external
magnetic field that is employed to resolve the spin polarization of the nanowire and control
the width of the gap. 3. An s superconductor which is employed as a substrate for the
zigzag quantum wire, in order to induces a p type pairing due to the proximity effect,
thereby realizing a Kitaev chain of ZHNRs.
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APPENDIX A – Band structure in the
presence of second nearest neighbors hopping

Considering only the first and the second nearest neighbors hopping, the Hamilto-
nian 2.16 can be written as

Hz =
M,N∑
m,n

∑
α

{−t[|A,m, n, α〉 〈B,m− 1/2, n, α|+ |A,m, n, α〉 〈B,m+ 1/2, n, α|

+ |A,m, n, α〉 〈B,m, n− 1, α|]− t′[|A,m, n, α〉 〈A,m+ 1/2, n+ 1, α|

+ |A,m, n, α〉 〈A,m+ 1/2, n− 1, α|+ |A,m, n, α〉 〈A,m− 1/2, n+ 1, α|

+ |A,m, n, α〉 〈A,m− 1/2, n− 1, α|+ |A,m, n, α〉 〈A,m+ 1, n, α|

+ |A,m, n, α〉 〈B,m− 1, n, α|+H.c.}. (A.1)

Using the wave function 2.18

|φA(~k, n′′, α)〉 = 1√
M

M∑
m′′

ei
~k. ~Rm′′ |A,m′′, n′′, α〉, (A.2)

taking into account only the second nearest neighbors in Eq.A.1, omitting the ~k dependence
to simplify the notation, and neglecting the spin indexes α, we can obtain the term
〈φA,n′′ |Hz |φA,n′〉 which is given by

〈φAn′′ |Hz |φAn′〉 = 1
M

M∑
m′,m′′

M,N∑
m,n

ei
~k(~Rm′−~Rm′′ ){−t′[〈A,m′′, n′′|A,m, n〉 〈A,m+ 1, n|A,m′, n′〉

+ 〈A,m′′, n′′|A,m, n〉 〈A,m− 1, n|A,m′, n′〉

+ 〈A,m′′, n′′|A,m, n, 〉 〈A,m+ 1/2, n+ 1|A,m′, n′

+ 〈A,m′′, n′′|A,m, n〉 〈A,m+ 1/2, n− 1|A,m′, n′〉

+ 〈A,m′′, n′′|A,m, n〉 〈A,m− 1/2, n+ 1|A,m′, n′〉

+ 〈A,m′′, n′′|A,m, n, 〉 〈A,m− 1/2, n− 1|A,m′, n′〉] +H.c.},
(A.3)

and making use of the delta functions, as considered in Eq.2.22, we have

〈φAn′′ |Hz |φAn′〉 = − t′

M

M∑
m′,m′′

M,N∑
m,n

δm′′mδn′′ne
i~k(~Rm′−~Rm′′ ){[δ(m+1)m′δnn′ + δ(m−1)m′δnn′

+ δ(m+1/2)m′δ(n+1)n′ + δ(m+1/2)m′δ(n−1)n′ + δ(m−1/2)m′δ(n+1)n′ + δ(m−1/2)m′δ(n−1)n′}. (A.4)

Developing the respective terms from Eq.A.4, the matrix’s elements that contain
the second nearest neighbors hopping are

〈φAn|Hz |φAn〉 = −2t′ cos(kxaz), (A.5)
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〈φAn|Hz |φA(n+1)〉 = −2t′ cos (kxaz/2) , (A.6)

〈φAn|Hz |φA(n−1)〉 = −2t′ cos (kxaz/2) . (A.7)

With the contour conditions [19]

〈φA1|Hz |φA0〉 = 0, (A.8)

〈φAN |Hz |φA(N+1)〉 = 0, (A.9)

with the same conditions being applied to the B atoms. The Hamiltonian matrix 2.35
containing the first, the second and the third nearest neighbors hopping can be written as

E



ψA1

ψB1

ψA2

ψB2
...

ψAN

ψBN


=



Q C F −t′′ 0 . . . 0 0
C Q −t+D F 0 0 0
F −t+D Q C 0 0 0
−t′′ F C Q −t+D 0 0
...
0 0 0 0 0 0 C

0 0 0 0 0 C 0





ψA1

ψB1

ψA2

ψB2
...

ψAN

ψBN


,

(A.10)

where C = −2t cos (kxaz/2),Q = −2t′ cos(kxaz), F = −2t′ cos(kxaz/2) andD = −2t′′ cos(kxaz).
From the matrix, we can obtain two dispersion relations associated to the different sub-
lattices A and B

EψA(~k, n, α) =− t
[
ψB(~k, n, α)2 cos

(
kxaz

2

)
+ ψB(~k, n− 1, α)

]

− t′
[
ψA(~k, n, α)2 cos(kxaz) + 2 cos

(
kxaz

2

)
[ψA(~k, n− 1, α) + ψA(~k, n+ 1, α)]

]
− t′′

[
ψB(~k, n+ 1, α) + ψB(~k, n− 1, α)2 cos(kxaz)

]
, (A.11)

EψB(~k, n, α) =− t
[
ψA(~k, n, α)2 cos

(
kxaz

2

)
+ ψA(~k, n+ 1, α)

]

− t′
[
ψA(~k, n, α)2 cos(kxaz) + 2 cos

(
kxaz

2

)
[ψB(~k, n− 1, α) + ψB(~k, n+ 1, α)]

]
− t′′

[
ψA(~k, n− 1, α) + ψA(~k, n+ 1, α)2 cos(kxaz)

]
. (A.12)

In Fig. 35 we show a band structure of a ZNGR with N = 10 considering only the
effects of the N1 (panel a) and N1 and N2 (panel b). From the figure it is clear that the
main effect of the N2 hopping is to break the particle-hole symmetry of the system.
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Figure 35 – Band structure of ZGNR with N = 10. (a)t′ = 0 and t′′ = 0, (b) t′ = 0.1t
and t′′ = 0.



90

APPENDIX B – Recursive Green’s functions
method

The recursive Green’s functions method becomes an efficient tool to calculate
Green’s functions in large systems. This approach was initially developed to calculate the
electronic conductance in linear atomic chains [79], and after it was implemented in two
dimensional systems in slices form [43, 80]. The basic idea of this approach, is to breaks
the system into independent parts (contacts and slices), where it is assumed that the
Green’s function g of the slice is known. In this way, the total Green’s functions can be
obtained recursively through the Dyson’s equation [81]

G = g + gV G, (B.1)

where G represents the exact Green’s function, g is the unperturbed Green’s function that
corresponds to only one slice and V is the coupling matrix between neighboring slices.
According to Fig. 36 the system is breaks into N slices. The slices lower than 1 represent
the left lead and the slices greater than N represent the right lead. For the purpose of
calculations we will use the retarded Green’s functions and we can define

gn(E) = (E + iη − hn)−1, (B.2)

as the Green’s function of the nth slice of the system, where hn denotes the Hamiltonian
of the nth slice. Now, we will apply the Dyson equation to construct a family of Green’s
functions that couple the conductor to the left contact L and a family of Green’s functions
that couple the conductor to the right contact R. We finalize the calculation joining these
two families of equations to obtain the total Green’s function Gr

0,N+1.

B.1 Left Green’s functions
To cross the conductor from the left to the right, we need to find the Green’s

function GL, so the first step is to incorporate the slice n = 1 into the Green’s function of
the left contact gL. This type of operation is repeated throughout the method and therefore,
we present this in detail [51]. To our purpose, we introduce |0〉 and |1〉 to represent the



APPENDIX B. Recursive Green’s functions method 91

Left
lead

Right
lead

0
21 n-1 n n+1 N-1 N N+1

V ,01
V ,n-1n

VN,N+1

Device

Figure 36 – Schematic diagram of the central (conductor) device attached to two right
and left contacts, divided into N slices and numerated as n = 1, ..., N . The
slices with number lower than n = 1 represent the left contact and the slices
greater than n = N represent the right contact.

states where the electrons can be found in slices n = 0 and n = 1, respectively. In this way

GL1,1 = 〈1|GL|1〉 (B.3)

= 〈1|g|1〉+
∑
m,m′
〈1|g|m〉〈m|V |m′〉〈m′|GL|1〉 (B.4)

= 〈1|g|1〉+ 〈1|g|1〉〈1|V |0〉〈0|GL|1〉, (B.5)

GL1,1 = g1 + g1V1,0GL0,1, (B.6)

where in the Eq.B.4, the completeness or closure relation was used. To find the Green’s
function GL1,1, we need the function GL0,1, which can be found by applying the above
procedure, thus we have

GL0,1 = 〈0|GL|1〉 (B.7)

= 〈0|g|1〉+
∑
m,m′
〈0|g|m〉〈m|V |m′〉〈m′|GL|1〉 (B.8)

= 〈0|g|0〉〈0|V |1〉〈1|GL|1〉, (B.9)

GL0,1 = gLV0,1GL1,1, (B.10)

where it is clear that 〈0|g|1〉 = 0, since the Green’s functions are defined by isolated slices,
in addition we have defined gL = 〈0| g |0〉. Substituting Eq.B.10 into Eq.B.6, we obtain

GL1,1 = (E + iη − h1 − V1,0gLV0,1)−1, (B.11)

thus, the function GL
1,1 is the Green’s function which takes into account the coupling of the

first slice with the left contact. With GL
1,1 given by Eq.B.29 we can evaluate the following
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successive Green’s functions, so for the slice n = 2, the function GL2,2 is given by

GL2,2 = 〈2|GL|2〉 (B.12)

= 〈2|g|2〉+
∑
m,m′
〈1|g|m〉〈m|V |m′〉〈m′|GL|2〉 (B.13)

= 〈2|g|2〉+ 〈2|g|2〉〈2|V |1〉〈1|GL|2〉, (B.14)

GL2,2 = g2 + g2V2,1GL1,2, (B.15)

the Green’s function GL1,2 can be easily found by the Dyson’s equation, which results

GL1,2 = GL1,1V1,2GL2,2. (B.16)

Substituting B.16 into B.15, we have

GL2,2 = (E + iη − h2 − V2,1GL1,1V1,2)−1, (B.17)

generalizing, we obtain the following recurrence relation

GLn,n = (E + iη − hn − Vn,n−1GLn−1,n−1Vn−1,n)−1, (B.18)

with n = 2, ..., N . For slices inside the conductor we can choose the unperturbed function
g = GL

n−1,n−1, so that, the general recurrence relation of Eq.B.10 is given by

GL0,n = GL0,n−1Vn−1,nGLn,n. (B.19)

B.2 Right Green’s functions
To find the right Green’s function family, the conductor must be crossed from the

right to the left. Making a similar calculation of the previous section, and considering the
last slice connected to the right lead, we have

GRN,N = gN + gNVN,N+1GRN+1,N , (B.20)

GRN+1,N = gRVN+1,NGRN,N , (B.21)

and substituting the last equation in Eq.B.20, we obtain the Green’s function of the last
slice connected to the left contact, expressed as

GRN,N = (E + iη − hN − VN,N+1}RVN+1,N)−1. (B.22)

Similarly as was shown in the Eq.B.18, we can find a recurrence relation of the right
Green’s functions, which can be expressed as

GRn,n = (I − gnVn,n+1GRn+1,n+1Vn+1,n)−1gn, (B.23)
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with n = N −1, ..., 1. Replacing the function gn = (E+ iη−hn)−1 in the previous equation
we obtain

GRn,n = (E + iη − hn − Vn,n+1GRn+1,n+1Vn+1,n)−1, (B.24)

in addition, following the method of the Eq.B.19 we have

GRN+1,n = GRN+1,n+1Vn+1,nGRn,n. (B.25)

B.3 Total Green’s functions
Crossing the conductor from the left or from the right, we get the Green’s function

Gr
0,N+1. The total Green’s function of the system is calculated using again the Dyson’s

equation B.1

Gn,n = gn + gn(Vn,n+1Gn−1,n + Vn,n+1Gn+1,n), (B.26)

Gn−1,n = GLn−1,n−1Vn−1,nGn,n, (B.27)

Gn+1,n = GRn+1,n+1Vn+1,nGn,n, (B.28)

and, after a simple algebra, we can obtain Gn,n as

Gn,n = (E + iη − hn − Vn,n−1GLn−1,n−1Vn−1,n − Vn,n+1GRn+1,n+1Vn+1,n)−1, (B.29)

G0,n = GL0,n−1Vn−1,nGn,n, (B.30)

GN+1,n = GRN+1,n+1Vn+1,nGn,n. (B.31)

Once these relations are found, we can already find the Green’s function of the
conductor G0,N+1, so that crossing the conductor from the left to the right and using the
Eq.B.30, we get

G0,N+1 = GL0,NVN,N+1GN+1,N+1, (B.32)

where GN+1,N+1 is found using the Eq.B.29 and given by

GN+1,N+1 = (E + iη − hR − VN+1,NGLN,NVN+1,N+1)−1. (B.33)

In this way, we can find the density of states given by Eq.2.68. To find the Green’s
function of the leads, we following the decimation’s process that is set in the next section.
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B.4 Decimation’s technique to the calculation of Green’s functions
of the semi-infinite contacts
In Chapter 2, the contacts connected to the conductor are semi-infinite. In this way,

the analytical solution is not so easy to find, as in the case of honeycomb nanoribbons,
carbon nanotubes, etc., due to the impossibility of inverting an infinite size matrix. For
these cases, a numerical technique has been implemented. A highly efficient method to
treats such systems is the decimation technique, first developed by Lopez-Sancho [82],
which shows to be very useful for silicon and carbon structures. An application of this
technique was made on carbon nanotubes by Nardelli [83] and Ezawa [84]. Following the
discussion given by Nardelli, the contacts can be separated into layers and each layer
connected by the interaction to the first neighbors. The idea is to transform the initial
infinite system into a linear chain of slices. Starting from the matrix elements of the
Green’s functions, written as (E ± iη −H)G = I, and projecting in the slices from the
right and left sides. We employ the notation of ket |0〉, which represents the state where
the electrons are found in the slice n = 0, we have

〈0| (E ± iη −H)G |0〉 = 〈0| I |0〉 , (B.34)

and after a little algebra, we get

(E ± iη −H00)G00 = I +H01G10, (B.35)

and projecting in different slices, we have

(E ± iη −H00)G10 = H†01G00 +H01G20

(E ± iη −H00)G20 = H01G10 +H01

ti = (I − ti−1ti−1 − ti−1ti−1)−1t
2
i−1, (B.37)

with the main slice starting procedure,

t0 = (E ± iη −H00)−1H†01 (B.38)

t0 = (E ± iη −H00)−1H01. (B.39)

To obtain T e T , the iteration is repeated until the convergence is attained, that is,
tn, tn ≤ ε where ε is an arbitrarily small number. In our case, usually 12 iterations are
sufficient to a good convergence. Therefore, this calculation will be made for the contacts
that are connected to the central device, so we can find the Green’s functions of the left
contact gL and the right contact gR. Therefore, the self-energies can be calculated and
included in the calculation of the total Green’s function of the system.
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APPENDIX C – Hartree-Fock
approximation

In this section, we consider the Hubbard Hamiltonian given by Eq.2.91 in the
Hartree-Fock or mean field approximation. To obtain this approximation, it is convenient
to rewrite the number operator as

niα = 〈niα〉+ (niα − 〈niα〉) = 〈niα〉+ δniα, (C.1)

where 〈niσ〉 indicates the occupation number that will be calculated self-consistently
and the last term δniσ represents the fluctuations of the expected value. The operators
associated to the Hubbard term can be written in the following form

niαniα = (〈niα〉+ δniα)(〈niα〉+ δniα)

= 〈niα〉〈niα〉+ 〈niα〉δniα + 〈niα〉δniα + δniαδniα

= 〈niα〉〈niα〉+ 〈niα〉(niα − 〈niα〉) + 〈niα〉(niα − 〈niα〉) + δniαδniα

= 〈niα〉niα + 〈niα〉niα − 〈niα〉〈niα〉+ δniαδniα. (C.2)

The last term can be neglected and the Hubbard Hamiltonian can be written as

H =
∑
ij

∑
α

tijc
†
iαcjα + 1

2
∑
iα

Ui(〈niα〉niα + 〈niα〉niα). (C.3)

As the two last terms are equal, in the Hartree-Fock approximation, the Hubbard Hamil-
tonian is given by

HHF =
∑
ij

∑
α

tijc
†
iαcjα +

∑
iα

Ui〈niα〉niα. (C.4)

In the Eq.C.4, the effect of the Coulomb interaction with spin σ is replaced by
an effective field proportional to 〈niσ〉. Therefore, the Hamiltonian can be expressed as
H = H↑ +H↓, since the dynamics of the spins are uncorrelated. The occupation number
and the total magnetic moment at the site i can be expressed as

nTi
= 〈ni↑〉+ 〈ni↓〉, (C.5)

mi = 〈ni↑〉 − 〈ni↓〉, (C.6)
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such as

〈ni↓〉 = nTi
+mi

2 , (C.7)

〈ni↑〉 = nTi
−mi

2 . (C.8)

We rewrite the Hamiltonian as

Hα =
∑
ij

∑
α

tijc
†
iαcjα +

∑
i

Ui
nT i − αmi

2 niα, (C.9)

where α is the spin index which is +(↑) or −(↓). Therefore, the total energy at the site i
with spin α can be written as

εαi = ε0i + nTi

2 − α
Uimi

2 = εi − α
Uimi

2 , (C.10)

where εi = ε0i + nTi

2 . The Hamiltonian of the system depends on the magnetization of
the system trough the effective field “feel" by the electrons. This is an example of a
self-consistent problem that is solved in an iterative form. The total occupation number is
given by

nTi
(mi, Ef , εi) =

∫ Ef

−∞
dω[ρ↑i (ω,mi, εi) + ρ↓i (ω,mi, εi)] (C.11)

with ραi (E) given by Eq.2.90, with spin index α.

In Fig.37 we plot the magnetization per site of a ZGNR with N = 2, considering
t′′ = 0 (black line) and t′′ = 0.15t (red line). Our results show that even in the presence
of t′′, the nanoribbon has a net magnetization which is larger at the edges, however the
inclusion of the N3 hopping contributes to decreases the magnetization. In addition, we
plot the magnetization of a ZGNR with N = 3 as indicated in the inset of this figure.
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Figure 37 – Magnetization per site of ZGNRs with N = 2 and N = 3 in magneton Bohr
units.
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APPENDIX D – Density functional theory

In this Appendix, we present some general aspects of the density functional theory
(DFT), which is a very effective approach to study molecules, nanostructures, solids, surfaces
and interfaces by directly solving approximate versions of the Schrödinger equation [85].
To study condensed matter systems, we must consider a system composed of heavy nucleus
with positive charges and light electrons with negative charges. We need to solve a problem
of many particles, with NN +Ne, where NN is the number of the nucleus and Ne is the
number of electrons. The Hamiltonian of the system can be expressed as [59, 85]

Ĥ =
NN∑
i

(
− ~2

2Mi

∇2
~Ri

)
+

Ne∑
i

(
− ~2

2mi

∇2
~ri

)
+
∑
ij

(
− 1

4πε0
e2Zi

|~Ri − ~rj|

)

+
∑
i 6=j

(
− 1

8πε0
e2Zi
|~ri − ~rj|

)
+
∑
i 6=j

(
− 1

8πε0
e2ZiZj

|~Ri − ~Rj|

)
, (D.1)

where the first and second terms are the kinetic energy of the nucleus and the electrons,
respectively, being Ri and Rj the positions of nucleus, and ri and rj the positions of
electrons, Mi is the nucleus mass and mi is the electron mass. The third term is the
potential energy between nucleus and electrons with Zi/j being the atomic number. The
fourth term is the Coulomb repulsion between electrons and the fifth term is the Coulomb
repulsion between nucleus. The exact solution of Eq.D.1 is out of question to solve, either
employing analytical or numerical methods. Therefore, some approximations are necessary
to solve this issue, such as the Born-Oppenheimer approximation. In this approach, we
consider that the nucleus of the atoms has a mass much heavier than electrons, therefore,
the electron’s velocity is much greater than the velocity of nucleus, and we can decouple the
movement of nucleus and electrons and we assume that the first term in Eq.D.1 is equal to
zero and the last term is a constant. Therefore, in the Born-Oppenheimer approximation
the Hamiltonian of Eq.D.1 can be written as

Ĥ = T̂ + Û + V̂ , (D.2)

where

T̂ =
Ne∑
i

(
− ~2

2mi

∇2
~ri

)
; Û =

∑
i 6=j

(
− 1

8πε0
e2Zi
|~ri − ~rj|

)
; V̂ =

∑
ij

(
− 1

4πε0
e2Zi

|~Ri − ~rj|

)
. (D.3)

To obtain approximate solutions, we apply the Hohenberg-Kohn theorems. The first
of them sets that the external potential V (~r) and the energy of the system, are functionals
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of the electronic density n(~r), therefore, the functional of the energy E([n(~r)]) can be
written as

E[n(~r)] = 〈Ψ| Ĥ |Ψ〉 =
∫
n(~r)V (~r)d~r + F [n(~r)], (D.4)

where the functional F [n(~r)] is given by

F̂ = T̂ + Û . (D.5)

The second theorem establishes that the electronic density that minimizes the
total energy is the density of the ground state of the system and therefore, the ground
state can be obtained by variational methods. Therefore, if F [n(~r)] is known, through
the minimization of the total energy, we can calculate the density of the ground state
n(~r) corresponding to the external potential V (~r). The functional of the density F [n(~r)] is
calculated by the Kohn-Shan equations. In the Kohn-Shan approximation we consider a
system with non-interagent electrons having the same density of the original system. The
functional of the ground state F [n(~r)] can be written as

F [n] = Ts[n] + UH [n] + EXC [n], (D.6)

where the functional Ts[n] is the kinetic energy of the non-interagent system and the second
term is the Hartree energy, that is a classic term. The last term is the exchange-correlation
function, which takes into account the quantum repulsion between the electrons, which
results from the Pauli’s exclusion principle (exchange energy), and the correlation energy
that is the unknown into the functional F [n(~r)]

Ec = F [n]− Ts[n]− UH [n]− EX . (D.7)

the main task of DFT is to find an approximation to the functional of exchange-
correlation. Into the Kohn-Shan approach, we can solve the problem to a single particle in
a potential vs(~r) which is given by(

−1
2∇

2 + vs(~r)
)
φi(~r) = Eiφi(~r), (D.8)

where

vs(~r) = V (~r) +
∫
d3r′

n(~r′)
|~r − ~r′|

+ EXC [n](~r), (D.9)

and

UH [n](~r) =
∫
d3r′

n(~r′)
|~r − ~r′|

. (D.10)
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It is important to say that Eq.D.8 is calculated by means of a self-consistent process.
we start with an initial value of the density of the non-interagent system, which determines
the potential vs[n], then the Eq.D.8 is solved and the density obtained |φi(~r)|2 and
compared with the previous step. Each step is repeated many times until the convergence
between the density vs[n] and the density obtained |φi(~r)|2 is attained. Then, the final
density is defined as the density of the ground state, minimizing the functional of the
energy of the system

E[n] = 〈Ψ[n]| T̂ + V̂s |Ψ[n]〉 . (D.11)

There are many approximations to the functional exchange-correlation, one of them
is the local density approximation (LDA), that is expressed as

ELDA
XC =

∫
d~rf(n(~r)), (D.12)

where f(n) is a function of the density n. Some others approximations are the gradient
generalized approximation (GGA), expressing EXC dependent of the gradients of the
density n, and the local density of spin (LSDA) that is a generalization of LDA, where the
spin degree of freedom is included in the calculation. A complete revision of DFT can be
found in Ref. [85].
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APPENDIX E – Atomic spin-orbit matrix

The Eq.4.1 can be decoupled as

HSO = ξ0

(
L+s− + L−s+

2 + Lzsz

)
, (E.1)

where s± = sx± isy indicate the raising or lowering operators for spins, and L± = Lx± iLy
are the corresponding operators for angular momentum. To obtain the Hamiltonian for
the spin-orbit interaction, we employ the following relations

L+ |l,m〉 = [l(l + 1)−m(m+ 1)]1/2 |l,m+ 1〉 , (E.2)

L− |l,m〉 = [l(l + 1)−m(m− 1)]1/2 |l,m− 1〉 , (E.3)

Lz |l,m〉 = m |l,m〉 . (E.4)

As we are considering materials whose main contribution comes from orbitals s, p,
our base to form the spin-orbit matrix Hamiltonian can be written in terms of these
orbitals:

{
pAz , p

B
z , p

A
y , p

A
x , s

A, pBy , p
B
x , s

B
}
⊗ {↑, ↓}. Remembering that the s and p orbitals

have angular quantum numbers l = 0 and l = 1, respectively. As an example, we calculate
the element 〈pz ↓|HSO |py ↑〉 which, can be written as

〈pz, ↓|HSO |py, ↑〉 = ξ0

[
〈pz, ↓|L+s− |py, ↑〉+ 〈pz, ↓|L−s+ |py, ↑〉

2 + 〈pz, ↓|Lzsz |py, ↑〉
]
,

(E.5)

also, we perform the following unitary transformation

|px, σ〉 = − 1√
2

(|p+, σ〉 − |p−, σ〉) , (E.6)

|py, σ〉 = i√
2

(|p+, σ〉+ |p−, σ〉) , (E.7)

and with the Eqs. E.2, E.3 and E.4, we have

L+s−
2 |py, ↑〉 = i

2 |pz, ↓〉 , (E.8)
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Lzsz |py, ↑〉 = i

2
√

2
(|p+, ↓〉 − |p−, ↓〉) , (E.9)

then, the term 〈pz, ↓|HSO |py, ↑〉 results

〈pz, ↓|HSO |py, ↑〉 = i
ξ0

2 . (E.10)

The only non-vanishing elements are

〈px, ↑|Hso |py, ↓〉 = −iξ0

2 , (E.11)

〈pz, ↑|Hso |px, ↓〉 = −ξ0

2 , (E.12)

〈pz, ↓|Hso |py, ↑〉 = i
ξ0

2 , (E.13)

and their respective complex conjugates. Therefore, the total matrix is given by

HSO =



0 0 0 0 0 i ξ0
2 0 − ξ0

2 0 0 0 0 0 0 0 0
0 0 0 0 i ξ0

2 0 ξ0
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 i ξ0
2 0 − ξ0

2 0 0
0 0 0 0 0 0 0 0 0 0 i ξ0

2 0 ξ0
2 0 0 0

0 −i ξ0
2 0 0 0 0 i ξ0

2 0 0 0 0 0 0 0 0 0
−i ξ0

2 0 0 0 0 0 0 −i ξ0
2 0 0 0 0 0 0 0 0

0 ξ0
2 0 0 −i ξ0

2 0 0 0 0 0 0 0 0 0 0 0
− ξ0

2 0 0 0 0 i ξ0
2 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 −i ξ0

2 0 0 0 0 0 0 0 0 i ξ0
2 0 0 0

0 0 −i ξ0
2 0 0 0 0 0 0 0 0 0 0 −i ξ0

2 0 0
0 0 0 ξ0

2 0 0 0 0 0 0 −i ξ0
2 0 0 0 0 0

0 0 − ξ0
2 0 0 0 0 0 0 0 0 i ξ0

2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



.

(E.14)
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APPENDIX F – Effect of the intrinsic
spin-orbit interaction over the AGNRs

The corresponding interactions connecting the possible six second nearest neighbors
hopping are indicated in Fig.26(b) and the corresponding Hamiltonian of intrinsic spin-orbit
interaction (ISO) of AGNRs is given by

Hso = iλso

M,N∑
m,n

∑
α,β

νi,j{|A,m, n, α〉σzα,β 〈A,m, n+ 2, β|+ |A,m, n, α〉σzα,β 〈A,m, n− 2, β|

+ |A,m, n, α〉σzα,β 〈A,m− 1/2, n+ 1, β|+ |A,m, n, α〉σzα,β 〈A,m− 1/2, n− 1, β|

+ |A,m, n, α〉σzα,β 〈A,m+ 1/2, n− 1, β|+ |A,m, n, α〉σzα,β 〈A,m+ 1/2, n+ 1, β|+H.c}.
(F.1)

Using the wave function 2.18

|φA(~k, n′′, α)〉 = 1√
M

M∑
m′′

ei
~k. ~Rm′′ |A,m′′, n′′, α〉, (F.2)

omitting the ~k dependence to simplify the notation, we can obtain the term 〈φA,n′′ |Hso |φA,n′〉
which is given by

〈φA, n′′, α′|Hso |φA, n′, β′〉 = iλsoνij
M∑

m′,m′′

M,N∑
m,n

∑
α,β

ei
~k.(~Rm′−~Rm′′ )×

{〈A,m′′, n′′, α′|A,m, n, α〉σz〈A,m, n+ 2, β|A,m′, n′, β′〉

+ 〈A,m′′, n′′, α′|A,m, n, α〉σz〈A,m− 1/2, n+ 1, β|A,m′, n′, β′〉

+ 〈A,m′′, n′′, α′|A,m, n, α〉σz〈A,m− 1/2, n− 1, β|A,m′, n′, β′〉

+ 〈A,m′′, n′′, α′|A,m, n, α〉σz〈A,m, n− 2, β|A,m′, n′, β′〉

+ 〈A,m′′, n′′, α′|A,m, n, α〉σz〈A,m+ 1/2, n− 1, β|A,m′, n′, β′〉

+ 〈A,m′′, n′′, α′|A,m, n, α〉σz〈A,m+ 1/2, n+ 1, β|A,m′, n′, β′〉}. (F.3)

where, we employ the following results: elements containing the same spin direction as
(〈↑ |α〉σz〈β| ↑〉 = 〈↑ |σzαβ| ↑〉 = 1) and elements containing different spin direction as
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(〈↑ |α〉σz〈β| ↓〉 = 〈↑ |σzαβ| ↓〉 = 0) vanish at all, and the products become delta functions

〈φA, n′′, α′|Hso |φA, n′, β′〉

= −iλsoa2νij
M∑

m′,m′′

M,N∑
m,n

δm′′mδn′′nδα′β′ei
~k.(~Rm′−~Rm′′ )×

{δmm′δ(n+2)n′ − δmm′δ(n−2)n′ −
(
δ(m−1/2)m′ + δ(m+1/2)m′

)
δ(n+1)n′

+
(
δ(m−1/2)m′ + δ(m+1/2)m′

)
δ(n−1)n′}, (F.4)

with a little algebra and following the subsection 2.2.2, we obtain

〈φA, n, ↑|Hso |φA, n+ 1, ↑〉 = 2iλsoa2 cos(kxa/2), (F.5)

〈φA, n, ↑|Hso |φA, n− 1, ↑〉 = −2iλsoa2 cos(kxa/2), (F.6)

〈φA, n, ↑|Hso |φA, n+ 2, ↑〉 = −iλsoa2, (F.7)

〈φA, n, ↑|Hso |φA, n− 2, ↑〉 = iλsoa
2, (F.8)

and collecting the terms of the B atoms, we obtain the total matrix Hamiltonian of the
AHNRs containing the intrinsic spin-orbit coupling

E



ψA1

ψB1

ψA2

ψB2
...

ψAN

ψBN


=



0 Z J −t P G . . . 0 0
Z∗ 0 −t J G∗ P 0 0
J∗ −t 0 Z +G∗ J 0 0 0
−t 0 Z∗ +G 0 −t 0 0 0
...
0 0 0 0 0 0 0 Z

0 0 0 0 0 0 Z∗ 0





ψA1

ψB1

ψA2

ψB2
...

ψAN

ψBN


, (F.9)

where Z = −te−ikxa/2, G = −t′′eikxa/2, J = 2iλsoa2 cos(kxa/2) and P = −iλsoa2. From
this equation, we can obtain two dispersion relations corresponding to the sub-lattices A
and B, respectively

EψA(k, n, α) =− t{ψB(k, n, α)e−i
kax

2 + ψB(k, n− 1, α) + ψB(k, n+ 1, α)}

− iλsoa2[2 cos(kxa)/2)ψA(k, n+ 1, α)− ψA(k, n+ 2, α)]

− t′′e−i
kxa

2 [ψB(k, n− 2, α) + ψB(k, n+ 2, α)]− t′′ei
kxa

2 ψB(k, n, α),
(F.10)
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EψB(k, n, α) =− t{ψA(k, n, α)ei
kaa

2 + ψA(k, n− 1, α) + ψA(k, n+ 1, α)}

− iλsoa2[2 cos(kxa)/2)ψA(k, n+ 1, α)− ψA(k, n+ 2, α)]

− t′′ei
kax

2 [ψA(k, n− 2, α) + ψA(k, n+ 2, α)]− t′′e−i
kax

2 ψA(k, n, α).
(F.11)
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Figure 38 – Band structures of AHNRs corresponding to N = 7 (a) and N = 8 (b) in
the presence of ISO and N1 and N3 hopping. In both cases, the gap remains
unchanged in the presence of the intrinsic spin-orbit interaction. In both
figures we use t′′ = 0.15t and λso = 0.05t.

In Fig. 38, we show the band structures corresponding to Na = 7, 8, and as depicted
in the insets, the band gap in both cases remains unchanged in the presence of the intrinsic
spin-orbit interaction.
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