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Abstract

We study the effects of strain on the electronic properties and persistent current cha-
racteristics of a graphene ring using the Dirac representation. For a slightly deformed
graphene ring flake, one obtains sizable pseudomagnetic (gauge) fields that may effecti-
vely reduce or enhance locally the applied magnetic flux through the ring. Flux-induced
persistent currents in a flat ring have full rotational symmetry throughout the structure;
in contrast, we show that currents in the presence of a circularly symmetric deformation
are strongly inhomogeneous, due to the underlying symmetries of graphene. This result
illustrates the inherent competition between the ‘real’ magnetic field and the ‘pseudo’ field
arising from strains, and suggests an alternative way to probe the strength and symmetries
of pseudomagnetic fields on graphene systems.

We also explored the transport properties of graphene systems (hexagonal zigzag rings
and the zigzag nanoribbons) coupled to left and right leads given by semi-infinite zigzag
nanoribbons, following the tight-binding approximation. The local and total density of
states and conductance are obtained following the Green’s function formalism and real
space renormalization techniques. The localization effects on the physical responses of
both system were considered as a consequence of the finite-size confnement of the central
part of the nanotructures and due to the applied magnetic field and the presence of tension
giving origin to pseudofields. For the nanoribbons we have focused on the apparent
regions exhibiting trigonal structure occuring due to a superposition of lattice and strain
symmetries. The zigzag hexagonal rings present very interesting transport properties
when a magnetic fux is considered. The conductance gets double-peaked at low energies,
and it is null at certain energy values, suggesting a possible destructive ring resonance.
The peculiar null conductance states are pinned at the same energy values independly of
the magnetic field intensity. We believe that strain is not able to destroy the constructive
and desctructive interference effects of the ring. We highlight that the strain also promotes
a change in the energy values in which the conductance is fully suppressed, being possible
to use the ring as a dispositive in which the conductance pattern, with open and close
modes, provides a simple way of measuring the strength of strain when compared to the
unstrained situation.

Keywords: strain, pseudomagnetic field, external magnetic field, graphene ring, na-
noribbon, electronic properties.



Resumo

Neste trabalho estudamos os efeitos de deformacões elásticas nas propriedades eletrô-
nicas e na corrente persistente característica em anéis de grafeno, usando a representação
de Dirac. Para um anel de grafeno levemente deformado observamos a formação de pseu-
docampos magnéticos que podem reduzir ou aumentar localmente os efeitos de um fluxo
magnético real através do anel. Correntes persistentes induzidas pelo fluxo magnético num
anel plano (sem tensão) apresentam simetria completa de rotação ao longo da estrutura.
Em contraste, mostramos que na presença de deformações circularmente simétricas, como
o caso de uma tensão expressa por uma função Gaussiana, as correntes são fortemente
inhomogêneas devido às simetrias intrínsicas da rede de grafeno. Este resultado ilustra a
competição inerente entre o campo magnético real e pseudo campo proveniente das ten-
sões consideradas na rede e sugerem uma forma alternativa de provar as intensidades e
simetrias dos pseudocampos magnéticos em sistemas de grafeno.

Estudamos também o transporte eletrônico em sistemas de grafeno (nanofitas e anéis
hexagonais) acoplados a contatos descritos por nanofitas de grafeno semi-infinitas, com
bordas zigzag, seguindo a aproximação tight-binding. Densidades de estados eletrônicos
totais e locais e condutâncias foram calculadas seguindo o formalismo das funções de
Green e técnicas de renormalização no espaço real. Para ambos os sistemas consideramos
os efeitos de localização nas respostas físicas do sistema, gerados pela geometria confinada
da parte central da nanoestrutura e por campos magnéticos reais e presença de tensões
que originam pseudo campos. No caso das nanofitas nós nos concentramos no entendi-
mento das regiões exibindo estrutura trigonal na densidade local de estados devido a uma
superposição das simetria da rede e da distribuição de tensão considerada. Os anéis hexa-
gonais com borda zigzag, quando submetidos a campos magnéticos externos, apresentam
características bastante interessantes. A condutância sofre um desdobramento dos picos
em baixas energias e é nula para valores específicos de energia, sugerindo uma possível
ressonância destrutiva no anel. Os pontos peculiares de condutância nula se mantém nos
mesmos valores de energia independente da intensidade do campo magnético aplicado.
Nós acreditamos que tensão não destrói as características de interferência destrutiva e
construtiva do anel, entretanto, nós enfatizamos que a deformação gera um desvio nos
valores de energia no quais a condutância é nula. Dessa forma, o anel hexagonal pode
ser utilizados como um dispositivo no qual o padrão da condutância, com canais aberto e
fechado de transporte, fornece uma forma simples de medir a intensidade da deformação
quando comparado a condutância do sistema sem tensão.

Palavras-chave: tensão, pseudocampo magnético, campo magnético externo, anel
de grafeno, nanofita, propriedades eltrônicas.
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1

1 Introduction

Since the discovery of graphene in 2004[1] by means of mechanical exfoliation, the

peculiarity of this material has been demonstrated in several physics scenarios. Graphene

has allowed for new technological applications in electronic devices, due to its low di-

mensionality and high electronic mobility. In the low energy limit, the energy dispersion

of graphene has a linear dependence on momentum around two non-equivalent points in

the Brillouin zone, called the Dirac K and K ′ valleys, with the fermions being described

by the Dirac Hamiltonian for massless particles [2, 3]. The interesting aspect of ‘mass-

less’ carriers in graphene also gives rise to uncommon theoretical predictions related to

relativistic problems that have been confirmed recently in accessible experiments. The

unconventional quantum Hall effect in graphene was the first experiment evidence of the

nature of Dirac fermions when submitted to strong magnetic fields, being recognized as

a graphene hallmark [4, 5]. One must also mention the ‘Klein paradox’ in which the

electrons are transmitted with full probability in electrostatic barriers formed by gated

graphene regions [6, 7]. Another very interesting relativistic analogy was obtained with

artificial atoms that were built by controlling positions of adatoms in graphene surface

with a scanning tunneling microscope tip, making possible the observation of the ‘atomic

collapse’ [8, 9]. The graphene linear dispersion also leads to a relation between pho-

tons and massless carriers enabling new proposals to probe electronic analogies of optical

experiments [10].

Graphene is a 2D carbon material of atomic thickness that is considered to extend

to infinity. We show in Fig. 1(a) images of graphene obtained by exfoliation deposited

on a Scotch tape [1, 11]. Subsequently to this process, the layer is mechanically pressed

onto a SiO2 substrate as can be seen in Fig. 1(b). The detection of graphene flakes with

various number of layers can be obtained with an optical microscope, as shown in Fig.

1(c), in which an arrow indicates a large area with weak contrast corresponding to a mo-

nolayer graphene flake. Other ways of making graphene have been developed, such as the

chemical vapor deposition (CVD). This method involves a hydrocarbon decomposition
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on a metallic substrate [12] and it is more indicated to large scale production, but the

quality of the produced graphene samples are not the same as in exfoliated graphene. Be-

sides the different processes to produce graphene, many efforts have been put to achieve

diverse methods of graphene characterization. For example, the use of techniques like

Raman spectroscopy, optical probes, angular resolved photoemission spectroscopy (AR-

PES), scanning tunneling microscopy and spectroscopy (STM/STS) and atomic force

microscopy (AFM) can be combined in order to reveal precise information on morphology

and electronic structure of graphene.Rep. Prog. Phys. 75 (2012) 056501 E Y Andrei et al

Figure 1. Making exfoliated graphene. (a) HOPG flakes are deposited on Scotch tape shown with a cm ruler. (b) A Si/SiO2 substrate is
pressed onto flakes on the tape. (c) Optical micrograph of graphene deposited on SiO2 showing flakes with various number of layers. A
large flake of single-layer graphene, corresponding to the faintest contrast, is indicated by the arrow. Image credit: A Luican-Mayer.

Figure 2. Graphene grown by CVD. (a) Optical image of single crystal graphene flakes obtained by CVD growth on copper with AR/CH4
flow. Scale bar: 50 µm. (Reprinted from A M B Goncalves and E Y Andrei 2012 unpublished). (b) Raman spectrum of graphene on copper
in panel (a). Inset: Raman spectrum of graphene on SiO2.

commercial applications. Nevertheless, exfoliated graphene
holds its own niche as a new platform for basic research.
The high quality and large single crystal domains, so far not
achieved with other methods of fabrication, have given access
to the intrinsic properties of the unusual charge carriers in
graphene, including ballistic transport and the fractional QHE,
and opened a new arena of investigation into relativistic chiral
quasiparticles [21, 27–30].

Chemical vapor deposition (CVD) on metallic substrates. A
quick and relatively simple method to make graphene is CVD
by hydrocarbon decomposition on a metallic substrate [31].
This method (figure 2(a)) can produce large areas of graphene
suitable, after transfer to an insulating substrate, for large
scale commercial applications. In this method a metallic
substrate, which plays the role of catalyst, is placed in a
heated furnace and is attached to a gas delivery system that
flows a gaseous carbon source downstream to the substrate.
Carbon is adsorbed and absorbed into the metal surface at
high temperatures, where it is then precipitated out to form
graphene, typically at around 500–800!C during the cool down
to room temperature. The first examples of graphitic layers
on metallic substrates were obtained simply by segregation of
carbon impurities when the metallic single crystals were heated
during the surface preparation. Applications of this method
using the decomposition of ethylene on Ni surfaces [32] were

demonstrated in the 1970s. More recently graphene growth
was demonstrated on various metallic substrates including
Rh [33], Pt [34–36], Ir [37], Ru [38–41], Pd [42] and Cu
foil [43–46]. The latter yields, at relatively low cost, single-
layer graphene of essentially unlimited size and excellent
transport qualities characterized by mobility in excess of
7000 cm2 V"1 s"1 [47]. The hydrocarbon source is typically
a gas such as methane and ethylene but interestingly solid
sources also seem to work, such as poly(methyl methacrylate)
(PMMA) and even table sugar was recently demonstrated as a
viable carbon source [48].

Surface graphitization and epitaxial growth on SiC crystals.
Heating of 6H–SiC or 4H–SiC crystals to temperatures in
excess of 1200 !C causes sublimation of the silicon atoms
from the surface [49–51] and the remaining carbon atoms
reconstruct into graphene sheets [52]. The number of layers
and quality of the graphene depends on whether it grows on
the Si or C terminated face and on the annealing temperature
[53]. The first carbon layer undergoes reconstruction due to its
interaction with the substrate forming an insulating buffer layer
while the next layers resemble graphene. C-face graphene
consists of many layers, the first few being highly doped due
the field effect from the substrate. Growth on the Si-face
is more controlled and can yield single or bilayers. Using
hydrogen intercalation or thermal release tape [54, 55] one can

3

Figure 1: Obtaining exfoliated graphene (from Ref. [11]). Graphene flakes deposited in a
Scotch tape. (b) The flakes are mechanically pressed onto a SiO2 substrate. (c) Optical
micrography of graphene deposited on SiO2. Image credit: A Luican-Mayer.

In Fig. 2 (a) and (b) graphene images were obtained with STM. In this process a

metallic tip, ending on a single atom, is positioned above the graphene surface and a

voltage V is applied between the tip and the graphene surface. The resulting tunneling

current I is measured and it depends exponentially on the distance between the tip and

the atoms. The current fixed in a constant value provides the information of the graphene

local density of states (LDOS), that is represented in a color code. These images are called

the topography of the sample, measured within an atomic resolution. The STM could

also be used in another mode, with constant distance from graphene atoms and varying

current. More information about methods to obtain and characterize graphene can be

found in recent reviews of the topic [11, 13].

Finite-size systems based on graphene, like nanonoflakes and nanoribbons, have also

been largely explored. The most common nanoribbons are confined in one of the graphene

directions described by zigzag or armchair boundaries and their electronic properties are

strongly affected by the presence of edge terminations. It is also important to mention

that other systems given by few layers of graphene have also been studied. Layers can

be stacked in different configurations, for both bilayers and trilayers, presenting different

electronic features in each case. Besides its singular electronic properties, graphene also
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Figure 4. STM and SEM on graphene. (a) Atomic resolution STM of graphene on a graphite substrate. (b), (c) SEM images on SG (FEI
Sirion equipped with JC Nabity Lithography Systems). (b) SG flake supported on LOR polymer. Scale bar 1µm. Image credit: J Meyerson.
(c) SG flake (central area) held in place by a Ti/Au support. Scale bar 1 µm. Image credit: A Luican-Mayer.

AFM image of epitaxial graphene on SiC shown in figure 3(a)
clearly illustrates the terraces in these samples. Figure 3 shows
an AFM image of a graphene flake on an h-BN substrate
obtained with the Integra Prima AFM by NT-MDT.

Scanning tunneling microscopy and spectroscopy (STM/STS)
STM, the technique of choice for atomic resolution images,
employs the tunneling current between a sharp metallic tip
and a conducting sample combined with a feedback loop to
a piezoelectric motor. It provides access to the topography
with sub-atomic resolution, as illustrated in figure 4(a). STS
can give access to the electronic density of states (DOS) with
energy resolution as low as !0.1 meV. The DOS obtained with
STM is not limited by the position of the Fermi energy—
both occupied and empty states are accessible. In addition,
measurements are not impeded by the presence of a magnetic
field which made it possible to directly observe the unique
sequence of LLs in graphene resulting from its ultra-relativistic
charge carriers [65, 66].

The high spatial resolution of STM necessarily limits
the field of view so, unless optical access is available, it is
usually quite difficult to locate small micrometer-size samples
with a scanning tunneling microscope. A recently developed
technique [67] which uses the STM tip as a capacitive
antenna allows locating sub-micrometer-size samples rapidly
and efficiently without the need for additional probes. A more
detailed discussion of STM/STS measurements on graphene
is presented in section 2 of this review.

Scanning electron microscope and transmission electron
microscope. SEM is convenient for imaging large areas of
conducting samples. The electron beam directed at the sample
typically has an energy ranging from 0.5 to 40 keV, and a
spot size of about 0.4–5 nm in diameter. The image, which is
formed by the detection of backscattered electrons or radiation,
can achieve a resolution of !10 nm in the best machines. Due
to the very narrow beam, SEM micrographs have a large depth
of field yielding a characteristic 3D appearance. Examples
of SEM images of SG devices are shown in figures 4(b)
and (c). A very useful feature available with SEM is the
possibility to write sub-micrometer-size patterns by exposing
an electron-beam resist on the surface of a sample. The

disadvantage of using SEM for imaging is electron-beam
induced contamination due to the deposition of carbonaceous
material on the sample surface. This contamination is almost
always present after viewing by SEM, its extent depending
on the accelerating voltage and exposure. Contaminant
deposition rates can be as high as a few tens of nanometers
per second.

In TEM the image is formed by detecting the transmitted
electrons that pass through an ultra-thin sample. Owing to
the small de Broglie wavelength of the electrons, transmission
electron microscopes are capable of imaging at a significantly
higher resolution than optical microscopes or SEM, and can
achieve atomic resolution. Just as with SEM imaging TEM
suffers from electron-beam induced contamination.

Low-energy electron diffraction (LEED) and angular resolved
photoemission spectroscopy (ARPES). These techniques
provide reciprocal space information. LEED measures the
diffraction pattern obtained by bombarding a clean crystalline
surface with a collimated beam of low-energy electrons, from
which one can determine the surface structure of crystalline
materials. The technique requires the use of very clean samples
in ultra-high vacuum. It is useful for monitoring the thickness
of materials during growth. For example, LEED is used for in
situ monitoring of the formation of epitaxial graphene [68].

ARPES is used to obtain the band structure in zero
magnetic field as a function of both energy and momentum.
Since only occupied states can be accessed one is limited
to probing states below the Fermi energy. The typical
energy resolution of ARPES machines is !0.2 eV for toroidal
analyzers. Recently, 0.025 eV resolution was demonstrated
with a low temperature hemispherical analyzer at the Advanced
Light Source.

Other techniques. In situ formation of graphitic layers on
metal surfaces was monitored in the early work by Auger
electron spectroscopy which shows a carbon peak [69] that
displays the characteristic fingerprint of graphite [70]. In
x-ray photoemission spectroscopy, which can also be used
during the deposition, graphitic carbon is identified by a carbon
species with a C1s energy close to the bulk graphite value of
284.5 eV [70].

5

(a) (b) 

Figure 2: (a)Atomic resolution STM of graphene on a graphite substrate from [11].
(b)Three-dimensional representation of a STM image of graphene, obtained from[13].

presents a flexible structure. Many experiments on graphene synthesis exhibit ripples in

the sheets, as one can see in Fig. 2(b). In fact, a relationship between the structural shape

and the electronic properties of graphene has been shown, in which the charge carriers

with momentum around the Dirac valleys behave, in the deformation region, as in the

presence of a magnetic field (although this field is not able to break the time-reversal

symmetry) [14, 15, 16, 17, 18, 19].

The appearance of gauge fields in graphene is a beautiful and experimentally accessi-

ble example of a situation where concepts of condensed matter and quantum field theory

converge on a physical system [20, 21]. Experimental evidences of ‘bubble’ formation on

particular graphene growth processes [22], and controllable routes to manipulate graphene

bubble morphology [23, 24, 25] have motivated a large number of works addressing diffe-

rent aspects of these effects. In particular, the theoretical description of strained graphene

has been developed significantly, exploring how its electronic properties are affected on

curved and strained surfaces. A recent contribution reported a space-dependent Fermi

velocity leading to interesting experimental consequences [26, 27]. Exciting possibilities

of observing the pseudomagnetic fields arise from breaking time reversal symmetry in the

system via an external magnetic field. This promotes a most rich interplay. Some of

which has been explored in the context of the quantum Hall regime [28, 29].

In Fig. 3(a) and (b) we show experimental spectroscopic measurements by STM and

STS of highly strained nanobubbles formed when graphene is grown on a platinum (111)

surface. The investigation performed in 2010 by Crommie et al. [22], was based on a

theoretical proposal suggesting that a designed strain aligned along three main crystal-

lographic directions could induce strong gauge fields that acts as a constant magnetic
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field[30]. They demonstrated the formation of Landau levels in the presence of giant

strain-induced pseudomagnetic fields. In Fig. 3(c) we display the system used by Guinea

et al. to calculate the pseudofield distributions and in Fig. 3(d) we show the density of

states of a hexagonal graphene flake with zigzag edges stretched at only three of its six

sides. All the above mentioned and many other extraordinary features of graphene are

really motivating reasons to undertake a study of its physical properties.

dau quantization of the electronic spectrum was
observed by scanning tunnelingmicroscopy (STM),
which revealed pseudo–magnetic fields in excess
of 300 T. Such enormous strain-induced pseudo–
magnetic fields may allow the electronic proper-
ties of graphene to be controlled through various
schemes for applying strain (11), as well as the
exploration of new high-field physical regimes.

Strained graphene nanobubbles were created
by in situ growth of sub-monolayer graphene
films in ultrahigh vacuum on a clean Pt(111) sur-
face (12) in order to avoid external contamination
and trapped gases. The epitaxial graphene was
grown by exposure of Pt(111) to ethylene followed
by annealing (13, 14). Graphene grown on Pt is
expected to be minimally coupled to the substrate,
compared to graphene grown on other catalytic
metals (15, 16). A Dirac-like band structure is
preserved for graphene on Pt(111), as verified by a
recent photoemission study (17). An STM to-

pograph of the graphene/Pt(111) surface prepared
in this manner (Fig. 1A) reveals a flat graphene
patch (partially surrounded by Pt) that encom-
passes five graphene nanobubbles. Graphene na-
nobubbles frequently appear near the edges of a
graphene patch, but are also sometimes observed
in the center of flat patches or near the boundaries
between patches and are presumably pinned near
these locations (Fig. 1A). These nanobubbles are
likely related to the larger-scale “wrinkle” struc-
tures observed by low energy electron microscopy
that form upon cooling as a result of the differing
thermal expansion coefficients of graphene and the
platinum surface (17).

Individual nanobubbles often have a triangu-
lar shape (Fig. 1A, inset), reflecting the lattice
symmetry of the graphene and the underlying Pt
surface, and are typically 4 to 10 nm across and
0.3 to 2.0 nm tall. Atomic-resolution imaging of
the nanobubbles confirms the honeycomb struc-

ture of graphene here (Fig. 1A, inset), although
the lattice is distorted because of the large strain
occurring in these structures. The expected strain-
induced pseudo–magnetic field in a graphene na-
nobubble can be estimated by using the relation
F ! "bh2=la#F0 for the flux per ripple in a dis-
torted graphene sheet (6), where h is the height, l
is the width, a is on the order of the C-C bond
length, andF0 is the quantum of flux. The param-
eterb ! !log"t#=!log"a# relates the change in the
hopping amplitude between nearest neighbor
carbon atoms (t) to bond length and has a typical
magnitude of 2 < b < 3 for graphene. For a
nanobubble of l = 4 nm and h = 0.5 nm, this yields
a Bs of order 100 T. The large curvature and
correspondingly high strain incorporated into
the triangular nanoscale bubbles observed here
make them ideal candidates for the observation
of pseudo-LL because of large strain-induced
pseudo–magnetic fields.

The local electronic structure of strained graphene
nanobubbles and surrounding graphene films
was characterized by scanning tunneling spec-
troscopy (STS) performed at ~ 7.5 K by using
standard lock-in techniques to obtain differen-
tial conductance (dI/dV). The measurement of
dI/dV reflects features in the local density of
states (LDOS) of the surface at the position of the
STM tip (18). STS measurement of the bare Pt
surface was used to calibrate the LDOS of the tip
upon approach and between sequences of
spectra. STS spectra measured over the bare Pt
regions (Fig. 1B) are relatively featureless and
show the expected Pt(111) surface state (19).
Spectra recorded over the flat graphene patches
show a subtly modified structure compared with
the clean Pt(111) surface, and no clear signatures
of the graphene Dirac point were observed in
these regions (Fig. 1B). Spectra measured at the
boundary between the flat graphene and the
nanobubbles (fig. S2) exhibit features consistent
with a Dirac point located ~300 mV above the
Fermi energy, as recently observed by photoemis-
sion (17), as well as a gaplike feature with a full
width at half maximum (FWHM) of 127 T 9 mV
centered at the Fermi energy (Vsample = 0) recently

A B

Vsample (V)

Fig. 1. STM images and STS spectra
taken at 7.5 K. (A) Graphene mono-
layer patch on Pt(111) with four
nanobubbles at the graphene-Pt bor-
der and one in the patch interior.
Unreacted ethylene molecules and a
small hexagonal graphene patch can
be seen in the lower right (Itunneling =
50 pA, Vsample = 350 mV, 3D z-scale
enhanced 4.6!). (Inset) High-resolution

image of a graphene nanobubble showing distorted honeycomb lattice resulting from strain in the
bubble (Itunneling = 50 pA, Vsample = 200 mV, max z = 1.6 nm, 3D z-scale enhanced 2!). (B) STS
spectra of bare Pt(111), flat graphene on Pt(111) (shifted upward by 3 ! 10!11 ohm!1), and the
center of a graphene bubble (shifted upward by 9 ! 10!11 ohm!1). Vmod = 20 mV.

2nm
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Fig. 2. (A) Sequence of eight dI/dV spectra (T ~ 7.5 K, Vmod =
20 mV) taken in a line across a graphene nanobubble shown in
the image in (B). Red lines are data with quartic background
subtracted; black dotted lines are Lorentzian peak fits (center of
peaks indicated by dots, with blue dots indicating n = 0).
Vertical dash-dot lines follow the energy progression of each
peak order. (C) Normalized peak energy versus sgn(n)
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peaks observed on five different nanobubbles follow expected
scaling behavior from Eq. 1 (dashed line).
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dau quantization of the electronic spectrum was
observed by scanning tunnelingmicroscopy (STM),
which revealed pseudo–magnetic fields in excess
of 300 T. Such enormous strain-induced pseudo–
magnetic fields may allow the electronic proper-
ties of graphene to be controlled through various
schemes for applying strain (11), as well as the
exploration of new high-field physical regimes.

Strained graphene nanobubbles were created
by in situ growth of sub-monolayer graphene
films in ultrahigh vacuum on a clean Pt(111) sur-
face (12) in order to avoid external contamination
and trapped gases. The epitaxial graphene was
grown by exposure of Pt(111) to ethylene followed
by annealing (13, 14). Graphene grown on Pt is
expected to be minimally coupled to the substrate,
compared to graphene grown on other catalytic
metals (15, 16). A Dirac-like band structure is
preserved for graphene on Pt(111), as verified by a
recent photoemission study (17). An STM to-

pograph of the graphene/Pt(111) surface prepared
in this manner (Fig. 1A) reveals a flat graphene
patch (partially surrounded by Pt) that encom-
passes five graphene nanobubbles. Graphene na-
nobubbles frequently appear near the edges of a
graphene patch, but are also sometimes observed
in the center of flat patches or near the boundaries
between patches and are presumably pinned near
these locations (Fig. 1A). These nanobubbles are
likely related to the larger-scale “wrinkle” struc-
tures observed by low energy electron microscopy
that form upon cooling as a result of the differing
thermal expansion coefficients of graphene and the
platinum surface (17).

Individual nanobubbles often have a triangu-
lar shape (Fig. 1A, inset), reflecting the lattice
symmetry of the graphene and the underlying Pt
surface, and are typically 4 to 10 nm across and
0.3 to 2.0 nm tall. Atomic-resolution imaging of
the nanobubbles confirms the honeycomb struc-

ture of graphene here (Fig. 1A, inset), although
the lattice is distorted because of the large strain
occurring in these structures. The expected strain-
induced pseudo–magnetic field in a graphene na-
nobubble can be estimated by using the relation
F ! "bh2=la#F0 for the flux per ripple in a dis-
torted graphene sheet (6), where h is the height, l
is the width, a is on the order of the C-C bond
length, andF0 is the quantum of flux. The param-
eterb ! !log"t#=!log"a# relates the change in the
hopping amplitude between nearest neighbor
carbon atoms (t) to bond length and has a typical
magnitude of 2 < b < 3 for graphene. For a
nanobubble of l = 4 nm and h = 0.5 nm, this yields
a Bs of order 100 T. The large curvature and
correspondingly high strain incorporated into
the triangular nanoscale bubbles observed here
make them ideal candidates for the observation
of pseudo-LL because of large strain-induced
pseudo–magnetic fields.

The local electronic structure of strained graphene
nanobubbles and surrounding graphene films
was characterized by scanning tunneling spec-
troscopy (STS) performed at ~ 7.5 K by using
standard lock-in techniques to obtain differen-
tial conductance (dI/dV). The measurement of
dI/dV reflects features in the local density of
states (LDOS) of the surface at the position of the
STM tip (18). STS measurement of the bare Pt
surface was used to calibrate the LDOS of the tip
upon approach and between sequences of
spectra. STS spectra measured over the bare Pt
regions (Fig. 1B) are relatively featureless and
show the expected Pt(111) surface state (19).
Spectra recorded over the flat graphene patches
show a subtly modified structure compared with
the clean Pt(111) surface, and no clear signatures
of the graphene Dirac point were observed in
these regions (Fig. 1B). Spectra measured at the
boundary between the flat graphene and the
nanobubbles (fig. S2) exhibit features consistent
with a Dirac point located ~300 mV above the
Fermi energy, as recently observed by photoemis-
sion (17), as well as a gaplike feature with a full
width at half maximum (FWHM) of 127 T 9 mV
centered at the Fermi energy (Vsample = 0) recently
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Fig. 1. STM images and STS spectra
taken at 7.5 K. (A) Graphene mono-
layer patch on Pt(111) with four
nanobubbles at the graphene-Pt bor-
der and one in the patch interior.
Unreacted ethylene molecules and a
small hexagonal graphene patch can
be seen in the lower right (Itunneling =
50 pA, Vsample = 350 mV, 3D z-scale
enhanced 4.6!). (Inset) High-resolution

image of a graphene nanobubble showing distorted honeycomb lattice resulting from strain in the
bubble (Itunneling = 50 pA, Vsample = 200 mV, max z = 1.6 nm, 3D z-scale enhanced 2!). (B) STS
spectra of bare Pt(111), flat graphene on Pt(111) (shifted upward by 3 ! 10!11 ohm!1), and the
center of a graphene bubble (shifted upward by 9 ! 10!11 ohm!1). Vmod = 20 mV.
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Fig. 2. (A) Sequence of eight dI/dV spectra (T ~ 7.5 K, Vmod =
20 mV) taken in a line across a graphene nanobubble shown in
the image in (B). Red lines are data with quartic background
subtracted; black dotted lines are Lorentzian peak fits (center of
peaks indicated by dots, with blue dots indicating n = 0).
Vertical dash-dot lines follow the energy progression of each
peak order. (C) Normalized peak energy versus sgn(n)
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peaks observed on five different nanobubbles follow expected
scaling behavior from Eq. 1 (dashed line).
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Figure 1 |Designed strain can generate a strictly uniform pseudomagnetic field in graphene. a, Distortion of a graphene disc which is required to

generate uniform BS. The original shape is shown in blue. b, Orientation of the graphene crystal lattice with respect to the strain. Graphene is stretched or

compressed along equivalent crystallographic directions �100�. Two graphene sublattices are shown in red and green. c, Distribution of the forces applied

at the disc’s perimeter (arrows) that would create the strain required in a. The uniform colour inside the disc indicates strictly uniform pseudomagnetic

field. d, The shown shape allows uniform BS to be generated only by normal forces applied at the sample’s perimeter. The length of the arrows indicates the

required local stress.
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Figure 2 | Stretching graphene samples along �100� axes always generates a pseudomagnetic field that is fairly uniform at the centre. a, Distribution of

BS for a regular hexagon stretched by its three sides oriented perpendicular to �100�. Other examples are given in the Supplementary Information.

b, Normalized density of states for the hexagon in a with L= 30 nm and∆m = 1%. The black curve is for the case of no strain and no magnetic field. The

peak at zero E is due to states at zigzag edges. The blue curve shows the Landau quantization induced by magnetic field B= 10 T. The pseudomagnetic field

with BS ≈ 7 T near the hexagon’s centre induces the quantization shown by the red curve. Comparison between the curves shows that the smearing of the

pseudo-Landau levels is mostly due to the finite broadening Γ = 2meV used in the tight-binding calculations (Γ corresponds to submicrometre mean free

paths attainable in graphene devices). The inhomogeneous BS plays little role in the broadening of the first few pseudo-Landau levels (see

Supplementary Fig. S4).

disc of diameter D, which experiences a maximum strain ∆m at
its perimeter, we find c = ∆m/D. For non-ambitious ∆m = 10%
and D= 100 nm, we find BS ≈ 40 T, the effective magnetic length
lB = √

aD/8β∆m ≈ 4 nm and the largest Landau gap of ≈0.25 eV.
Note that distortions (2) are purely shear and do not result in any
changes in the area of a unit cell, which means that there is no
effective electrostatic potential generated by such strain23.

The lattice distortions in Fig. 1a can be induced by in-plane
forces F applied only at the perimeter and, for the case of a disc,
they are given simply by

Fx(θ)∝ µsin(2θ), Fy(θ)∝ µcos(2θ)

where µ is the shear modulus. Figure 1c shows the required force
pattern. It is difficult to create such strain experimentally because
this involves tangential forces and both stretching and compression.
To this end, we have solved an inverse problem to find out whether
uniform BS can be generated by normal forces only (Supplementary

Information, part I). There exists a unique solution for the shape of
a graphene sample that enables this (see Fig. 1d).

A strong pseudomagnetic field should lead to Landau quan-
tization and a QHE-like state. The latter is different from the
standard QHE because BS has opposite signs for charge carriers in
valleys K and K� and, therefore, generates edges states that circulate
in opposite directions. The coexistence of gaps in the bulk and
counterpropagating states at the boundaries without breaking the
time-reversal symmetry is reminiscent of topological insulators15–20
and, in particular, the quantum valley Hall effect in ‘gapped
graphene’20 and the quantum spin Hall effect induced by strain16.
The latter theory has exploited the influence of three-dimensional
strain on spin–orbit coupling in semiconductor heterostructures,
which can lead to quasi-Landau quantization with opposite BS
acting on two spins rather than valleys. Weak spin–orbit coupling
allows only tiny Landau gaps < 1 µeV (ref. 16), which, to be
observable, would require temperatures below 10mK and carrier
mobilities higher than 107 cm2 V s−1. Our approach exploits the
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Figure 3: (a) Graphene monolayer with nanobubbles; the inset shows a high resolution
image of the nanobubble. (b) STS spectra of the substrate, of flat graphene on the
substrate, and at the center of a bubble. Both Figs. (a) and (b) were obtained from Ref.
[22]. (c) Distribution of pseudomagnetic field Bs for a hexagonal graphene flake stretched
by only three of its six sides. (d) Density of states of the hexagon flake. The black curve
was calculated for the case of no strain and no magnetic field. The blue curve shows
the Landau quantization induced by magnetic field B = 10T . Near the hexagon center
Bs = 7T induces the quantization shown by the red curve. Both (c) and (d) were taken
from Ref.
citeGuinea.

The work presented here was essentially motivated by experimental evidences of rip-

ples, curvatures and strain formation when graphene is produced following particular

growth processes. Other experiments showing different possibilities to control strain are

described in Chapter 2 and were presented to illustrate that it is even possible to ma-

nipulate the size and intensity of the graphene deformations. The main idea is that

graphene systems under strain effects may be mapped into a physical nanostructure in
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the presence of a psedomagnetic field. This scenario has been largely discussed in the

literature and explored for different graphene geometries. Here we discuss the effects of

strain on the electronic and transport properties of graphene quantum rings and nano-

ribbons, trying to take into account the role played by the edges by considering different

boundary conditions. We also include in the discussion an external magnetic field and

explore the interplay between pseudo and real fields on the current density distribution

along the systems. Chapter 2 is devoted to a presentation of the theoretical background of

the thesis, including Dirac formalism and tight-binding formulation. One should mention

that quantum rings have been described following the two approaches. We also present a

brief section regarding to transport properties using the Green function formalism and the

Landauer formula within the linear response theory. In Chapter 3 we present the results

on the subject of strained graphene rings in the presence of external magnetic fluxes and

in Chapter 4 we discuss some transport properties of strained graphene systems, such as

zigzag nanoribbons and hexagonal quantum rings. The conclusions and perspectives of

the work are presented in Chapter 5.
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2 Graphene

In what follows we present the description of graphene electronic properties in both

tight-binding and Dirac formalisms. We also present theoretical calculations that describe

the effect of structural deformations in both formalisms. Finally, we discuss the Landauer

theory, which can be used for calculations of ballistic transport in graphene systems, even

when they are under tension.

2.1 Modeling 2D Graphene

Graphene consists of carbon atoms arranged in a two-dimensional crystalline struc-

ture. The carbon atoms are formed by two s-orbital and three p-orbitals, with four

possible bonds with other atoms. In graphene, the carbon atomic orbitals are hybridized

in a sp2 structure that leads to three covalent in-plane bonds between the carbon atoms.

These bonds are responsible for forming the hexagonal graphene lattice and to keep the

stability of the graphene sheet. The other non-hybridized orbital pz is perpendicular to

the plane that defines the graphene structure. This orbital is important in the sense it

can bind covalently to other pz orbitals from the other carbon atoms, forming the π and

π∗ bands in graphene, which give origin to the valence and conduction band structure,

in the limit of low energies. Usually, the band structure of a solid, as the one shown in

Fig. 4 for graphene, can be obtained by Density-Functional Theory (DFT) that is able to

investigate the electronic structure of many-body systems based on the system symme-

tries. In fact, the DFT provides the graphene hopping parameters between first, second

and third-neighbors that are used in many tight-binding (TB) calculations.

Schematic representations of graphene lattice in real and momentum spaces are shown

in Fig. 5(a) and (b), respectively. The unit cell of graphene delimited by the dashed lines

in Fig. 5(a) is formed by two non-equivalent atoms, with different neighborhood. The

bipartite lattice is then defined in terms of A and B sublattices, each one of them with

trigonal character, being possible to relate them by inversion symmetry. One can define
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Figure 4: Graphene band structure taken from [31]. The blue lines correspond to wave
functions of pz orbitals.

the lattice basis vectors in cartesian coordinates a1 = a(
√

3, 0) and a2 = a/2(
√

3, 3) in

the real space representation, where a = 1.44Å is the interatomic distance between two

carbon atoms and related to the usual lattice parameter ā = a
√

3 = 2.46Å. The three

nearest-neighbors are given by

δ1 =
a

2

(√
3, 1
)

, δ2 =
a

2

(
−
√

3, 1
)

, and δ3 = a (0,−1) . (2.1)

Notice that we chose the lattice orientation in such a way that the carbon atoms formCrystal Structure of Graphene and Graphite 11

: A sublattice : B sublattice

a
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a
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!

(a) (b)
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3

Figure 1.7: (a) Honeycomb lattice. The vectors !1, !2, and !3 connect nn carbon atoms,
separated by a distance a = 0.142 nm. The vectors a1 and a2 are basis vectors of the tri-
angular Bravais lattice. (b) Reciprocal lattice of the triangular lattice. Its primitive lattice
vectors are a!

1 and a!
2. The shaded region represents the first Brillouin zone (BZ), with

its centre ! and the two inequivalent corners K (black squares) and K " (white squares).
The thick part of the border of the first BZ represents those points which are counted in
the definition such that no points are doubly counted. The first BZ, defined in a strict
manner, is, thus, the shaded region plus the thick part of the border. For completeness,
we have also shown the three inequivalent cristallographic points M , M ", and M "" (white
triangles).

covalent ! bonds, as in the case of benzene.
The three vectors which connect a site on the A sublattice with a nn on

the B sublattice are given by

!1 =
a

2

!!
3ex + ey

"
, !2 =

a

2

!
"

!
3ex + ey

"
, !3 = "aey, (1.2)

and the triangular Bravais lattice is spanned by the basis vectors

a1 =
!

3aex and a2 =

!
3a

2

!
ex +

!
3ey

"
. (1.3)

The modulus of the basis vectors yields the lattice spacing, ã =
!

3a = 0.24
nm, and the area of the unit cell is Auc =

!
3ã2/2 = 0.051 nm2. The density

of carbon atoms is, therefore, nC = 2/Auc = 39 nm!2 = 3.9 # 1015 cm!2.
Because there is one " electron per carbon atom that is not involved in a
covalent ! bond, there are as many valence electrons than carbon atoms, and
their density is, thus, n! = nC = 3.9 # 1015 cm!2. As is discussed in the
following chapter, this density is not equal to the carrier density in graphene,
which one measures in electrical transport measurements.

a∗
1

a∗
2

Γ
KK�

M

Figure 5: (a) Honeycomb graphene lattice formed by A and B sublattices. (b) First-
Brillouin zone with K and K’ Dirac points indicated at the corner of the hexagonal shaded
area.
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a zigzag line in the x-axis direction. On the other hand, the y-axis can be identified

as the armchair direction. In the reciprocal space, the first Brillouin zone, given by

the shaded region in Fig. 5(b), has a hexagonal shape with reciprocal lattice vectors

a∗1 = 2π/3a(3
√

3,−1) and a∗2 = 4π/3a(0, 1) centered in the Γ point, with the vertices

given by K points. The middle point between two consecutive K points defines the M

point. The Γ, K and M are highly symmetric points of the reciprocal space and are

related to extremes in the graphene band structure. As it can be seen in Fig. 4 the K

points are very important close to zero energies due to the graphene linear dispersion

around these points. The six K points at the corners of the Brillouin zone can be split in

two sets of non-equivalent points determined as K =
(

4π
3
√

3a
, 0
)
and K′ = −K and with

the other points connected by reciprocal lattice vectors.

As a first-approximation one could suppose that the electron dynamics close to the

graphene charge neutrality point can be well described by using a single π band tight-

binding model, taking into account only the interaction between one atom and its nearest-

neighbors.

2.1.1 Tight-binding Hamiltonian

The band structure for graphene was studied by Wallace [32] using the tight-binding

model. To obtain it, we solve the Schrödinger equation Hψ = Eψ for electrons in this

system. The wave functions can be constructed from a Bloch expansion in terms of the

normalized atomic orbital wavefunctions X(r− r0), centered at position r0, given by

φA(r) =
∑

rA

ei2πk·rAX(r− rA) , (2.2a)

φB(r) =
∑

rA

ei2πk·(rA+δn)X(r− rA − δn) , (2.2b)

where the sums run over all the lattice sites A and B, respectively. Since the graphene

honeycomb lattice has two atoms per unit cell, one has to take into account a linear

combination of A and B sublattice contributions for the total wave function, i.e., ψ(r) =

αφA(r) + βφB(r). Replacing it in the eigenvalue problem and multiplying the equation

by ψ∗(r) from the left side, one obtains the following set of equations

( α∗ β∗ )

(
HAA HAB

HBA HBB

)(
α
β

)
= ( α∗ β∗ )

(
ES 0
0 ES

)(
α
β

)
, (2.3)
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with HAA(BB) =
∫
φ∗A(B)(r)HφA(B)(r)d2r = 0 representing the onsite energy considered

null here. The terms HAB = (HBA)∗ are calculated for all the N system sites, using the

definition

t0 = tr,n ≡
∫
X(r− rA)∗HX(r− rA − δn)d2r , (2.4)

with t0 = −2.7eV in the case of flat graphene [33], independent on the n-th neighbor. In

addition, under the assumption that the orbital wave functions overlap at different atoms

are zero, the term S = N , due to the orbital wave functions orthonormality condition.

Simplifying the above expression, the Hamiltonian elements, written in terms of the

probability amplitudes of the Bloch wavefunctions on the two different sublattices A and

B, can be written as

( α∗ β∗ )




−EN t0N
3∑

n=1

e−ik·δn

t0N
3∑

n=1

eik·δn −EN



(
α
β

)
= 0 . (2.5)

Therefore, summing over all the three neighbors for each site in the lattice, one obtains

the energy band structure that may be expressed as

E±(k) = ±|t0HΣn(k)|/N = ±|t0H ′Σn(k)| , (2.6)

where H ′Σn(k) is given by

H ′Σn(k) =
[
ei2π(kx

√
3a
2

+ky
3a
2

) + ei2π(−kx
√

3a
2

+ky
3a
2

) + ei2π(−kya)
]
. (2.7)

The energy dispersion is then written as

E±(k) = ±t0

√

3 + 2 cos(
√

3kxa) + 4 cos(
3

2
kya) cos(

√
3

2
kxa)) . (2.8)

This result reflects the electron-hole symmetry of the spectrum when considering just

the nearest-neighbors approximation. It is known that this symmetry is broken if one

includes the second-neighbors correction, although the linear behavior of the spectrum

close to the Brillouin zone corner remains.

Expanding the dispersion relation up to first-order on momentum q around the K(K′)

valley, i.e., for k = K(K′) + q, where q is small and measured in relation to K(K′) point,

one obtains the band-structure linear dependence on the q momentum, given by

E±(q) = ±v0|q| , (2.9)
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with v0 = 3|t0|a/2 ' 106m/s(~ = 1) being the Fermi velocity.

where I1, I2, I3, and I4 are peak intensities of the energy
distribution curves as specified in Fig. 1(d), and the ! and
" signs correspond to the !# and ! bands, respectively.
Measurements show that D is close to unity near the K
point at 30 eV photon energy. This large dichroic effect
results from the different characters of the initial states on
the two branches of the Dirac cone; the variations in the
photoemission final states are negligible over the narrow
range in reciprocal space [20].

Figures 2(a) and 2(b) show typical constant energy maps
of the !# and ! bands of monolayer graphene, respec-
tively, using the four polarization configurations. For each
band, the semicircular pattern rotates counterclockwise in
90$ steps in going from HP to LCP to VP and to RCP.
Furthermore, the patterns of the!# and! bands are related
by inversion. The plots on the right-hand side of Fig. 2
show the measured intensity variations of the semicircular
arc patterns about the azimuthal angle " of the wave vector
k relative to the K point [Fig. 1(c)]. The results are well
described by cosine functional forms related by 90$ off-
sets. These angular offsets are related to the phase of the
initial state wave functions, !k

i , which are given, to first
order, by

!k
i %r& /

X

j

exp%ik 'Rj&
!
ei"=2#

"
r"Rj "

a

2
ŷ
#

( e"i"=2#
"
r"Rj !

a

2
ŷ
#$

; (2)

whereRj is a lattice vector, # is the carbon pz orbital, a is
the C-C bond length, and the summation is over all lattice
vectors. The ! and " signs correspond to the !# and !
bands, respectively. The phase factors associated with the
two sublattices, e(i"=2, determine the chiral properties of
the electronic states and give rise to a Berry’s phase of !
upon incrementing the azimuthal angle " by 2!.
The allowed final state of photoemission !k

f near the K

point must be of even parity with respect to reflection about
the xz plane. A straightforward calculation yields the
photoemission intensities for the !# and ! bands [20]:

FIG. 2 (color online). ARPES data from monolayer graphene
taken with HP, VP, LCP, and RCP using 30 eV photons. The
Dirac point is at "0:45 eV. (a) Constant energy maps at
"0:05 eV. (b) Constant energy maps at "0:9 eV. The right
panels show the intensity of each semicircular arc as a function
of ". Each intensity curve has been normalized to unity maxi-
mum intensity.

FIG. 1 (color online). Experimental geometry and circular
dichroic data. (a) Schematic of experimental setup. HP and VP
correspond to p and s polarizations, respectively. Looking
toward the sample, LCP (RCP) corresponds to counterclockwise
(clockwise) rotation of the electric field vector. (b) Coordinate
system relative to the atomic structure of a monolayer graphene.
(c) Surface Brillouin zone. q is wave vector measured from K.
(d) Photoemission spectra from monolayer graphene near the K
point measured along y using 30 eV photons. The four panels
correspond to LCP, RCP, their sum and difference.
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Figure 6. Graphene band structure. (a) Adapted with permission from [5]. (b) Zoom in to low-energy dispersion at one of the K points
shows the e–h symmetric Dirac cone structure.

The combination of many desirable properties in
graphene: transparency, large conductivity, flexibility, and
high chemical and thermal stability, make it [77, 78] a natural
candidate for solar cells and other optoelectronic devices.

1.5. Electronic properties

Three ingredients go into producing the unusual electronic
properties of graphene: its 2D structure, the honeycomb lattice
and the fact that all the sites on its honeycomb lattice are
occupied by the same atoms, which introduces inversion
symmetry. We note that the honeycomb lattice is not a Bravais
lattice. Instead, it can be viewed as a bipartite lattice composed
of two interpenetrating triangular sublattices, A and B with
each atom in the A sublattice having only B sublattice nearest
neighbors and vice versa. In the case of graphene the atoms
occupying the two sublattices are identical and as we shall see
this has important implications to its electronic band structure.
As shown in figure 5(a), the carbon atoms in sublattice A
are located at positions !R = m!a1 + n!a2, where m, n are
integers and !a1 = a

2 (3,
"

3), !a2 = a
2 (3, #

"
3) are the lattice

translation vectors for sublattice A. Atoms in sublattice B are
at !R + !! , where !! = (!a2 + !a1)/3. The reciprocal lattice vectors,
!G1 = 2"

3a
(1,

"
3), !G2 = 2"

3a
(1, #

"
3) and the first Brillouin

zone, a hexagon with corners at the so-called K points, are
shown in figure 5(b). Only two of theK points are inequivalent,
the others being connected by reciprocal lattice vectors. The
electronic properties of graphene are controlled by the low-
energy conical dispersion around these K points.

Tight binding Hamiltonian and band structure. The low-
energy electronic states, which are determined by electrons
occupying the pz orbitals, can be derived from the tight binding
Hamiltonian [11] in the Hückel model for nearest neighbor
interactions:

H = #t
!

| !R$

(| !R$% !R + !! | + | !R$% !R # !a1 + !! |

+ | !R$% !R # !a2 + !! | + h.c.). (1)

Here %!r| !R$ = #pz
( !R # !r) is a wave function of the pz orbital

on an atom in sublattice A, %!r| !R + !! $ is a similar state on
a B sublattice atom and t is the hopping integral from a
state on an A atom to a state on an adjacent B atom. The
hopping matrix element couples states on the A sublattice
to states on the B sublattice and vice versa. It is chosen
as t & 2.7 eV so as to match the band structure near the
K points obtained from first principle computations. Since
there are two Bravais sublattices two sets of Bloch orbitals are
needed, one for each sublattice, to construct Bloch eigenstates
of the Hamiltonian: |!kA$ = (1/

"
N)

"
!R ei!k· !R| !R$and |!kB$ =

(1/
"

N)
"

!R ei!k· !R| !R + !! $. These functions block-diagonalize
the one-electron Hamiltonian into 2 ' 2 sub-blocks, with
vanishing diagonal elements and with off-diagonal elements
given by: %!kA|H |!kB$ = #tei!k·!! (1 + e#i!k·!a1 + e#i!k·!a2) ( e(!k).
The single particle Bloch energies $(!k) = ±|e(!k)| give the
band structure plotted in figure 6(a), with $(!k) = |e(!k)|
corresponding to the conduction band ") and $(!k) = #|e(!k)|
to the valence band " . It is easy to see that $(!k) vanishes when
!k lies at a K point. For example, at !K1 = ( !G1 + 2 !G2)/3,
e( !K) = #tei!k·!! (1 + e#i !G1·!a1/3 + e#i2 !G2·!a2/3) = 0 where we used
!Gi · !aj = 2"%ij . For reasons that will become clear, these
points are called ‘Dirac points’ (DP). Everywhere else in k-
space, the energy is finite and the splitting between the two
bands is 2|e(!k)|.

Linear dispersion and spinor wavefunction. We now discuss
the energy spectrum and eigenfunctions for k close to a DP.
Since only two of the K points—also known as ‘valleys’—are
inequivalent we need to focus only on those two. Following
convention we label them K and K *. For the K valley,
it is convenient to define the (2D) vector !q = !K # !k.
Expanding around !q = 0, and substituting !q + #ih̄(&x, &y)
the eigenvalue equation becomes [3–5]

HK#K = #ih̄vF

#
0 &x # i&y

&x + i&y 0

$ #
'KA

'KB

$
= $

#
'KA

'KB

$
,

(2)

where vF =
"

3
2 (at/h̄) , 106 m s#1 is the Fermi velocity of the

quasiparticles. The two components #KA and #KB give the

7

(a) (b) 

Figure 6: (a) Graphene band structure calculated by TB model adapted from Ref. [34].
(b) Photoemission spectra of a graphene monolayer near the K point (from Ref. [35]).

In Fig. 6(a), we show the energy dispersion relation of the first-Brillouin zone for a

graphene sheet obtained within the TB formalism. The valence and conduction bands

touch each other in the six corners of the Brillouin zone and the Fermi surface are reduced

to these points at EF = 0, with null density of states. Graphene is then defined as a null

gap semiconductor. In fact, the linearity in the dispersion relation indicates the analogy

of an electron in graphene with low energy excitations given by massless Dirac fermions.

Several questions about theK andK ′ valleys may be asked, such as: How robust are they?

Which symmetries do protect them? And how could they be measured experimentally? In

graphene, the Dirac points are protect by discrete symmetries; the trigonal (C3), inversion

and time-reversal. The Dirac points can only be affected if one breaks the symmetry

between sublattices A and B, which alters the massless nature of the charge carriers.

Concerned to experiments, angle-resolved photoemission spectroscopy (ARPES), have

been employed extensively to examine the conical band dispersion relations [35]. In Fig.

6(b) it is exhibited a photoemission spectra of a monolayer graphene near the K point,

measured using the sum of left circular polarization (LCP) and right circular polarization

(RCP). It is possible to see the linear dispersion, although one could also question about

the energy resolution of the ARPES techniques very close to the Dirac point.

Next, we show how to map the electron dynamics in terms of the relativistic Dirac

equation and discuss the symmetries related to it.



11

2.1.2 Dirac equation formalism

The tight-binding Hamiltonian for electrons in graphene, when considering the nearest

neighbors, may be written as

H =
∑

<r,n>

tr,na
†

rbr+δn + h.c. , (2.10)

where a†r (ar) creates (annihilates) an electron on sublattice A at the r-position in graphene

lattice and tr,n are the nearest-neighbor hopping amplitudes considered constant and equal

to t0. An equivalent definition is used for sublattice B. We may write the sublattice

operators in momentum space as

ar =
∑

k∈BZ
eik·rak (2.11a)

br =
∑

k∈BZ
eik·rbk , (2.11b)

It is reasonable to do a first-order expansion in momentum for energies close to the

charge neutrality point around the K and K’ vectors. In what follows, we show some

important points in the derivation proposed by Semenoff [3, 27] for the description of fer-

mions in graphene in the low energy range. Considering the sum of the nearest-neighbors,

the Hamiltonian around the valleys can be written in matrix form as

HK(q) = t0




0
3∑

n=1

e−i(K+q)·δn

3∑
n=1

ei(K+q)·δn 0


 ' v0

(
0 qx − iqy

qx + iqy 0

)
, (2.12)

and

HK′(q) = t0




0
3∑

n=1

e−i(K
′+q)·δn

3∑
n=1

ei(−K′+q)·δn 0


 ' −v0

(
0 qx + iqy

qx − iqy 0

)
.

(2.13)

In a more compact notation the Hamiltonian for K-valley is given by

HK(q) = v0(σ · q) , (2.14)

in analogy to the Dirac equation, where q = −i(∂x, ∂y) and σ = (σ1, σ2) are the Pauli

matrices. The σ matrix has a very specific meaning in graphene; it is associated to the

sublattices A and B, which are called pseudospins (to distinguish it from the real spins).
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An eigenstate of the Hamiltonian described above is given by the spinor ψK(q)eiK·r with

amplitudes

ψK(q) =

(
ΨA(q)
ΨB(q)

)
=

(
e−iθq/2

seiθq/2

)
, (2.15)

where s is the sign of the energy and the phase is given by θq = tan−1(qy/qx). The

Hamiltonian for K’-valley satisfies a similar equation but with qx → −qx, given by

HK′(q) = −v0(σ∗ · q) , (2.16)

where σ∗ means the complex conjugate of the sigma matrices. The two wave functions

components of the spinor ψK′(q)e−iK·r that satisfies the eigenequation, HK′ψK’ = EψK’,

are

ψK’(q) =

(
Ψ′A(q)
Ψ′B(q)

)
=

(
eiθq/2

−se−iθq/2
)

. (2.17)

If an adiabatic wave function rotation of 2π, R(2π), is considered in momentum

space around the Dirac points, the wave functions acquire a Berry’s phase of π, i.e.,

R(2π)ψK(K’)(q) → eiπψK(K’)(q). The Berry’s phase is a consequence of the topology of

graphene band structure; more specifically it exists because of the Dirac points. Many

unique properties of graphene and their interesting effects are associated to the Berry’s

phase. The observation of the unconventional quantum Hall effect was a confirmation of

the geometric phase in graphene [4, 5].

The states in eqs. 2.15 and 2.17 are expected to be found with the same probability

in both A and B sublattices because both sublattices are built from the same carbon

atoms with the same on-site energy. This symmetry is reflected in the parity operation

with respect to the center of a lattice hexagon. There is a problem in defining the parity

operation, because in standard convention the parity transformation in 2D corresponds

to the inversion of only one axis, i.e., I : (x, y) → (−x, y) or with the other possibility

inverting only the y coordinate, I : (x, y) → (x,−y). In condensed matter, the used

definition inverts both axis I : (x, y)→ (−x,−y), as a rotation of π in real space [for details

of this discussion see reference [36]]. In this way, the inversion symmetry exchanges both

sublattices and valleys quantum number, which leaves the Hamiltonian invariant under

the following transformation

I : HK(q) = IHK′(−q)I−1 , (2.18a)

ΨA(q) = IΨ′B(−q) , (2.18b)
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where the parity operator is defined as

I =

(
0 1
1 0

)
= σ1 . (2.19)

An staggered sublattice potential (Vext = V0σ3) could break the lattice inversion sym-

metry leading to a band insulator. In confined systems, if different boundary conditions

are imposed for each sublattice, a parity asymmetry would also rise.

Another symmetry of the Hamiltonians HK(q) and HK′(q) is the chirality or the

pseudohelicity. For fermions with momentum around the K-valley, it is expressed as

hK =
1

2

σ · q
|q| . (2.20)

This pseudohelicity operator commutes with the Hamiltonian HK(q) and then corres-

ponds to a conserved quantum number in K-valley. An equivalent definition can be built

for the spinor in K ′-valley. The pseudohelicity is defined as the projection of the pseudos-

pin on the direction of the wave function momentum, which means the electrons (holes)

have a positive (negative) chirality.

It is possible to write the Hamiltonians for the two valleys in a single equation using

an outer product between valley and pseudospin quantum numbers, which is known as

the valley-isotropic representation [34]. In this way the Dirac equation is written as

H(q) = v0τ0 ⊗ (σ · q) , (2.21)

where τ0 is the 2×2 identity matrix and τ = (τ1, τ2) also corresponds to the Pauli matrices

but acting as valley quantum number called by isospin. The Hamiltonian basis is formed

by a four components spinor

Ψ(q) =




ΨA(q)
ΨB(q)
−Ψ′B(q)
Ψ′A(q)


 , (2.22)

where the inversion in the spinor components compensates the change in the Hamiltonian.

In the absence of external magnetic fields, the total time-reversal symmetry (TRS)

is preserved in this Hamiltonian. The time-reversal operations invert the momentum

orientation interchanging both valleys in the Dirac description. In the valley-isotropic

representation, the time reversal operator is given by
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T =




0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0


C = −τ2 ⊗ σ2C , (2.23)

with C being the operator of complex conjugation.

One can also consider a time-reversal operation that reverses direction of t around each

one of the valleys. This is called the effective time-reversal symmetry in a single valley.

Its biggest difference when compared to the total time-reversal symmetry is the fact that

it can be broken even in the absence of external magnetic fields. An external staggered

potential that produces a mass term in the Hamiltonian would break this symmetry, in

the same way that a pseudomagnetic field would do when the system is under strain.

2.1.3 Boundary conditions for confined systems

The nanoribbons are graphene systems in which one of the two dimensions is finite,

called the transversal direction. The other orientation of the lattice, that is extended and

presents translational symmetry, is defined as the longitudinal direction. In general, the

confinement of graphene is classified in two types: zigzag-like and armchair-like, in the

zigzag and armchair graphene directions, respectively. Differently from 2D graphene, the

nanoribbons may present a gap ,∆, in the electronic dispersion and the size of the gap

can be controlled according to the edge type and width of the ribbons.

corresponds to essentially a single SiC terrace (compare to
Fig. 5A). Conditions are currently sought under which the gra-
phene growth is so slow that the SiC surfaces anneal to their equi-
librium shapes before they graphitize. In that case mesa flattening
and graphene growth can be accomplished in one step.

Structured Graphene Growth
Extended graphene sheets are important for basic research.
However, essentially all electronic applications require graphene
to be patterned. In fact, graphene electronics relies on the
possibly to interconnect nanoscopic graphene structures. An ex-
tended graphene sheet is a gapless semimetal but a graphene rib-
bon is generally expected to develop a bandgap !E ! 1 eV"W,
where W is the width of the ribbon in nm (35, 36). Graphene
ribbons can be patterned using standard microelectronics litho-
graphy methods (37). In these methods, an extended graphene
sheet is coated with an electron-beam resist material that is
patterned by e-beam lithography. After development of the resist,
the graphene is oxygen ion-etched to produce the desired struc-
tures. It is clear that the lithography steps themselves are destruc-
tive and produce nonideal edges and poorly defined structures at
the nanoscale. This contributes to significantly reduced mobilities
and spurious electronic localization effects (36) In fact the
mobility reduction in conventionally patterned structures is so se-
vere that the nanoelectronics applications potential of graphene
has been called into question. It is clearly advantageous to avoid
processing steps that involve cutting the graphene. A nuanced
approach that avoids nanolithography of the graphene is clearly
desired.

A very promising method is to grow graphene on structured
silicon carbide. In this method, the ungraphitized Si-face (0001)
of silicon carbide is lithographically patterned in the usual way
using a resist coating. The exposed SiC areas are then plasma
etched using SF6 or CF4 so to produce depressions of well-
defined depths ranging from a few nm to microns as controlled
by the intensity and duration of the plasma etching procedure.
The sample is finally annealed and graphitized by the CCS meth-
od at temperatures typically in the range of 1,550 °C to 1,650 °C.

In this process, the sidewalls of the etched structures crystallize,
typically along the (1–10n) direction, n ! 8 for 4 H SiC and
n ! 12 for 6 H SiC. Consequently a circular etched mesa with
a diameter of 1 "m will crystallize into hexagons (Fig. 6C) where

the sidewall slopes are about 62° from the vertical. The graphiti-
zation rates of the (1–10n) sidewalls are similar to the graphitiza-
tion rates of the (000-1) surfaces (i.e., the C-face) of SiC. Because
these rates are much greater than the graphitization rates of the
Si-face horizontal surfaces, only the sidewalls and not the (0001)
flat surfaces are graphitized. Consequently, this graphitization
method can be controlled to produce monolayer graphene on
the sidewalls whereas graphene on the horizontal (0001) surfaces
are submonolayer and nonconducting. This has been verified by
Raman spectroscopy and by transport measurements.

Along the same lines, graphitization on natural (non-
preetched) vicinal steps of SiC on-axis or off-axis [4° or 8° from
(0001)] produce arrays of narrow ribbons. Significant step bunch-
ing precedes the graphitization to produce step heights on the
order of 10 nm with corresponding ribbon widths. However, this
bunching can be controlled because the step edges can be stabi-
lized in nonequilibrium facet directions by rapid heating to the
graphitization temperature. Because the graphene caps the step
edges, Si out-diffusion from the step (and thus step wandering)
(38, 39) is severely suppressed leaving smooth steps (even after
multiple anneals to 1,520 °C). In contrast, steps heated to just be-
low the graphitization temperatures flow and dissolve rapidly. We
demonstrate this in Fig. 7 A and B for patterned 10 nm ribbons
with two different orientations relative to the SiC. Angle resolved
photoemission (ARPES) from only the edges (Fig. 7C) of the
10 nm ribbons clearly shows a well-resolved graphene Dirac cone.
The step edges remain straight as shown in Fig. 7 A and B with
minimal rms height variations (see Fig. 7E).

Summary and Conclusion
The near equilibrium, confinement-controlled sublimation meth-
od to produce epitaxial graphene (mono and multi) layers on
silicon carbide has been demonstrated to be a versatile method
to produce high-quality uniform graphene layers on both the Si-
face and the C-face of single crystal silicon carbide. It provides
control of the silicon vapor density and assures that the density
is constant over the surface and near thermodynamic equilibrium,
which is essential for uniform growth. The method allows good
control of the graphitization temperatures, which is important,
because growth at low temperatures (as in the case of sublimation
in unconfined ultrahigh vacuum) produces defective graphene
layers. The CCS method allows further control of the graphitiza-
tion rates by introducing inert gasses, which can essentially inhibit
the graphene growth even at temperatures exceeding 1,600 °C.
This is important if the graphitization is preceded by an annealing
step of the silicon carbide surface itself for example to anneal (or
recrystallize) a structured silicon carbide surface.

Fig. 6. Examples of template grown graphene structures etched on the
(0001) face. (A) 4H-SiC hydrogen-etched surface with a regular step structure.
(B) Flat step-free graphitized mesa with MEG pleats (C) circular mesa etched
on Si-face; the hexagonal shape results from the annealing at 1,550 °C show-
ing preference for the (1–10 n) crystal surfaces (n depends on the step height
and ranges from 2 for nm steps to about 10 for "m steps). (D) Electrostatic
force microscopy image after CCS annealing; graphene (light) grows on the
mesa sidewalls but not on the horizontal (0001) surfaces.

Fig. 7. Patterned sidewall ribbons. (A) and (B) are AFM images of 10 nm
deep trenches etched at right angles and graphitized. Trench width is
100 nm with a 300 nm pitch. (C) An ARPES image of the Dirac cone from gra-
phene grown only on the sidewalls. (D) A cross-section of the trenches in B
after graphitization. (E) Two height profiles along the top of the trenches in B
showing a small rms height variation.
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Figure 7: Patterned sidewall ribbons. (a) and (b) are AFM images of 10 nm deep trenches
etched at right angles and graphitized. Trench width is 100 nm with a 300 nm step (for
more details see ref. [39]).

From the experimental perspective, several methods to produce graphene nanoribbons

have been developed in the last years [37, 38, 39, 40, 41]. A very promising method was

developed recently, using SiC substrate to produce high mobility nano-patterned graphene
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structures [39]. In this method, the ungraphitized Si-face (0001) of silicon carbide is

lithographically patterned using a resist coating. The exposed SiC areas are then plasma

etched to produce depressions of well-defined depths ranging from a few nanometers to

microns, controlled by the intensity and duration of the plasma etching procedure. The

sample is annealed and graphitized. It happens that only the sidewalls and not the

(0001) flat surfaces are graphitized. Consequently, this method can be controlled to

produce graphene monolayer on the sidewalls. The sidewall graphitization has recently

been advanced to the point that narrow ballistic graphene ribbons can be made, as shown

in Fig. 7. The advantage of this technique is that the process steps do not involve cutting

the graphene, which could generate mobility reduction.

From the theoretical point of view, one possible way of studying the confinement in

nanoribbons is using the tight-binding formalism [42]. The sites at the edges do not have

three-neighbors as the other sites of the nanoribbons lattice. Based on the TB formalism,

boundary conditions can also be developed for the Dirac description [43]. We discuss the

main characteristics of the armchair and zigzag nanoribbons in both models. We also

discuss another kind of boundary condition, the infinite-mass confinement, known from

the relativistic description [34, 44]. Then, we show in which limits this kind of border

could be compared to an equivalent atomistic system [45].

Zigzag-like

Zigzag graphene nanoribbons (ZGNR) are formed by only one kind of sublattice (A

or B) at one edge (y = 0) and the other sublattice at the other edge (y = w). The

ZGNRs are known to be metallic and to present many degenerate states at zero energy.

These states are spatially localized at the edges of the zigzag ribbons. Their probability

density present an exponential decay away from the nanoribbons edges, and the states

can be topologically protected or not according to the number of zigzag chains in the

nanoribbon. This condition is related to the parity of the nanoribbons with respect to its

center. In the Dirac formalism, all the description of the electronic properties of the zigzag

ribbons can be done without mixing valleys. The system possesses translational symmetry

in the x-direction and it is sufficient to require that the electronic wave functions with

momentum around each one of the valleys are null for each one of the sublattices at the

correspondent edges, given by

ΨA(x, 0) = Ψ′A(x, 0) = 0 , (2.24a)

ΨB(x,w) = Ψ′B(x,w) = 0 . (2.24b)
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Armchair-like

The armchair graphene nanoribbons (AGNR) are formed by both A and B sites at

the edges, located at x = 0 and x = w. Differently from the ZGNRs, in the Dirac

description of AGNRs, the boundary conditions mix both K and K′ valleys. This kind of

valley mixing can occur because the edges are not smooth in atomic scale, which means

it can involve big momenta exchange in reciprocal space, in such a way that, intervalley

mixing becomes possible. Therefore, the armchair nanoribbon requires that the total wave

function, formed by the sum of the wave functions around each one of the valleys, are null

for each sublattice at each edge. The armchair nanoribbon has translational symmetry in

y-direction and the wave function y-dependence is given by a plane wave. The boundary

conditions are

ΨA(0)eiqyy + Ψ′A(0)e−iqyy = 0 , (2.25a)

ΨB(0)eiqyy + Ψ′B(0)e−iqyy = 0 , (2.25b)

ΨA(w)eiqyyeiKw + Ψ′A(w)e−iqyye−iKw = 0 , (2.25c)

ΨB(w)eiqyyeiKw + Ψ′B(w)e−iqyye−iKw = 0 . (2.25d)

The AGNRs can be metallic or semiconducting according to the number of armchair

chains in the ribbon. They are divided in three families N=3M, N=3M+1, or N=3M-1,

with M being a positive integer. In the semiconducting armchair nanoribbons (fami-

lies 3M and 3M + 1), the energy gap is inversely proportional to the width w of the

nanoribbons, ∆ ∼ 1eV ∗ (a/w), with a being the atomic distance.

It was shown that when graphene presents arbitrary edge direction, the boundary

condition in general corresponds to a zigzag-like nanoribbon, except for the special angles

of the armchair directions [45].

Infinite-mass confinement

The zigzag and armchair nanoribbon edge confinements could also be defined by

imposing that the probability current perpendicular to the edges is null. Another kind

of boundary that satisfies this condition is the infinite-mass confinement. This type of

boundary condition keeps the valley independent description.

In regular semiconducting systems we could think of electronic confinement originated

by electrostatic barriers. In graphene, because of the ‘massless’ behavior of the charge

carriers and their chiral nature, the Klein tunneling occurs and the confinement is not

possible. An alternative process to produce a confinement potential could be obtained
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by breaking the chiral symmetry. The description of the corresponding system includes a

mass term in the Dirac Hamiltonian, which opens a gap in the energy dispersion. In this

way the Dirac equation is written as

[v0σ · ∇+ σzm(r)] Ψ(r) = EΨ(r) . (2.26)

Ns 

x 

y 

w /2 

-w /2 

Figure 8: Zigzag nanoribbon with an electrostatic potential m(−m) for A(B) sublattice.
The staggered potential extends to Ns zigzag lines outside the central ribbon region,
corresponding to red and green sites.

Let’s think of this problem with the confinement defined only in the y-direction, as

illustrated in Fig. 8. The system has translational symmetry in x-direction. In this case,

m(r) = m(y) and m(y) = 0 for |y| < w/2 and m(y) = m for |y| > w/2, where m is

a constant and w is the width of the ribbon. The infinite-mass confinement is obtained

when m→∞ and the wave function for each sublattice at the edges are required to differ

just by a phase factor, given by

ψK = (σ · n)ψK , (2.27)

where n = (cosα, sinα) is the normal vector to the edge and α is the angle between the
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normal vector and the horizontal axis. In our example, this condition becomes

ΨB(±w/2)

ΨA(±w/2)
= ±i . (2.28)

This term in the Hamiltonian leads to a break of sublattice symmetry. This confi-

guration also breaks the effective time-reversal symmetry around each one of the K and

K′ valleys, even in the absence of external magnetic fields. But when we consider both

valleys the total time-reversal symmetry is restored.

It was shown by Akhmerov et al.[45] that a zigzag nanoribbon with an electrostatic

potential breaking the sublattice symmetry outside the ribbon region corresponds to the

infinite-mass boundary when m/t ∼ 1/Ns, where Ns is the number of zigzag chains with

staggered potential.

2.1.4 External magnetic field effects

Now, we show how magnetic fields can be implemented in graphene description via

tight-binding formalism using the Peierls [46] approximation or through the minimal cou-

pling in the Dirac equation in the low energy limit.

In the TB formalism, the effect of an external magnetic field B = ∇ × Aext that

varies smoothly in the lattice constant scale is included adding a phase difference in the

nearest-neighbors hopping parameter, given by

textn = t0e
ie/h∆φn , (2.29)

where ∆φn is the phase difference between a chosen site at position r = (x, y) and it’s

n-th first neighbor with spatial coordinates rn = (xn, yn). The phase is expressed as

∆φn =

∫ 1

0

δn ·Aext(r − γδn)dγ . (2.30)

Choosing graphene zigzag orientation in the x-axis, as in Fig. 5, and using the Landau

gauge Aext = (|B|y, 0) for a magnetic field perpendicular to the graphene sheet, the phase

differences between the first-neighbors are
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∆φ1 =

∫ 1

0

(√
3a

2
,
a

2

)
·
(
B
(
y − γ a

2

)
, 0
)
dγ =

√
3a

2
B
(
y − a

4

)
, (2.31a)

∆φ1̄ =

∫ 1

0

(
−
√

3a

2
,−a

2

)
·
(
B
(
y + γ

a

2

)
, 0
)
dγ = −

√
3a

2
B
(
y +

a

4

)
, (2.31b)

∆φ2 =

∫ 1

0

(
−
√

3a

2
,
a

2

)
·
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B
(
y − γ a

2

)
, 0
)
dγ = −
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2
B
(
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4

)
, (2.31c)

∆φ2̄ =

∫ 1

0

(√
3a

2
,−a

2

)
·
(
B
(
y + γ

a

2

)
, 0
)
dγ =

√
3a

2
B
(
y +

a

4

)
, (2.31d)

∆φ3 =

∫ 1

0

(0, a) · (B (y − γa) , 0) dγ = 0 , (2.31e)

∆φ3̄ =

∫ 1

0

(0,−a) · (B (y + γa) , 0) dγ = 0 , (2.31f)

where the bar above the numbers in the phases (∆φ1̄,∆φ2̄,∆φ3̄) indicates the opposite

orientation of the first-neighbor vectors.

Let’s express the Peierls phase in terms of the magnetic flux Φ threading a graphene

hexagon. The area of a carbon hexagon is Ah = 6
√

3/4a2, where a is the atomic distance.

If B is constant, then the magnetic flux is Φ = 6
√

3/4a2B. Replacing it in the modified

hopping parameters, one obtains the following results[47]

text1 = t0e
i 2π

3a (y−a4 ) φ
φ0 , (2.32a)

text1̄ = t0e
−i 2π

3a (y+a
4 ) φ

φ0 , (2.32b)

text2 = t0e
−i 2π

3a (y−a4 ) φ
φ0 , (2.32c)

text2̄ = t0e
i 2π

3a (y+a
4 ) φ

φ0 , (2.32d)

text3 = 0 , (2.32e)

text3̄ = 0 . (2.32f)

with Φ0 = h/e being the quantum flux, h the Planck constant, and e the electron charge.

It is possible to check the obtained phases, if one consider a closed hexagon and add the

change of phases in the hoppings in the perimeter formed by 6 carbon atom bonds, it has

to be equal to Φ = BAh.

Modifying the phase in the hopping parameters corresponds to a change in the band

structures. Now, instead of being associated to t0[q], the dispersion relation transforms

in terms of t0[q + e/hAext]. According to this, expanding the graphene tight-binding



20

Hamiltonian in the low energy limit and in the presence of an external magnetic field, one

obtains

H = −iv0σ ·
(
∇+ i

e

~
Aext

)
. (2.33)

2.2 Graphene under tension

The possibility of using strain to engineer graphene electronic states through the

creation of pseudomagnetic fields has motivated the development of different techniques

to control the mechanical deformations.

The morphology of graphene has been studied previously
by STM.8,17-19 By comparing with the morphology of SiO2,
we revealed that graphene often exhibits an intrinsic rippling
not induced by the substrate. We argued that the rippling
appears, if graphene is freely suspended between hills of the
SiO2.8 The rippling (amplitude: 0.3-0.5 nm) exhibits a
preferential wavelength of 15 nm at 300 K.8 The wavelength
is slightly increased at 4.8 K to 20 nm. At smaller length
scales, we observe additional corrugation of (70 pm with a
wavelength of only 5 nm. Figure 1a shows this smaller
corrugation at several tip-sample distances. At large dis-
tance (top), the corrugated surface and the typical carbon
hexagons are visible. Interestingly, the apparent lattice
constant differs by 14% between oppositely curved areas
(Figure 1b). This can be explained quantitatively by the tilting
of the pz-orbitals within the curved surface assuming an
effective pz-length of 0.26 ( 0.05 nm in accordance with
theory.20 Decreasing the tip-graphene distance (middle,
Figure 1a), a small bump appears within the valley, which
at even smaller distance (bottom) increases in height and
diameter. With respect to the neighboring hill, the valley is
lifted by 32 pm, that is, about half of the initial height
difference between hill and valley. Within the lifted area, the
atomic structure changes from hexagons to bumps appear-
ing at every second atom position, which has been checked

carefully by following up lines of atomic corrugation (see
Supporting Information). The symmetry between A and B
lattice is broken, most probably due to in-plane compressive
stress. An explanation of these results is sketched in Figure
1c. The electrostatic and vdW force of the tip (Fel, FvdW(tg))
lift the graphene valley until compensated by the restoring
elastic force Fmem of the membrane and the vdW force
FvdW(sg) of the substrate. Since the two tip forces change with
lateral tip position, a dynamic image of the lifting process
results as indicated by white dots in Figure 1c. While a hill
appears within the STM image (dotted line), the membrane
still maintains its valley-like shape but with reduced curva-
ture, as indicated by the gray lines. The resulting compres-
sive stress within the lifted area can be reduced during lifting
by a vertical zigzag atomic arrangement (see Supporting
Information) straightforwardly explaining the observed sym-
metry breaking between A and B lattice. While the mem-
brane’s lifting in Figure 1 is reversible, other valleys exhibit
hysteresis. Figure 2b shows the I(z) curve of a hysteretic area
at a sample voltage of U ) 1 V. While approaching or
retracting the tip, a jump in current I by 3 orders of
magnitude is observed with a hysteresis of 50 pm. Such
hysteretic membranes can be identified directly within
constant-current images, if I is chosen within the bistable
range. This is demonstrated in Figure 2a, where a valley (hill)

FIGURE 1. Reversible lifting of the graphene nanomembrane. (a) Three-dimensional representations of an atomically resolved monolayer
graphene at different tip-sample distance as indicated on the right. At a large distance (U ) 1 V, I ) 0.1 nA) carbon hexagons are visible.
Decreasing the distance, a hill appears in the center of the valley and the hexagons are transformed to bumps at every second atom position.
(b) High-pass filtered STM image (U ) 1 V and I ) 0.1 nA). Circles denote the hill and valley areas marked in panel a. The apparent lattice
constants show a difference of !a ) 0.03 nm due to the tilting of the !-orbitals. (c) Model explaining the mechanical behavior of the
nanomembrane. Because of the locally applied force between tip and graphene, the valley is continuously lifted while scanning the tip and
the STM image shows a hill in the center of the valley (dotted line).
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I. DETERMINATION OF THE POSITION OF
BUMPS IN STRESSED GRAPHENE AREAS

Fig. 1a) shows a three dimensional representation of a
graphene surface consisting of a lifted valley surrounded
by stable hills (tunneling parameters: U = 0.4 V, I =
2 nA). Analyzing the atomically resolved STM image in
detail, we find a hexagonal arrangement of the carbon
atoms at the hills, as expected for monolayer graphene
(see blue hexagon in Fig. 1b). In contrast, within the
stressed area we observe a triangular appearance of bright
bumps at every second atom. By following up the line
in Fig. 1b) one clearly sees that the bumps within the
stressed area do not appear in the center of the hexagons
but at one of the atomic sites providing a symmetry
breaking between A and B lattice. The ball model pre-
sented in Fig. 1a) illustrates a possible atomic arrange-
ment explaining the broken symmetry induced by the
compressive stress. To reduce the stress a zig-zag like
arrangement of the carbon atoms is favoured.

FIG. 1: a) Atomically resolved STM image of a graphene sur-
face consisting of relaxed (hills) and a stressed area (lifted
valley). The ball model explains the broken symmetry be-
tween A (blue balls) and B (orange balls) lattice of graphene
due to compressive stress. b) Magnification of the dotted
area marked in a). The changing atomic arrangement from
relaxed (hexagons) to stressed (triangles) graphene areas can
be identified.

II. DETERMINATION OF THE INITIAL
TIP/GRAPHENE DISTANCE z0

tg AND THE
DECAY CONSTANT !(U)

The absolute distance between tip and graphene ob-
tained after stabilization, z0

tg, could be determined, in
principle, by decreasing the distance between tip and
sample until the conductance reaches the conductance
quantum G0 = 2e2/h [1]. Unfortunately, this does not
work for graphene, because the graphene is lifted during
the tip approach, even on the hills (reference positions) as
indicated from significantly too large decay constants !
extracted from I(z)-spectra, which have been measured
systematically on the graphene surface. The only way
to reasonably estimate z0

tg is to calculate ! = 23.3 nm!1

with the help of equation 2 (below) and, then, to extrapo-
late the exponential behaviour of the conductance with
respect to the distance by using the stabilization param-
eters Us = !0.6 V and Is = 200 pA:

Is

Us
=

2e2

h
exp

!
!2!(Us)z

0
tg

"

" z0
tg = ! 1

2!(Us)
ln

#
1

G0

Is

Us

$
= 0.56 nm. (1)

To determine the decay constant !(U), we use a planar
tunnelling junction with a correction factor " [3]:

!(U) = "

%
2me

!2

&
#e! !

''''
eU

2

''''
(

. (2)

The e!ective work function #e! = (#gr +#t)/2 = 4.89 eV
has been calculated using the known graphene work func-
tion of #gr = 4.66 eV [2] and a tip work function of
#t = 5.11 eV derived from the measured contact poten-
tial as displayed in Fig. 3a of the main text. The correc-
tion factor " = 1.06 has been determined by fitting I(z)-
curves measured with the same microtip on Au(111) by
equation 2 (work function: #Au = 5.31 eV [4]).

III. CALCULATION OF THE INTERACTION
POTENTIALS ACTING ON THE

NANO-MEMBRANE

In order to describe the observed behaviour of the
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Fig. 1a) shows a three dimensional representation of a
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by stable hills (tunneling parameters: U = 0.4 V, I =
2 nA). Analyzing the atomically resolved STM image in
detail, we find a hexagonal arrangement of the carbon
atoms at the hills, as expected for monolayer graphene
(see blue hexagon in Fig. 1b). In contrast, within the
stressed area we observe a triangular appearance of bright
bumps at every second atom. By following up the line
in Fig. 1b) one clearly sees that the bumps within the
stressed area do not appear in the center of the hexagons
but at one of the atomic sites providing a symmetry
breaking between A and B lattice. The ball model pre-
sented in Fig. 1a) illustrates a possible atomic arrange-
ment explaining the broken symmetry induced by the
compressive stress. To reduce the stress a zig-zag like
arrangement of the carbon atoms is favoured.

FIG. 1: a) Atomically resolved STM image of a graphene sur-
face consisting of relaxed (hills) and a stressed area (lifted
valley). The ball model explains the broken symmetry be-
tween A (blue balls) and B (orange balls) lattice of graphene
due to compressive stress. b) Magnification of the dotted
area marked in a). The changing atomic arrangement from
relaxed (hexagons) to stressed (triangles) graphene areas can
be identified.

II. DETERMINATION OF THE INITIAL
TIP/GRAPHENE DISTANCE z0

tg AND THE
DECAY CONSTANT !(U)

The absolute distance between tip and graphene ob-
tained after stabilization, z0

tg, could be determined, in
principle, by decreasing the distance between tip and
sample until the conductance reaches the conductance
quantum G0 = 2e2/h [1]. Unfortunately, this does not
work for graphene, because the graphene is lifted during
the tip approach, even on the hills (reference positions) as
indicated from significantly too large decay constants !
extracted from I(z)-spectra, which have been measured
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In order to describe the observed behaviour of the
nano-membrane, the involved interaction potentials are
analysed in detail. Besides the electrostatic potential "el

induced by the tip, the Casimir/van-der-Waals potentials
"vdW induced by the tip and the SiO2-substrate as well

Figure 9: Reversible lifting of the graphene nanomembrane adapted from [48].(a) Three-
dimensional representations of an atomically resolved monolayer graphene at different
tip-sample distances as indicated on the right. (b) Circles denote the hill and valley areas
marked in panel a. The apparent lattice constants show a difference of δa = 0.03 nm
due to the tilting of the π-orbitals. (c) Model explaining the mechanical behavior of
the nanomembrane, because of the locally applied force between tip and graphene. (d)
Atomically resolved STM image of a graphene surface consisting of relaxed (hills) and a
stressed area (lifted valley).

Recently, Morgenstern et al. studied through STM measurements a graphene mo-

nolayer deposited on SiO2 with its intrinsic rippling [48]. They used the electrostatic
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interaction between the STM tip and the membranes to lift the natural deeps in graphene

forming an oscillatory motion, as shown in Fig. 9(a). In Fig. 9(b) the lattice constant

differs by 14% between opposite curved areas. A model explaining the mechanical beha-

vior of the nanomembrane is illustrated in Fig. 9(c). A very intriguing result is found

in this experiment. They observed a hexagonal arrangement of the carbon atoms at the

natural hills, as expected for monolayer graphene. In contrast, within the stressed area

they found a triangular appearance of bright bumps at every second atom, as shown in

Fig. 9(d), even when the strain regime considered is smooth. According to strain theory

if a mechanical strain varies smoothly on the scale of interatomic distances, it does not

break the sublattice symmetry. This study indicates the need to understand the sublat-

tice role, its parity symmetry and their description in strained graphene. The sublattice

asymmetry could also be a consequence of the graphene flake edges. This is really an

interesting experiment, although its theoretic explanation is still questionable.

the LOR pillars as shown in Figs. 1(c), 1(e), and 1(f). On
the other hand, a graphene film after dipping into distilled
water is attached to the substrate, as illustrated in Fig. 1(d),
indicating that the graphene film is nonuniformly strained.
Throughout this study, the graphene films were prepared by
mechanical exfoliation of kish graphite,10) and the thickness
of the films was checked by the contrast of optical images10)

and Raman spectroscopy.
To estimate the amount of stretch in graphene films,

we place additional PMMA disks on top of the LOR pillars.
Here, after depositing graphene [Fig. 1(a)], we coat the
substrate with thin PMMA, and then expose it to excess
e-beam [Fig. 1(b)]. Figure 2 shows scanning electron mi-
croscopy (SEM) images of such samples. In Fig. 2(a), each
PMMA disk is exactly on top of the corresponding LOR
pillar, indicating that the graphene did not shift laterally
when stretching, as illustrated in Figs. 2(b) and 2(c). The
average stretch is defined as the increase of the length of a
graphene section between a pair of pillars after the stretch
divided by the original graphene length (separation of the
pillars). From Fig. 2(a), one can estimate the average stretch
of graphene between pillars, which ranges from 6 to 20%,
depending on the direction, as shown in Fig. 2(d), in which
pillars A to D correspond to those in Fig. 2(a). The absence
of the triangular symmetry in the average stretch is
presumably because of a minimal lateral shift of graphene,
which is undetectable by the present method. This shift also
causes wrinkles in Fig. 2(a). Figure 2(e) shows an another
example, in which the top PMMA disks are shifted in the
direction perpendicular to the graphene edge (indicated by

the dashed line). The amount of the shift becomes larger
as pillars approach the graphene edge. Even in this case,
though, the graphene film stretches along the shift direction
with an average stretch of 7%, as estimated from the SEM
image.

To confirm the nonuniform strain in graphene, we
performed spatially resolved micro-Raman spectroscopy.
The Raman spectra were acquired using a laser excitation
of 532 nm (2.33 eV) with an incident power of 100 !W and
a spot size of !0:5 !m. The result is shown in Fig. 3.
Figure 3(a) is an SEM image of the sample, in which a
triangular lattice of LOR pillars 130 nm high and 200 nm
wide is placed underneath graphene. The separation of
pillars is 1.5 !m. The average stretch of graphene between
adjacent pillars is estimated to be !6{9% from SEM images,
depending on the direction. Figure 3(b) shows the spatial
distribution of the Raman signal in the area indicated by a
yellow rectangle in Fig. 3(a). Here, the average signal
intensity between 2665 and 2675 cm"1 is plotted in a gray
scale. White (black) regions mean high (low) Raman
intensity. It is clear that the spatial variation of the Raman
signal corresponds to the triangular lattice of pillars,
indicated by red circles in Fig. 3(b). To see this in more
detail, we look at the Raman spectrum at several points, A1,
A2, B1, . . . , E2, indicated in Fig. 3(c). Here, Ai (i # 1; 2) is
on a pillar and Bi to Di are located near the midpoint of
adjacent pillars. Points X1 and X2 (X = A, . . . , D) are
equivalent in the triangular lattice. E1 and E2 are near the
graphene edge. The Raman spectra of these points around
the 2D band are shown in Figs. 3(d)–3(f). The 2D band
comes from a second-order double resonant process of zone-
boundary phonons. The full width at half maximum
(FWHM) of !30 cm"1 is the fingerprint of single layer
graphene (SLG).11) On the pillars [Fig. 3(d)], the 2D peak is
located at (2663$ 1) cm"1, which downshifts in comparison
with the value of !2680 cm"1 for graphene placed on a Si

Si /SiO2 substrate
LOR

graphene

e-beam

(a) (b)

(c) (d)

(e) (f)

Fig. 1. Fabrication process of nanopillars. (a) Graphene is deposited on a
Si/SiO2 substrate coated with LOR resist. (b) Excess e-beam is exposed for
the pillar pattern. In the LOR removal, graphene is suspended before being
dipped into water (c) but attached to the substrate after it (d). (e) and (f) are
optical and SEM images of suspended graphene with gold electrodes,
respectively. The scale bar in (f) is 2.5 !m.
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Fig. 2. (a) SEM image of graphene without lateral shift. The separation of
adjacent pillars is 1!m. (b, c) Schematic side view of the sample before (b)
and after (c) the LOR removal without the lateral shift of graphene. The
graphene section between pillars stretches to attach to the substrate. From
this model, one can estimate the average stretch between pillars. The result
for image (a) is shown in (d). (e) SEM image of graphene with noticeable
lateral shift. Dashed line and arrow indicate an edge of graphene and the
shift direction, respectively.
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Figure 10: Fabrication process of nanopillars taken from [25]. Graphene is deposited on a
Si/SiO2 substrate coated with lift-off resist (LOR). (b) Excess e-beam is exposed for the
pillar pattern. In the LOR removal, graphene is suspended before being dipped into water
(c) but attached to the substrate after it (d). (e) and (f) are optical and SEM images
respectively of suspended graphene with gold electrodes. The scale bar in (f) is 2.5 µm.

Another impressive possibility of inducing nonuniform strain in graphene samples was

reported by Tomori et al. using dielectric nanopillars placed between graphene and the
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substrate[25]. The strength and spatial pattern of the strain can be designed by the size

and separation of the pillars. In Fig. 10. The fabrication process of nanopillars is shown.

The strain regions in graphene films were confirmed by scanning electron microscopy

images and by spatially resolved micro-Raman spectroscopy (not shown here).

The Dirac equation formalism presented in this section will be used in Chapter 3

to study persistent currents and pseudomagnetic fields in strained graphene rings in the

presence of external magnetic fluxes. In Chapter 4 we discuss the local and total density

of states and the conductance of strained nanoribbons and hexagonal strained rings, both

with zigzag edges and in the presence of external magnetic fields, using the tight-binding

and the Green’s function formalisms. In order to better understand these problems, we

first show calculations of the hopping modification in tight-binding model due to in and

out-of-plane deformations in the graphene systems, using elasticity theory. After that, we

present the Hamiltonian expansion up to first-order on momentum and strain. We also

comment about the obtained Dirac Hamiltonian in an analogy to the Dirac equation in

curved space.

2.2.1 Hopping modification in tight-binding model

Within a tight-binding model, the effects of lattice deformations may be incorporated

into the hopping integrals tn between nearest-neighbors [14]. The new distances to the

first neighbors (δ′n) are obtained making use of elasticity theory and the first-neighbor

vectors are given by

δ′n = δn · (I + ε) , (2.34)

with the strain tensor, εαβ = 1
2

(∂αuβ + ∂βuα + ∂αh∂βh), being characterized by uα and h,

the in- and out-of-plane deformations, respectively [49], and indices α and β representing

directions on the 2D plane. Notice that, for a given atom at lattice site (x, y) and neighbor

site (xn, yn), the unstrained n-th nearest-neighbor vector is δn = (δxn, δ
y
n) = (xn−x, yn−y).

It is important to mention that the deformations are computed at each site (x, y) in the

undeformed lattice.

Expanding the interatomic distance l′n = |δ′n| up to first-order in strain, one obtains

l′n = a

(
1 + εxx|x,y

(δxn)2

a2
+ εyy|x,y

(δyn)2

a2
+ 2εxy|x,y

(δxnδ
y
n)

a2

)
. (2.35)

It is possible to parametrize the hopping integral variations according to inter-carbon
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distance as [50]

tn = t0e
−β

(
l′n
a
−1

)
, (2.36)

where β = |∂ log t0/∂ log a| ≈ 3 in graphene. In that sense, expanding the exponen-

tial up to first order in strain, one obtains the important relation tn = t0 + δtn =

t0
(
1− βεαβδαnδβn/a2

)
, with repeated greek index summation convention being used th-

roughout for greek index.

The tight-binding Hamiltonian for electrons in strained graphene in reciprocal space

is given by

H =
∑

n

∑

k

t0
(
1− βεαβδαnδβn/a2

)
e−ik·ra†kbk + h.c. . (2.37)

One can see that the hopping energy is modified in magnitude. In fact the hoppings

to the first neighbors are expected to decrease when the system is strained, i.e., when

the first-neighbors distances are bigger than the atomic lattice. The strain effect on the

hopping is similar to the magnetic field effect in the tight-binding Hamiltonian, although

the hopping modification generated by the magnetic field always introduces an imaginary

part on it. Interesting interpretations are obtained in analysing the electrons dynamics in

strained regions when considering the low energy limit in graphene. In order to obtain it,

the deformation is given in the long-wavelength limit and the Hamiltonian is expanded

around the two K and K′ valleys on first-order in strain parameters and in momentum.

2.2.2 Pseudomagnetic fields in the K · p representation

The Hamiltonians around the two inequivalent Dirac points are given byH = H0+Hδt,

where H0 is the unstrained Hamiltonian. The additional terms in the Hamiltonian are

obtained expanding it up to first order in momentum

Hδt =
∑

~q,n

t0
(
−βεαβδαnδβn/a2

)
e−i

~K· ~δna†~qb~q +

+
∑

~q,n

t0
(
−βεαβδαnδβn/a2

)
e−i

~K· ~δn(−i~q · ~δn)a†~qb~q + h.c. . (2.38)

After the expansion around the Dirac valleys, the resulting Hamiltonian in the pre-

sence of inhomogeneous strain and external magnetic field (given by B = ∇×Aext) can

be written in a generalized Dirac form (in the K valley) as

H = −ivkjσk
(
∂j + i

e

~
Aextj

)
− iv0σjΓj + v0

e

~
σjA

δt
j . (2.39)
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The first additional term in Eq. 2.38 is written as a vector potential. It appears con-

nected to momentum in Eq. 2.39. This vector potential inherits the trigonal symmetry

of the lattice and gives origin to the giant pseudomagnetic field as discussed in the expe-

riments in the beginning of this section 2.2. The vector potential generated by strain for

the Hamiltonian around K-valley is given by [14]

Aδt
i (r) =

Φ0

2π

(−β
2a

)
(εxx − εyy,−2εxy) , (2.40)

while the pseudomagnetic field is given by Bps = ∇×Aδt. This field reflects the fact that

the graphene lattice is anisotropic and have rotational symmetry of 2π/3.

Notice that this term has a linear dependence on strain tensor, while the second term

in Eq. (2.38) is linear dependent on both strain and momentum. Although this term

corresponds to higher order correction, it explains some discrepancies between different

models for strained graphene. In the covariant approach based on quantum field theory

in curved space, using a metric related to the strain tensor, a Fermi velocity renorma-

lization is expected and a corresponding geometric gauge field [27]. In analogy with

the Dirac equation in curved space, using the lattice description, one has to consider

the symmetrization of terms involving the product qiεij in Eq. (2.38), which results in

qiεij → − i
2
∂i(εij) + εij(−i∂i) leading to coupled gauge field and Fermi velocity corrections

[51].

The renormalized Fermi velocity tensor is position-dependent [27],

vij(r) = v0

(
Iij −

β

4
(2εij + Iijεkk)

)
, (2.41)

where I is the 2×2 identity matrix. Inhomogeneous strains also yield an effective geometric

vector potential given by

Γi(r) = −β
4

(
∂jεij +

1

2
∂iεjj

)
. (2.42)

The geometric gauge field could be associated to a complex vector potential because

of the way it appears in the Hamiltonian. However, the correct interpretation of Γi can

be obtained using the Pauli matrices identity iσkσ3 = εklσl to rewrite the relevant term

as −iv0σiΓi = v0σiΓ̃i, with

Γ̃1 = Γ2σ3, and Γ̃2 = Γ1σ3 . (2.43)

Although these relations present a change of sign for each sublattice, Γi appears in the
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covariant model as a spin connection associated to fermions propagating in a curved

background [52]. This Γi is not a vector potential and will not give rise to pseudomagnetic

fields.

At the K′ valley, both vij(r) and Γi(r) reamins the same as at the K valley, while the

vector potential Aδtj (r) changes sign, preserving the overall time-reversal symmetry of the

system in the absence of Aext.

One important point about the modified Hamiltonian in Eq. 2.38 is related to the

way the trigonal vector potential, Aδt, and the Fermi velocity, vij(r), affect the physics

responses of strained systems [52]. In order to discuss it, we derive the probability density

and probability current density in strained graphene.

Following the curved space description [53], the Pauli matrices σi should be replaced

by local quantities σµ(r). Therefore, the solution for the current will probably be based

on these transformations. Starting from the time-dependent Dirac equation, taking into

account strain and external magnetic field effects

i
∂ψ

∂t
= −i (vij(r)σi∂j + v0σiΓi(r))ψ +

e

~
(
vij(r)σiA

ext
j (r) + v0σiAi(r)

)
ψ , (2.44)

and replacing the renormalized Fermi velocity vij(r) and the geometric gauge field Γi(r),

given by Eq. (2.41) and (2.42), respectively, we obtain

i
∂ψ

∂t
= −iv0

(
Iij −

β

4
(2εij + Iijεkk)σi∂j

)
ψ + (2.45)

+ v0σi

(
∂jεij +

1

2
∂iεjj

)
ψ +

e

~
(
vijσiA

ext
j + v0σiAi

)
ψ .

Grouping the derivatives by partial integration and the replacement rule that guarantees

hermiticity, one gets ∂k(εijψ) = εij∂kψ + 1
2
∂k(εij)ψ, and

i
∂ψ

∂t
= −iv0∂jIijσiψ −

β

4
v0∂j (2εij + Iijεkk)σiψ +

e

~
(
vijσiA

ext
j + v0σiAi

)
ψ . (2.46)

It is possible to group again the terms forming the Fermi velocity

i
∂ψ

∂t
= −i∂jvijσiψ +

e

~
(
vijσiA

ext
j + v0σiAi

)
ψ . (2.47)

Multiplying by ψ† from the left

iψ†
∂ψ

∂t
= −iψ†∂jvijσiψ +

e

~
ψ†
(
vijσiA

ext
j + v0σiAi

)
ψ , (2.48)
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and obtaining the correspondent adjoint equation

−i∂ψ
†

∂t
ψ = i(∂jψ

†vijσi)ψ +
e

~
ψ†
(
vijσiA

ext
j + v0σiAi

)
ψ , (2.49)

we obtain the conservation law

∂

∂t
(ψ†ψ) = −∂j(ψ†vijσiψ) , (2.50)

where ψ†ψ is the probability density ρ, ψ†vij(r)σiψ the current density Jj, and σj(r) =

vij(r)σi.

Let’s consider that the eigenfunctions are given by ψ = ψ0 + βψδt where ψ0 is the

solution of the unperturbed system and we use the β-parameter to represent the linear

dependence of the wave functions on strain. The renormalized Fermi velocity can also be

split into two terms as vij = v0 + βνij. Therefore, the probability current density can be

separated in many contributions, given by

Jj = ψ†0v0σiψ0 + βψ†δtv0σiψ0 + βψ†0v0σiψδt + βψ†0νijσiψ0

+ β2ψ†δtv0σiψδt + β2ψ†δtνijσiψ0 + β2ψ†0νijσiψδt , (2.51)

The above derivation will be used in Chapter 3 in persistent current calculations

for strained graphene rings. Next, we present the formalism used to calculate transport

properties of graphene systems connected to metalic reservoirs that will be studied in

Chapter 4.

2.3 Electronic transport of graphene nanosystems

The peculiar characteristics of graphene electronics, namely the gapless Dirac spec-

trum at low carrier concentration and the chiral nature of its carriers, among others, have

motivated experimentalists and theoreticians to explore the aspects of graphene electro-

nic transport properties. The first main step in this direction was given by Novosolov et

al.[1] establishing graphene electronic transport properties by gating the graphene device

which allows a continuous change of the 2D graphene carrier density. They have reported

high quality atomic thin films with ballistic electronic transport at submicron distances.

Since this discovery made by mechanical exfoliated graphene samples, several methods of

graphene fabrication have been used to improve its quality. However, differently from the

common expectation, 2D graphene presents a finite conductivity at zero doping, generated

by evanescent waves [46], which makes difficult to electronic engineer it as a transistor.
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An alternative for this issue is obtained using nanoribbons which have finite size in one of

the graphene directions. It is known that armchair nanoribbons (families 3N and 3N+1)

behave as semiconducting nanostructures, presenting finite gaps, as mentioned in Sec.

2.2.3. On the other hand, nanoribbons patterned using standard microelectronics litho-

graphy methods[54] have been shown to have disordered edges that reduce the electronic

mobilities. The experimental challenge of developing better possibilities to interconnect

nanoscopic graphene structures with control of the nanoribbons edges remains quite ac-

tual, although some promising advances have been obtained recently [39, 40, 41].

In what follows we present the model used in this thesis to calculate the transport

properties of a graphene nanosystem described by a tight-binding Hamiltonian. The

graphene system is connected to left and right contacts and the charge carriers transmis-

sion is calculated using the Landauer formalism and time independent Green’s functions

technique. We based our discussion following the derivations adopted in [47, 55, 56, 57].

2.3.1 Electronic transmission within Landauer formalism

Mesoscopic physics is responsible for describing systems of the size of some atoms and

also bigger systems that can reach micrometers, in the lower and upper limit, respectively.

In mesoscopic systems, one can identify different transport regimes according to the rela-

tive size of various length scales determined by different scattering mechanisms. Here we

deal with conductors that belong to the atomic scale. In this limit, the concept of quan-

tum coherence must be well understood because it plays an important role in analyses of

transport properties.

A fundamental length scale is the phase-coherence length, Lφ, which measures the

distance in which the electron wave phase is preserved. Phase coherence can be destroyed

by inelastic scattering mechanisms such as scattering of an electron by magnetic impu-

rities. Scattering by non-magnetic impurities does not affect the coherence length, since

it is static. The mesoscopic regime is determined by the condition L < Lφ, where L is

the length of our sample. Another important length scale is the elastic mean free path

l, which measures the distance between elastic collisions with impurities. It is related

to the variation of momentum when the electron is scattered from one state to another.

The regime l � L is called ’diffusive’. On the other limit, when l > L the ’ballistic’

regime is reached and the electron momentum can be assumed to be constant. An addi-

tion length scale is given by the Fermi wavelength,λF , because at low temperatures the

electronic current is carried mainly by the electrons with energy close to the Fermi level.
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In this discussion we assumed λF being much smaller than the characteristic sizes of the

conductor.

The Landauer formalism makes it possible to obtain the conductance of atomic-scale

conductors in the limit of coherent transport. It relates the transport problem of conduc-

tors to the transmission probability for one electron to cross the system as in a scattering

problem. Mathematically, the Landauer formula is given by

G =
2e2

h

N∑

n=1

Tn , (2.52)

where the summation runs over all available conduction modes and Tn are their individual

transmissions. Two main points should be highlighted for ballistic conductors. One of

them is the fact that the conductance is quantized, with the minimum limit given by

(2e2/h) ∼ (12.9KΩ)−1 when the mode is perfectly conducting. The other important point

is that the current depends on the number of states contributing to the conductance, which

is dependent on the contact size. For ballistic systems the conductance as a function of

the Fermi energy has a step-like behavior which may be altered by the application of a

gate voltage, i.e., changing the number of modes available in a finite size contact.

The Landauer formalism is based on the relation between current and transmission.

Consider a conductor connected to left and right reservoirs. The total electrical current in

the system is given by the difference between the currents flowing from left to right JL→R
and the current flowing from right to left JR→L, due to the electrical potential differences.

The current is also proportional to the electron occupation in the left and right reservoirs,

given by the Fermi functions fL/R in each contact. Notice that the Fermi functions depend

on the chemical potential that can be shifted by an applied bias voltage, V . Then, the

total current is written as

I(V ) =
2e

h

∫ ∞

−∞
dET (E) [fL(E)− fR(E)] , (2.53)

including a factor of 2 due to spin degeneracy. For very small voltage differences between

the leads, the current behaves in the linear limit. It means that the current is a linear

function of the applied voltage difference V . It can be expressed as I = GV , where the

conductance is G = (2e2/h)T for one available conduction mode (see eq. 2.52), with the

transmission being evaluated at the Fermi energy.

The transmission probability can be calculated in terms of the conductors Green’s

functions and the coupling functions between the central conductor and the leads. In
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the next section, we start showing the procedure to calculate the Green´s functions of a

coupled system, relating it to a physical quantity to the local density of states (LDOS)

and the total density of states (DOS). Also, we include the effects of the leads as per-

turbations to the system using their self-energies for the central part. We conclude the

section showing the conductance written in terms of Green’s function using the Fisher-Lee

relations[56].

2.3.1.1 Time independent Green’s functions formalism

Green’s functions techniques are usually used to solve differential equations. They

can be defined as the inverse of differential operators.

The single-particle problem in a quantum mechanical system is described by the

Hamiltonian operator, H(r). The Green’s function G(r, r′) associated to this Hamiltonian

can be defined as

[ε−H(r)]G(r, r′) = δ(r− r′) , (2.54)

where

H(r) = − 1

2m
∇2

r + V(r) , (2.55)

with V (r) being an external potential acting on the particle. The Green’s function depends

both on the spatial coordinate and on the energy, ε. This problem presents two possible

solutions for G(r, r′). In order to select one of them, one could assume the energy ε =

E ± iη as a complex quantity, defining two types of Green’s functions: the retarded,

Gr(r, r′), and the advanced, Ga(r, r′), given by

lim
η→0

[(ε+ iη)−H(r)]Gr(r, r′) = δ(r− r′) , (2.56a)

lim
η→0

[(ε− iη)−H(r)]Ga(r, r′) = δ(r− r′) . (2.56b)

Gr(r, r′) can be related to the propagation of the particle forward in time, while

Ga(r, r′) describes the particle propagation backward in time [55].

If H is the Hamiltonian operator of the system, one can define the retarded and

advanced Green’s functions as

Gr,a(E) = lim
η→0

[(E ± iη)I−H]−1 , (2.57)

where Gr,a(E) is the time-independent Green’s function operator and I is the identity

operator. It is possible to see that Gr(E) = [Ga(E)]†, which means that we only need
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to obtain one of the two Green’s functions. Using a complete set of eigenstates, we can

write the Green’s functions as

Gr,a(E) =
∑

n

|ψn〉 〈ψn|
E − En ± iη

. (2.58)

Using the Cauchy identity

lim
y→0+

1

x± iy = P

(
1

x

)
∓ iπδ(x) , (2.59)

where P denotes the principal part. It is possible to write the discontinuity of the Green’s

functions, known as causal Green’s functions (G̃(E)), in terms of a delta function

G̃(E) ≡ Gr(E)−Ga(E) = −i2πδ(E − En) , (2.60)

or, in the spatial representation, given by

G̃(r, r′;E) = −i2π
∑

n

δ(E − En)ψn(r)ψ∗n(r) . (2.61)

Then, the diagonal elements of the causal Green’s function (the imaginary part, Im,

of the retarded and advanced Green’s functions), is related to the local density of states

of the system at position r, defined as

ρ(r, E) =
i

2π
G̃(r, r;E) = ∓ 1

π
=(Gr,a(r, r;E)) =

∑

n

| 〈r| ψn〉 |2δ(E − En) . (2.62)

This quantity is largely studied because many physical quantities can be obtained

from it. For example, the conductance is affected by the distribution of charge density

through the sample. From the experimental point of view, the LDOS can be measured

using a scanning tunneling microscopy (STM) with atomic resolution.

The total density of state is also obtained from the LDOS, being the sum of the local

density of states at all possible positions in the system

ρ(E) = ∓ 1

π
Im(Tr[Gr,a(E)]) =

∑

n

δ(E − En) , (2.63)

so that, ρ(E)dE is the number of states in the energy range [E,E + dE].
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2.3.1.2 Dyson’s equation

Let us consider a case in which the system is modified by a potential V and the total

Hamiltonian H can be written as

H = H0 + V . (2.64)

with H0 being the unperturbed Hamiltonian.

Then, from the definition of the Green’s function, we have

Gr,a(E) = [(E ± iη)I−H0 −V]−1 , (2.65)

and the Green’s function for the unperturbed system is given by

gr,a(E) = [(E ± iη)I−H0]−1 . (2.66)

Taking these two equations into account, it is possible to obtain the relation known

as Dyson’s equation, expressed as

Gr,a(E) = gr,a(E) + gr,a(E)VGr,a(E) . (2.67)

The potential operator V could represent, for example, the coupling between two

particles in a hydrogen molecule, or the connection between one particle to a semi-infinite

linear chain.

Considering a periodic lattice described by a tight-binding Hamiltonian, one may write

a particular Dyson’s equation for this system, assuming that H0 represents the isolated

sites (individual atoms or chains of atoms) and V corresponds to the interaction energy

between the atoms:

Gr,a
ij (E) = δijg

r,a
i (E) + gr,ai (E)

∑

l 6=i
VilG

r,a
lj (E) , (2.68)

where gi represents the local atomic Green’s function for the isolated part and Gr
ij is the

propagator between the sites i and j. The potential Vil is the hopping energy between

sites i and l of the system.
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2.3.1.3 Finite system connected to infinite leads

In the cases of the systems considered in this thesis that are formed by a central

conductor connected to two terminals, one takes into account a modification of it corres-

ponding to the coupling between the conductor and the two leads. We split the system

in three regions: the conductor in the central part and the left and right leads [58]. We

assume that there is no direct coupling between the reservoirs.

The Green’s function for the complete systemG(E) can be partitioned as submatrices

GC(E), GL(E)(GR(E)), GCL(E)(GRC(E)) and GLC(E)(GCR(E)), that represent the

Green’s function for the central system C, the Green’s function for the left (right) contact

L(R) and the propagator from L(R) to C and from C to L(R), respectively.

We start by showing the description of the conductor connected only to one of the

leads, for example, the left contact. In the matrix form, the Green’s function is given by
(

GL(E) GLC(E)
GCL(E) GC(E)

)
=

(
(E + iη)I−HL tL

t†L EI−HC

)−1

. (2.69)

where HC and HL are the Hamiltonians of the isolated systems C and L, respectively,

and tL is the coupling energy between the terminal L and the central part C. One should

stress that according to the matrix approximation adopted, only adjacent sites in the

conductor and in the leads are considered to interact. One may use the relation between

inverse matrix and the identity matrix I to obtain the following relations

((E + iη)I−HL)GLC(E) + tLGC(E) = 0 (2.70a)

(EI−HC)GC(E) + t†LGLC(E) = I . (2.70b)

From the Eq. 2.70(a), one obtains

GLC(E) = − [(E + iη)I−HL]−1 tLGC(E) = −gL(E)tLGC(E) , (2.71)

with gL(E) = [(E + iη)I−HL]−1 being the surface Green’s function of the isolated lead.

Replacing the previous equation in Eq. 2.70, the Green’s function of the finite con-

ductor is obtained taking into account the surface Green’s function from the infinite lead

GC(E) = −
[
EI−HC − t†LgL(E)tL

]−1

, (2.72)

with gL(E) = [(E + iη)I−HL]−1 being the surface Green’s function of the isolated left

lead.
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The effect of the leads are additive. Then, the Green’s function for the central part,

considering both leads, is expressed as

Gr,a(E) = [EI−H0 −ΣL(E)−ΣR(E)]−1 , (2.73)

with all the leads information included in the self-energies, defined as ΣL(E) = t†LgL(E)tL
and ΣR(E) = t†RgR(E)tR. An effective Hamiltonian for the central part of the system

can be obtained considering the leads self-energies

H = HC + ΣL + ΣR . (2.74)

Therefore, the contacts pertubations are included in the conductor description in

terms of self-energies that depend both on the coupling to the leads (tL) and on their

electronic structure (gL and gR). The problem considered involves an open system with

semi-infinite leads, being impossible to calculate the leads Green’s function by inversion

of the matrix. It is important to remember that only terms that are nearest-neighbors

in the conductor and in the leads will contribute to the self-energies. In fact, there are

different methods to obtain these self-energies. In particular, it is possible to obtain an

analytic expression for the left (ΣL(E)) and right (ΣR(E)) contacts for the case of square

lattice contacts, even when the system is infinity. However it is not the case in general.

For other infinite systems, as the one given by the honeycomb lattice, the self-energies

due to the contacts can be calculated numerically making use of decimation methods,

a recursive technique based on the Dyson’s equation. This real space renomalization

technique has been largely explored in our group in different carbon systems [59, 60].

Details in decimation methods can be found in refs. [61, 62, 47].

2.3.1.4 Transmission using Green’s function formalism

As mentioned before, a relation between the Green’s function and the Landauer for-

malisms can be achieved using scattering matrix theory. This makes possible to describe

the transmission function TLR between the left and right contacts in terms of the Green’s

functions as

TLR = Tr [ΓRGr
CΓLGa

C ] . (2.75)

where ΓL/R = i(Σr
L/R −Σa

L/R) is called the hybridization function [56] that describes the

strength of the coupling of the leads and the conductor.
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Therefore, the Landauer formula for one available conduction mode is expressed as

G =
2e2

h
Tr [ΓRGr

CΓLGa
C ] . (2.76)

Finally, we conclude commenting that if the self-energy were Hermitian matrices,

the hybridization function would be zero. It is not the case in general, meaning that

the eigenvalues of states in the conductor not only shifts in energy, but they are not

real anymore. Because of the leads, the states in the conductor have a finite lifetime,

corresponding to the time it survives inside the conductor without escaping to the leads.

The probability density of these states are also affected by the leads, with a shifting and

broadening of the peaks depending on the states lifetime.

All the electronic transport properties of the systems that will be considered in Chap-

ter 4 were obtaneid by making use of the Green’s function formalism and the Landauer

equation within linear response theory.
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3 Strained graphene rings in the
presence of external magnetic
fluxes

Different physical responses can be obtained from graphene rings in an Aharonov-

Bohm (AB) geometry. The presence of periodic boundary conditions makes possible the

observation of persistent currents that depend on the magnetic fluxes threadening the ring

and on the overall system size. Another feature that characterizes the ring periodicity is

the presence of conductance oscillations in transport measurements [63, 64, 65]. Several

experiments have verified the presence of AB conductance oscillations with different visi-

bility for different device geometries [66, 67, 68, 69, 70]. Other experiments have also used

large AB graphene rings in order to probe the coherent transport in graphene samples.

[40]. A recent review of quantum interference in graphene rings discusses open questions

in the field [71].

Some formalism have already been used to describe the electronic properties of graphene

rings. Tight-binding calculations were performed to explore the edges and size dependence

of graphene rings in different shapes [72, 73, 74, 75, 76]. Using the continuum limit, the

diagonalization of the Hamiltonian in a ring geometry results in interesting eigenstates

and persistent current patterns for states at and near the Dirac point (charge neutrality

point), depending on the boundary conditions applied. Interestingly, the ‘infinite mass’

confinement [34, 44, 79, 80] that requires null current density across the boundaries results

in persistent currents that are ‘valley polarized’, similarlly to zigzag rings, in the presence

of external magnetic fields [63]. As we have discussed before, pseudomagnetic fields gene-

rated by elastic deformations in graphene do not break time-reversal symmetry. In this

way, the valley polarized system and the presence of the external field are excellent choices

to analyze the effects of induced curvature in persistent currents. Graphene rings were

also analyzed recently, using molecular dynamics formalism to compute pseudomagnetic

fields in deformed graphene rings with clamped edges[77].
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In this section, we study the effects of strain on the electronic properties and on

persistent current characteristics of a graphene ring. We use the Dirac representation

and elasticity theory to investigate the interplay between pseudomagnetic field generated

by strain and external magnetic fluxes. We start by summarizing the results for a flat

graphene ring in a magnetic flux [63], to provide a suitable framework for the ring with

deformation.

3.1 Unstrained graphene rings

We consider a ‘flat’ ring, so that the polar coordinates are appropriate for this system.

Let’s begin by transforming the 2D-Dirac Hamiltonian for K valley as follows

H0 = −iv0

(
~σ · ~∇

)
, (3.1)

where ~σ = σxx̂+σyŷ. The gradient in the previous equation can be written as ~∇ = ∂rr̂+

1/r∂θθ̂ in polar coordinates. We also need the coordinate relations r̂ = cos (θ) x̂+sin (θ) ŷ

and θ̂ = − sin (θ) x̂+cos (θ) ŷ to replace into the gradient. Then the Hamiltonian obtained

is

H0 = −iv0

[
σx

(
cos (θ) ∂r −

1

r
sin (θ) ∂θ

)
+ σy

(
sin (θ) ∂r +

1

r
cos (θ) ∂θ

)]
, (3.2)

which in short notation corresponds to

H0 = −iv0

[
Λ1(θ)∂r + Λ2(θ)

1

r
(∂θ)

]
, (3.3)

with Λ1(θ) = σx cos θ + σy sin θ and Λ2(θ) = −σx sin θ + σy cos θ.

When the ring is threaded by a magnetic flux Φ with ~Aext = (Φ/2πr)θ̂, the Hamilto-

nian is given by

H0 = −iv0

[
Λ1(θ)∂r + Λ2(θ)

1

r

(
∂θ + i

Φ

Φ0

)]
. (3.4)

Solving the eigenvalue problem H0ψ = Eψ, where the upper (lower) component of

the spinor corresponds to ψA (ψB) for the K valley and using the variable separation

ψi = Θi (θ)φi (r), with i corresponding to the sublattice index, A or B, one obtains

H0Ψ = −iv0

[(
0 e−iθ

eiθ 0

)
∂r − i

(
0 e−iθ

−eiθ 0

)(
∂θ + i

Φ

Φ0

)](
ΘA (θ)φA (r)
ΘB (θ)φB (r)

)
.

(3.5)

Based on the periodicity of the ring, one may propose the solution for the angular



37

part in terms of the orbital angular momentum

ψm̄(r, θ) =

(
eimθφA (r)
einθφB (r)

)
, (3.6)

with m(n) = 0,±1,±2, ... Then, the following set of equations are obtained

−iv0

[
eiθ∂rφA (r) eimθ −

(
m+ Φ

Φ0

r

)
eiθφA (r) eimθ

]
= EφB (r) einθ , (3.7)

−iv0

[
e−iθ∂rφB (r) einθ +

(
n+ Φ

Φ0

r

)
e−iθφB (r) einθ

]
= EφA (r) eimθ , (3.8)

These equations are independent on the θ coordinate only if the relation n = (m+ 1)

between the spinors orbital angular momenta is respected. It is also possible to decouple

the equations in terms of a single spinor component in order to solve the radial part of the

wavefunctions. One should also define an effective angular momentum m̄ = m+ Φ/Φ0.

The radial equations are given by

∂2
rφA (r) +

1

r
∂rφA (r) +

(
ε2 − m̄2

r2

)
φA (r) = 0 , (3.9)

∂2
rφB (r) +

1

r
∂rφB (r) +

(
ε2 − (m̄+ 1)2

r2

)
φB (r) = 0 , (3.10)

with ε = E/~v0. These are differential equations of Bessel functions. Therefore, the wave

functions for energy ε are given by [63]

ψm̄,s(r, θ) = eimθ
(

φm̄(r)
iseiθφm̄+1(r)

)
, (3.11)

where φm̄(r) = Am̄Jm̄(kr) + Bm̄Ym̄(kr), Jm̄ and Ym̄ being Bessel functions of first and

second kind, respectively. The wave vector is given by k = s|ε| and s = sgn(ε) is the

energy sign.

Making use of the continuity equation and of the divergence theorem, it is possible to

describe the probability densities and persistent currents in the ring geometry.

− ∂

∂t

∫

S

ρdS =

∫

S

~∇ · ~JdS =

∮

C

~J · n̂dl = 0 , (3.12)

where ρ is the probability density and ~J is the current probability density and the normal

vectors to the boundaries are n̂ = ±r̂ for the inner (−) and outer radius (+) of the ring.

This equation implies that the current can not flow through the ring edges. One notices
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that a persistent current circulating on the ring surface is viable

I =

∫ r2

r1

~J · θ̂dr , (3.13)

if an external magnetic field is applied perpendicularly to the ring.

The charge density and current density probabilities satisfying the continuity equation

for unstrained graphene are given by ρ = ψ†ψ and Jj = v0

~ ψ
†τσjψ, respectively, where

τ = ±1 identifies the two K(+) and K ′(−)valleys [34].

As mentioned before, the infinite-mass boundary condition requires null current den-

sity across the edges and it is very attractive because it keeps the valley-decoupled des-

cription for graphene in the continuum limit. Then, the energy spectrum is obtained from

the transcendental equation that arises after imposing infinite-mass boundary conditions

(sec2.1.3) at inner (r1) and outer radii (r2) [34, 63], given by

ψB(r, θ)/ψA(r, θ) = iτ n̂ · r̂eiτθ . (3.14)

As a consequence of the confinement, we obtain two equations,

Am̄ (sJm̄(kr1) + Jm̄+1(kr1)) = −Bm̄ (sYm̄(kr1) + Ym̄+1(kr1)) , (3.15)

Am̄ (sJm̄(kr2)− Jm̄+1(kr2)) = −Bm̄ (sYm̄(kr2)− Ym̄+1(kr2)) . (3.16)

The transcendental equation is then given by,

(Jm̄(kr1) + sJm̄+1(kr1))

(Jm̄(kr2)− sJm̄+1(kr2))
=

(Ym̄(kr1) + sYm̄+1(kr1))

(Ym̄(kr2)− sYm̄+1(kr2))
. (3.17)

Let’s discuss the eigenvalue problem and the used infinity-mass boundary condition for

the K ′ valley. It is possible to represent the K ′ valley Hamiltonian by the same equation

than the K valley, known as the isotropic-valley representation. Willing to obtain it, a

rotation in the spinor base is applied as follows [34]

ψm̄′,s (r, θ) =

(
−ψ′B (r, θ)
ψ′A (r, θ)

)
. (3.18)

The upper and lower components for the Dirac hamiltonian in polar coordinates were al-

ready obtained, giving rise to ψ′A(r, θ) = isei(m
′+1)θφm̄′+1 (r) and ψ′B(r, θ) = −eim′θφm̄′ (r),

where m′ = 0, 1, 2... is the orbital angular momentum in K ′ valley.

Using the infinite-mass condition in Eq. 3.14 for the K ′ valley (τ = −1), the trans-
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cendental equation becomes

(Jm̄′(kr1)− sJm̄′+1(kr1))

(Jm̄′(kr2) + sJm̄′+1(kr2))
=

(Ym̄′(kr1)− sYm̄′+1(kr1))

(Ym̄′(kr2) + sYm̄′+1(kr2))
. (3.19)

The total angular momentum operator is a good quantum number for this system.

The K and K ′ valley eigenstates for a given m(m′) have a total angular momentum j(j′),

defined by the operator Jz = −i∂φ + σzτ/2; K and K ′ states with opposite momentum

j′ = −j are related by m′ = −(m+ 1). This relation is obtained due to the time-reversal

symmetry between valleys in the absence of external magnetic fluxes. The effective angular

momenta are also related by m̄′ = −(m̄+ 1). Notice that the boundary conditions (3.14)

are valley dependent and they do not mix valleys. In fact, a break of the valley degeneracy

for nonzero flux is evident in Fig. 11 [34, 63].
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Figure 11: Unstrained graphene ring. Energy spectra vs magnetic flux for ring with
internal and external radii given by r1 = 50 and r2 = 100nm, for different quantum
states: m (m′ = −(m + 1)) integer denotes results for K (K ′) valley given by dashed
(continuous) lines.

Fig. 11 shows the energy spectrum of a graphene ring vs magnetic flux; dashed and

continuous (blue) lines indicate results for K and K ′ valleys with m and m′ values,

respectively. Notice the quadratic dependence on Φ of these levels, which breaks valley

degeneracies in general. The energy spectrum is interpreted as overlaid spectra for each

valley, each one being asymmetric with respect to the magnetic flux, but which together

recover this symmetry.

We will also discuss in sec. 3.2 (Fig. 18) equivalent results that show the lowest energy

levels for a deformed ring (thicker red lines, in the lower part of graph).
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Figure 12: Unstrained graphene ring. Top: Electronic probability distribution along the
ring for m = 0 eigenstate (K valley) for (a)Φ = 0, and (b) Φ/Φ0 = 6. Bottom: Electronic
probability distribution along the ring for m′ = −1 (K ′ valley) for (c)Φ = 0, and (d)
Φ/Φ0 = −6. Main panels show the two spinor components separately; insets show total
distribution, |ψA|2 + |ψB|2.

Typical results for the spinor components |ΨA|2 and |ΨB|2 for m = 0 along the radial

direction are depicted in Fig. 12, for both (a) Φ/Φ0 = 0, and (b) 6. As expected, increasing

flux causes the charge density to be driven to the outer edge of the ring as the energy

of the state increases. (Notice that in Fig. 11 the m = 0 state is not in general the

lowest state as Φ increases.) We also show the same results for m′ = −1 state for both

(c)Φ/Φ0 = 0, and (d) −6. One can see that the opposite magnetic field direction causes

the same effect on the the ground state at K ′ valley than the one observed before at

K valley. It is also possible to notice that the requirement of the infinite-boundary is

satisfied, i.e., the probability densities are equal for both spinor components at the edges.

The horizontal (Jx) and vertical (Jy) density current components are written as

Jx = 2
v0

~
Re (ψ∗A(r, θ)ψB(r, θ)) , (3.20a)

Jy = 2
v0

~
Im (ψ∗A(r, θ)ψB(r, θ)) , (3.20b)

and are calculated for the same quantum ring structure.
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Figure 13: Unstrained graphene ring. Upper (lower) panel shows results for m = 0
(m′ = −1) at K(K ′) valley. Notice that counterpropagating edge currents for Φ = 0 (a)
and (c), indicated by red arrows, evolve to a current distribution mostly on the outer
radius for large Φ in (b) and (c).

We show in Fig. 13(a)-(d) the current probability densities, highlighting the strong

dependence on the magnetic flux. Notice that the current for K (K ′) valley at zero flux

is given by nearly compensated counterpropagating edges, while as the flux increases,

the current in the inner edge disappears. The presence of persistent currents in both K

and K ′ valleys, even at null field, is a result of the time-reverse symmetry breaking at

each valley. The overall time-reversal symmetry is restored when the global system is

considered taking into account contributions from both valleys and obtaining null current

at null flux. As we will see in sec 3.2.2, the interaction with the pseudomagnetic field

generated by the deformation gives rise to an intricate current pattern.

Another interesting feature in the persistent current is the existence of a characteristic

radius, rz, where the local current density is zero. It happens because one of the spinor

components vanishes at this point. We show below in Fig. 14 the radius dependence on

the external flux Φ for a flat graphene ring with radii described before.

Due to the characteristic radius behavior, is it possible to determine the counter-

clockwise (r1 < r < rz) and the clockwise (rz < r < r2) contributions for the current. In
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magnetic flux.
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Figure 15: Persistent current for m = 0 state at K valley at null field. (a) Current
densities around the ring. (b) Electronic current through the ring; green and red lines
correspond to counterclockwise and clockwise current contributions, respectively, and the
blue line is the sum of both contributions.

Fig. 15(a), we visualize the currents with clockwise j0,c and counterclockwise j0,cc directi-

ons. We obtain the net current result circulating in the ring j0 = j0,c + j0,cc, as shown in

Fig. 15(b) in blue lines.

When the flux is varied from Φ/Φ0 = 0.0 to −0.5, the counterclockwise part contribu-

tes more to the net flux. There is an specific magnetic flux value for which both current

directions contribute equally and the net current is zero, as can be seen in Fig. 16(a). We

also show in Fig. 16(b) the flux dependence of the energy for the m = 0 state. This figure

is compatible to Fig. 11, although it emphasizes the lowest state in K valley. In agreement

with its spectrum, the value of magnetic field with minimum energy corresponds to a flux

where the current cancels, Φ/Φ0 ≈ −0.18, as pointed in both graphs by the black arrows.
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Figure 16: (a) Magnetic field dependence of the net electronic current through the ring
for the ground state (m = 0, K-valley from Φ/Φ0 = −0.5 to 0.0). (b) Energy spectrum
as a function of magnetic flux for the same state.

3.2 Strained graphene rings

We now consider an out-of-plane deformation given by a circularly symmetric Gaus-

sian shape [81] described by h = Ae−r
2/b2 . The strain tensor may be written as

ε = αf(r)

(
cos2 θ sin θ cos θ

sin θ cos θ sin2 θ

)
, (3.21)

where f(r) = 2 (r2/b2) e−2r2/b2 , with α = A2/b2 characterizing the strength of the strain

perturbation. A and b are the Gaussian amplitude and width, respectively.

The strain is inhomogeneous and, as a consequence, the geometric gauge field Γ is

nonzero and the renormalized Fermi velocity changes along the ring (see Eqs. (2.41) and

(2.42)). The space-dependent part of the Fermi velocity is given by

v = v0

(−βα
2

)
f(r)

[
I +

1

2
R (2θ)σz

]
, (3.22)

where R (θ) = I cos θ − iσy sin θ is the rotation matrix through an angle θ in the coun-

terclockwise direction. The Fermi velocity is tensorial now, and the resulting Dirac cone

becomes elliptical. The radial and angular components may be written as

vr = v0

(−3βα

4

)
f(r) and vθ = v0

(−βα
4

)
f(r) , (3.23)

while the gauge fields are

Γr =

(−βα
2

)
f(r)

(
2

r
− 3r

b2

)
and Γθ = 0 . (3.24)
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These changes can be seen as perturbations of the Hamiltonian in Eq. (3.4) given by

V1 = −iv0

(−βα
2

)
f(r)

[
Λ1(θ)dr + Λ2(θ)

dθ
r

]
, (3.25)

with dr = 3
2
∂r + 2

r
− 3r

b2
and dθ = 1

2

(
∂θ + i Φ

Φ0

)
. The vector potential perturbation V2 =

v0

(−βα
2a

)
f(r)Λ1(−2θ) is associated with a pseudomagnetic field ~Bps, given by

~Bps = ẑ
Φ0

2π

(−βα
2a

)
f(r)

4r

b2
sin (3θ) . (3.26)

We now present our main results [78] for strained rings considering the Gaussian

perturbation with characteristic system parameters: A = 7nm and b = 70nm, with a

relative deformation α = 1%, and the ring radii used in the unstrained graphene ring.

The size of the bump and the ring radii were related in order to obtain qualitatively

the pseudomagnetic field maxima inside the ring, as shown by the pseudomagnetic field

contour plot and by the dashed circles delimiting the ring boundaries in Fig. 17. It can

also be seen that the pseudomagnetic field produced by the Gaussian deformation in this

system has the underlying trigonal symmetry of the graphene lattice [16, 19]. In this case,

the field amplitudes reach ' 1.2T, and, as expected, when averaged over the entire ring,

the net pseudofield vanishes.

Figure 17: Map of pseudomagnetic field for K valley given by Eq. (3.26). Dashed lines
indicate the inner and outer ring edges.

The eigenvalue problem with H = H0 + V1 + V2 can be solved using perturbation
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theory on the α = A2/b2 parameter, keeping a sufficient number of states to achieve full

convergence of the results. We show some steps on the perturbation theory development.

The explict form of the potentials are given by

V1 = −iv0

(−β
2

)
αf(r)

[(
0 e−iθ

eiθ 0

)
dr − i

(
0 e−iθ

−eiθ 0

)
dθ
r

]
, (3.27)

V2 = v0

(−β
2a

)
αf(r)

(
0 ei2θ

e−i2θ 0

)
. (3.28)

Due to the angular dependence of the V2 perturbation, the first correction of non-

degenerate perturbation theory cancels out and it is necessary to use up to second order

theory on the α parameter.

We calculate the corrections of energy εi, εii, and of the wave functions ψi, with upper

index representing the correction order, given as

εikm̄,l = ν1km̄,l , (3.29a)

εiikm̄,l =
∑

qn̄,l‘ 6=km̄,l

|ν2qn̄,l‘,km̄,l |2
ε0km̄,l − ε0qn̄,l‘

, (3.29b)

ψikm̄,l =
∑

qm̄,l‘ 6=km̄,l

ν2qn̄,l‘,km̄,l
ε0km̄,l − ε0qn̄,l‘

ψqn̄,l‘ , (3.29c)

where the matrix elements ν1km̄,l and ν2qn̄,l‘,km̄,l are given by

ν1km̄,l = 2π

∫ r2

r1

v0

(
βα

2

)
f(r)× (3.30)

×
[
(Am̄Jm̄(km̄,lr) +Bm̄Ym̄(km̄,lr))

(
dr +

m̄+ 1

2r

)
(Am̄Jm̄+1(km̄,lr) +Bm̄Ym̄+1(km̄,lr))×

× (Am̄Jm̄+1(km̄,lr) +Bm̄Ym̄+1(km̄,lr))
(
dr +

m̄

2r

)
(Am̄Jm̄(km̄,lr) +Bm̄Ym̄(km̄,lr)) ] rdr ,

ν2qn̄,l‘,km̄,l =

∫ 2π

0

∫ r2

r1

v0

(−βα
2a

)
f(r)e−i(m−n)θ ×

×
(
Am̄Jm̄(km̄,lr) +Bm̄Ym̄(km̄,lr) −is(Am̄J ¯m+1(km̄,lr) +Bm̄Ym̄+1(km̄,lr))e

−iθ )×

×
(

0 ei2θ

e−i2θ 0

)(
An̄Jn̄(qn̄,l‘r) +Bn̄Yn̄(qn̄,l‘r)

is‘An̄Jn̄+1(qn̄,l‘r) +Bn̄Yn̄+1(qn̄,l‘r))e
iθ

)
. (3.31)
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The ν2qn̄,l‘,km̄,l matrix elements are nonzero only if n = m± 3, giving origin to

ν2qm̄−3,l‘,km̄,l = 2π

∫ r2

r1

v0

(−βα
2a

)
f(r)(Am̄Jm̄(km̄,lr) +Bm̄Ym̄(km̄,lr))×

× (is‘)(Am̄−3Jm̄−2(km̄−3,l‘r) +Bm̄−3Ym̄−2(km̄−3,l‘r))rdr , (3.32)

ν2qm̄+3,l‘,km̄,l = 2π

∫ r2

r1

v0

(−βα
2a

)
f(r)(−is)(Am̄Jm̄+1(km̄,lr) +Bm̄Ym̄+1(km̄,lr))×

× (Am̄+3Jm̄+3(km̄+3,l‘r) +Bm̄+3Ym̄+3(km̄+3,l‘r))rdr . (3.33)

It is important to mention that the calculations developed in this section were restric-

ted to eigenstates in K valley. The results for the other valley are obtained using an equi-

valence between states in both valleys with reverse total angular momenta,m′ = −(m+1).

At K valley, the perturbed wave functions may be written as

ψ(r, θ) =

(
a0(r) + ia1(r)e−i3θ + a2(r)ei3θ

ib0(r)eiθ − b1(r)e−i2θ − b2(r)ei4θ

)
eimθ , (3.34)

where the coefficients are defined as follows

a0(r) = Am̄Jm̄(km̄,lr) +Bm̄Ym̄(km̄,lr) ; (3.35a)

a1(r) =
νqm̄−3,l‘,km̄,l

i(ε0km̄,l − ε0qm̄−3,l‘
)
(Am̄−3Jm̄−3(km̄−3,l‘r) +Bm̄−3Ym̄−3(km̄−3,l‘r)) ; (3.35b)

a2(r) =
νqm̄+3,l‘,km̄,l

i(ε0km̄,l − ε0qm̄+3,l‘
)
(Am̄+3Jm̄+3(km̄+3,l‘r) +Bm̄+3Ym̄+3(km̄+3,l‘r)) ; (3.35c)

b0(r) = Am̄Jm̄+1(km̄,lr) +Bm̄Ym̄+1(km̄,lr) ; (3.36a)

b1(r) =
νqm̄−3,l‘,km̄,l

ε0km̄,l − ε0qm̄−3,l‘

(s‘)(Am̄−3Jm̄−2(km̄−3,l‘r) +Bm̄−3Ym̄−2(km̄−3,l‘r)) ; (3.36b)

b2(r) =
νqm̄+3,l‘,km̄,l

ε0km̄,l − ε0qm̄+3,l‘

(s‘)(Am̄+3Jm̄+4(km̄+3,l‘r) +Bm̄+3Ym̄+4(km̄+3,l‘r)) . (3.36c)

The energy of the two lowest states of the spectrum corrected by the Gaussian de-

formation are shown in Fig. 18 in thick (red) curves near the bottom of the panel, both

for solutions near K (dashed lines) and K ′ (solid) valleys. We find that the main cor-

rection comes from the V2 perturbation which contains the effects of the strain-induced

pseudomagnetic field, and produces energy shifts for the ground state as high as 10%.

From Eq. (3.34) We can write the explicit angular dependence of the probability
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Figure 18: Deformed graphene ring. Thicker red lines near E ≈ 17meV show lower levels
for the same ring as in Fig. 11, but with a Gaussian deformation.]

density for states in strained graphene rings.

|ψ(r, θ)A|2 = a2
0 + a2

1 + a2
2 + 2a1a2 cos(6θ) + 2(a0a1 − a0a2) sin(3θ) (3.37a)

|ψ(r, θ)B|2 = b2
0 + b2

1 + b2
2 + 2b1b2 cos(6θ) + 2(b0b1 − b0b2) sin(3θ) . (3.37b)

We also present the real and imaginary parts of ψ∗A(r, θ)ψB(r, θ) analitically. One can

obtain the persitent current given by Eqs. 3.20(a) and (b) replacing the following terms

Re[ψ∗A(r, θ)ψB(r, θ)] = (− sin(θ))(a0b0 + a1b1 + a2b2) + (a2b0 − a0b1) cos(2θ)+

+ (a1b0 − a0b2) cos(4θ) + a2b1 sin(5θ)− a1b2 sin(7θ) (3.38a)

Im[ψ∗A(r, θ)ψB(r, θ)] = (cos(θ))(a0b0 + a1b1 + a2b2)− (a2b0 − a0b1) sin(2θ)+

+ (a1b0 − a0b2) sin(4θ) + a2b1 cos(5θ) + a1b2 cos(7θ) . (3.38b)

Another term could be considered in the persistent current for strained graphene that

comes from the renormalization of the Fermi velocity. We did not explore this term

because it is neglectible compared to the main contribution described before.

When both the external magnetic flux and deformation strain are considered, the

superposition of fields with different symmetry affects the electronic states and induces

inhomogenities in the probability density distribution that will be considered in the next

section.



48

3.2.1 Probability density modulations

0 1.3

Figure 19: Deformed graphene ring. Contour plot of the local density |ψA|2 + |ψB|2 for
both valleys in the ground state for null magnetic field.

Spatial patterns of electron density are shown in Figs. 19 and 20(a)-(f), where zero and

finite fluxes are considered. The local electronic densities are shown by colored projections

along the ring. In Fig. 19 at zero flux, both K and K ′ states are degenerated and the

resulting probability density presents a six-fold symmetry. In Fig. 20(a) and (b) we show

the probability density corresponding to each valley. Due to the orientation change of the

pseudomagnetic field, the probability density in the K ′ valley has exactly the opposite

configuration than in K valley. When increasing the flux in Fig. 20(c)-(f) the states are

no more degenerate and a finite flux, either positive or negative, enhances the amplitude

modulations of the local probability density seen for zero flux at each valley: At K(K ′)

valley, a negative(positive) flux shifts the maxima towards the inner radius of the ring,

while a positive(negative) flux pushes the density towards the outer radius, as one would

expect from classical Lorentz force considerations and from the spectrum obtained in Fig.

18.

3.2.2 Angular dependent net current

The current density ~J over the strained graphene ring is displayed in Fig. 21(a), for the

lowest state in both valleys. The current density trends are represented by a set of small

(red) arrows, revealing intricate current configurations. The total current circulating in

the ring is null as a result of time-reversal symmetry conservation even in the presence of
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Figure 20: Deformed graphene ring. Contour plot of the local density |ψA|2 + |ψB|2 for
m = 0 state at Φ/Φ0 equals to (a) 0, (c) −0.4 and (e) 0.4. Equivalent results are shown
for m′ = −1 state at Φ/Φ0 equals to (b) 0, (d) 0.4 and (f) −0.4. A negative flux at K
valley, as shown, pushes the density towards the inner ring, while a positive flux shifts
weights to the outer radius. An opposite behavior is shown at the other valley.

HaL

J tot

F�F0=0

0 p
2

p 3 p
2

2 p
-0.15
-0.10
-0.05
0.00
0.05
0.10
0.15

!q

Cu
rre
nt
He
u 0
ê—
ä1
0-
3 L

!j0

!j

!HbL

Figure 21: (a) Vector plot of the local current density for both valleys in the ground state
for null magnetic field in deformed rings. (b) Current Angular dependence for K(K ′)
valley given by dashed (continuous) black lines. The red lines represent the sum of both
valleys contibutions, resulting in null current.

deformations. The currents for both valleys have fully inverted symmetry in θ canceling

the total cuntribution at null flux as seen in Fig. 21(b).
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Figure 22: Current distributions for (a) Φ/Φ0 = −0.4 for m = 0 state in K valley, for (c)
Φ/Φ0 = −0.4 for the m′ = −1 state in K ′ valley. Current variation, ∆ ~J = ~J − ~Jflat for
(b) K and (d)K ′ valleys, where ~Jflat is the current for a flat ring–shown in Fig. 13 –can be
seen as the net effect produced by the deformation. Notice six vortices with alternating
circulation and cores near maxima/minima of the pseudomagnetic field [see Fig. 24].

In Fig. 22, we also show the current density profile at finite magnetic flux (a) Φ/Φ0 =

−0.4 and (c) Φ/Φ0 = 0.4 for the ground state for each K and K ′ valleys, respectively. The

current density exhibits local maxima with trigonal symmetry, centered near the regions

of largest variation in the local density. The left panel, Fig. 22(b) and (d), shows the

probability current variations for different valleys, ∆ ~J = ~J− ~Jflat, where ~Jflat is the persis-

tent current in the unstrained ring. Notice that ∆ ~J exhibits six vortices with alternating

circulation and cores centered at regions of extremal values (positive or negative) of the

pseudomagnetic field in Eq. (3.26), Fig. 24(a).

In strained rings the persistent current becomes inhomogenous as a result of trigonal

symmetry of graphene lattice. This effect can be observed in the current only in the

presence of an external magnetic flux. One can notice that at the edges, the current still

circulates in opposite directions, and it is also possible to obtain the total current in terms

of clockwise jc and counterclockwise jcc contributions, as described before. The current

density profile and its angular dependence are shown in Fig. 23 (a) and (b), for m = 0
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Figure 23: Dependence of the angular current for m = 0 state (K-valley), for two different
external magnetic fluxes, (a) Φ/Φ0 = 0 and (b) Φ/Φ0 = −0.5. The red lines represent the
circulation in the clockwise direction and the green lines represent the counterclockwise
circulation. The total currents correspond to the black lines.

and Φ/Φ0 = 0.0 and −0.4, respectively, both for K valley.
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Figure 24: (a) Map of pseudomagnetic field (Eq. (3.26)). Traces show polar plots of the
current with Φ/Φ0 = −0.5 for ring without (circular) and with (star) strain. (b) Angular
profiles of current density through the ring for the lowest K valley state and different
fluxes (∆Φ/Φ0 = 0.1), from Φ = 0 to Φ/Φ0 = −0.5, as indicated by the arrow. Dashed
flat line near bottom shows current density for unstrained ring at Φ = 0. Notice that the
current mean value increases with strain and flux.

We show the spatial modulation of the persistent current in the ring and its angular

profiles in Fig. 24(b) for different flux values. The current density achieves maximal

values along nodal lines of the pseudomagnetic field distribution. Similarly, local minima

are related to regions of maximum pseudofield amplitude, both in positive and negative

directions–see also polar plots in Fig. 24(a). As the pseudofield does not break time-

reversal symmetry, the net current must be zero in the absence of external magnetic flux.

This indeed happens when considering the contribution of the other valley (K ′, coming

from the state with m′ = −1).
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3.2.3 Pseudomagnetic field and external magnetic flux interplay
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Figure 25: Flux dependence of the current through the ring for the lowest state: m = 0,
Kvalley from Φ/Φ0 = −0.5 to 0, and m = −1 for K ′ valley from Φ/Φ0 = 0 to 0.5, at
different angles along the ring. Curves for strained rings are shifted up for clarity; dashed
lines indicate zero current in each case. Bottom traces show angle-integrated current for
both strained (solid) and unstrained (dotted) rings;

Finally we analyze the role of the pseudomagnetic field contribution to the total

current (taking both valleys into account) by looking at different angular values along the

ring. Figure 25 shows the total current at θ = π/6, π/3, and π/2, in comparison with

the (angle integrated) current for both the unstrained and deformed graphene ring. All

curves present the expected sawtooth behavior with flux. However, the slope of the curve

and the value near zero flux are clearly angle and strain dependent. Notice in particular

the jump reversal near Φ = 0 for θ = π/6 and π/3, associated with the circulation around

the vortex at θ ' π/6. The competition between the external magnetic field and the

pseudofield not only results in inhomogeneous current distributions with vortices, but

also in very different total current dependence with flux Φ. Notice that the strain changes

in the total persistent current, near Φ = 0, are of the same order of magnitude as the

current in the unstrained system. As such, the strain decreases the current discontinuity

between positive and negative magnetic fluxes.

In the perturbation theory used, the wave functions are corrected linearly on α while

the probability density (Eq. 3.37) and persistent current (Eq. 3.38) have terms up to

second order on this parameter. Due to symmetry, the matrix elements of the current

density linear on α cancel out after angular integration. This leaves the change in persis-

tent current to be quadratic on α, as can be visualized in Fig. 26. It can also be noticed

that increasing strain could even generate current reversal. This is an interesting result
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Figure 26: Net current flux dependence on the α parameter. The fitting blue curve shows
the quadratic dependence on the deformation parameter for the ground state at K valley.

that occurs due to the higher concentration of the current in the inner part of the ring,

as the strain increases, with opposite circulation than the net current without strain.

3.2.4 Exploring other boundary conditions

Our discussion has focused on the infinite-mass boundary condition. We also found

that the zigzag boundary condition, which does not mix valleys either and shows a com-

pletely different spectrum, yields qualitatively similar results to those presented in the

previous discussions. The solution for zigzag states are obtained imposing the restriction

that wave functions for sublattice A (upper components) cancel at the inner radius r1

for both valleys. In addition, it is also required that the lower components representing

the wave functions for sublattice B cancels at r2. The eigenvalue is obtained from the

following equations, each one of which corresponding to K and K ′ valleys.

Jm̄+1(kr2)Ym̄(kr1) = Jm̄(kr1)Ym̄+1(kr2) , (3.39a)

Jm̄′+1(kr1)Ym̄′(kr2) = Jm̄′(kr2)Ym̄′+1(kr1) , (3.39b)

with k = s|E|/~v0 and s = sgn(E).

As characteristic in zigzag ribbons, this confined system also keeps the null gap spec-

trum formed by edge states. To analyze this feature, we consider an expansion of Bessel

function for small arguments

Jn(x) ∼ 1

2nn!
xn , (3.40a)

Yn(x) ∼ −2n(n− 1)!

π
x−n , (3.40b)
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and we replace it into the wave function and transcental equation for m > 4(m′ < −5)
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Figure 27: Deformed zigzag ring. (a) Energy spectra vs magnetic flux for different states
in K(K ′) valley given by dashed (continuous) blue lines. It is also represented with red
lines, the energy corrections due to strain. (b) Colored projection of the local density for
m = 0 state with Φ/Φ0 = 0. (c) Current distribution for the m = 0 state (K valley)
for zero flux. (d) Angular profiles of current density through the ring for the same state.
Dashed black line near bottom shows the current density for unstrained ring at null flux.

for K(K ′) valley, obtaining

k = 2
rm̄1
rm̄+1

2

√
m̄(m̄+ 1) , (3.41a)

k = 2
rm̄
′

2

rm̄
′+1

1

√
m̄′(m̄′ + 1) . (3.41b)

The main differences between the infinite-mass and the zigzag boundary conditions

are shown in Fig. 27. The energy spectra for a flat zigzag ring for K and K ′ valleys

are represented in (a) by dashed and continuous blue lines, respectively. The red lines

correspond to the energy corrections from perturbation theory for the strained zigzag ring
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with the same parameters used with infinite-mass confinement. It is also displayed in (b)

the probability density |ψA|2 + |ψB|2 for m = 0 state at Φ/Φ0 = 0. The current density

in (c) does not present counterpropagating contributions, but it still exhibits the six-fold

symmetry. In (d), we show the angular dependence of the net current for m = 0 state in

strained ring given by red curve, while the dashed black curve corresponds to the case of

a flat ring in the same state.

It is clear that an experiment would typically exhibit a more complex edge.[82] Howe-

ver, because the current angular modulations are produced by strain fields, there will

always be inhomogeneous current distributions upon the application of a flux. Further-

more, other geometric structures, not only rings, with strong strain fields would also

produce complex patterns of induced currents reflecting the pseudomagnetic field distri-

bution. These could be explored locally by applying a weak magnetic field, to play the

role of the external flux, assuming that the scanning current measurement device has a

spatial resolution better than the characteristic length scales of the gauge field distribu-

tion. A scanning magnetometer appears as one of the ideal instruments to reveal these

effects.

One could also think that strong sample disorder may increase scan noise. However,

as graphene samples have characteristically long mean free paths (reaching even several

microns at low temperatures), they would be easily clean and coherent enough to not

interfere with the signal from the pseudomagnetic fields. Moreover, for a smooth defor-

mation with well-controlled and symmetric shape like the Gaussian bump we considered,

the inhomogeneous persistent current would show a strong angular modulation with tri-

gonal symmetry. As this would not be the case for random disorder, it should be possible

to distinguish the strain effects even in disordered samples, since the scan noise signal

would identify its source.
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4 Transport properties of strained
systems

The coupling between geometrical and electronic properties is a promising avenue to

engineer conduction properties in graphene. Important contributions on this topic are not

only the robust effects played by the edge nature on the conductance response but also

the influence of the contacts between the graphene sample and the leads [83, 84, 85, 86].

In particular, Prada et al. and Falko et al. were able to map the peculiar kind of

tension generated by the contact, using linear elasticity theory and molecular dynamic

simulations, respectively. For the case of armchair nanoribbons [86] it was found that

strain produces emerging Landau levels. Other strained systems could be tailored for

desired transport properties, according to the ‘pseudomagnetic field’ distributions. In

fact, electronic confinement added to strain effects could surely allow a rich interplay of

different transport mechanisms with potential device applications. To investigate specific

strain signatures on transport in confined geometries, we focus on strained nanoribbons

and hexagonal graphene rings with zigzag edge terminations. As in the previous chapter,

the tension is given by an out of plane Gaussian bump deformation, but now the ribbon

and the ring are connected to two reservoirs on their left and right sides . An external

magnetic field will also be considered, acting only on the central part of both systems.

In this chapter, we use the tight-binding approximation to describe the electronic

system and the deformation is again obtained by the linear elasticity theory. Using the

recursive Green’s function algorithm, discussed in section 2.3, we calculate the local den-

sity of states and obtain the Landauer conductance through the ribbons and rings. An

enhancement of the density of states in the deformed region, similar to the one appearing

with constant fields in confined regions is observed in the ribbons. We show how these

confined states give rise to peculiar features in the overall conductance and in the total

density of states.

Nanorings have been shown to be interesting systems due to its electronic properties
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corresponds to essentially a single SiC terrace (compare to
Fig. 5A). Conditions are currently sought under which the gra-
phene growth is so slow that the SiC surfaces anneal to their equi-
librium shapes before they graphitize. In that case mesa flattening
and graphene growth can be accomplished in one step.

Structured Graphene Growth
Extended graphene sheets are important for basic research.
However, essentially all electronic applications require graphene
to be patterned. In fact, graphene electronics relies on the
possibly to interconnect nanoscopic graphene structures. An ex-
tended graphene sheet is a gapless semimetal but a graphene rib-
bon is generally expected to develop a bandgap !E ! 1 eV"W,
where W is the width of the ribbon in nm (35, 36). Graphene
ribbons can be patterned using standard microelectronics litho-
graphy methods (37). In these methods, an extended graphene
sheet is coated with an electron-beam resist material that is
patterned by e-beam lithography. After development of the resist,
the graphene is oxygen ion-etched to produce the desired struc-
tures. It is clear that the lithography steps themselves are destruc-
tive and produce nonideal edges and poorly defined structures at
the nanoscale. This contributes to significantly reduced mobilities
and spurious electronic localization effects (36) In fact the
mobility reduction in conventionally patterned structures is so se-
vere that the nanoelectronics applications potential of graphene
has been called into question. It is clearly advantageous to avoid
processing steps that involve cutting the graphene. A nuanced
approach that avoids nanolithography of the graphene is clearly
desired.

A very promising method is to grow graphene on structured
silicon carbide. In this method, the ungraphitized Si-face (0001)
of silicon carbide is lithographically patterned in the usual way
using a resist coating. The exposed SiC areas are then plasma
etched using SF6 or CF4 so to produce depressions of well-
defined depths ranging from a few nm to microns as controlled
by the intensity and duration of the plasma etching procedure.
The sample is finally annealed and graphitized by the CCS meth-
od at temperatures typically in the range of 1,550 °C to 1,650 °C.

In this process, the sidewalls of the etched structures crystallize,
typically along the (1–10n) direction, n ! 8 for 4 H SiC and
n ! 12 for 6 H SiC. Consequently a circular etched mesa with
a diameter of 1 "m will crystallize into hexagons (Fig. 6C) where

the sidewall slopes are about 62° from the vertical. The graphiti-
zation rates of the (1–10n) sidewalls are similar to the graphitiza-
tion rates of the (000-1) surfaces (i.e., the C-face) of SiC. Because
these rates are much greater than the graphitization rates of the
Si-face horizontal surfaces, only the sidewalls and not the (0001)
flat surfaces are graphitized. Consequently, this graphitization
method can be controlled to produce monolayer graphene on
the sidewalls whereas graphene on the horizontal (0001) surfaces
are submonolayer and nonconducting. This has been verified by
Raman spectroscopy and by transport measurements.

Along the same lines, graphitization on natural (non-
preetched) vicinal steps of SiC on-axis or off-axis [4° or 8° from
(0001)] produce arrays of narrow ribbons. Significant step bunch-
ing precedes the graphitization to produce step heights on the
order of 10 nm with corresponding ribbon widths. However, this
bunching can be controlled because the step edges can be stabi-
lized in nonequilibrium facet directions by rapid heating to the
graphitization temperature. Because the graphene caps the step
edges, Si out-diffusion from the step (and thus step wandering)
(38, 39) is severely suppressed leaving smooth steps (even after
multiple anneals to 1,520 °C). In contrast, steps heated to just be-
low the graphitization temperatures flow and dissolve rapidly. We
demonstrate this in Fig. 7 A and B for patterned 10 nm ribbons
with two different orientations relative to the SiC. Angle resolved
photoemission (ARPES) from only the edges (Fig. 7C) of the
10 nm ribbons clearly shows a well-resolved graphene Dirac cone.
The step edges remain straight as shown in Fig. 7 A and B with
minimal rms height variations (see Fig. 7E).

Summary and Conclusion
The near equilibrium, confinement-controlled sublimation meth-
od to produce epitaxial graphene (mono and multi) layers on
silicon carbide has been demonstrated to be a versatile method
to produce high-quality uniform graphene layers on both the Si-
face and the C-face of single crystal silicon carbide. It provides
control of the silicon vapor density and assures that the density
is constant over the surface and near thermodynamic equilibrium,
which is essential for uniform growth. The method allows good
control of the graphitization temperatures, which is important,
because growth at low temperatures (as in the case of sublimation
in unconfined ultrahigh vacuum) produces defective graphene
layers. The CCS method allows further control of the graphitiza-
tion rates by introducing inert gasses, which can essentially inhibit
the graphene growth even at temperatures exceeding 1,600 °C.
This is important if the graphitization is preceded by an annealing
step of the silicon carbide surface itself for example to anneal (or
recrystallize) a structured silicon carbide surface.

Fig. 6. Examples of template grown graphene structures etched on the
(0001) face. (A) 4H-SiC hydrogen-etched surface with a regular step structure.
(B) Flat step-free graphitized mesa with MEG pleats (C) circular mesa etched
on Si-face; the hexagonal shape results from the annealing at 1,550 °C show-
ing preference for the (1–10 n) crystal surfaces (n depends on the step height
and ranges from 2 for nm steps to about 10 for "m steps). (D) Electrostatic
force microscopy image after CCS annealing; graphene (light) grows on the
mesa sidewalls but not on the horizontal (0001) surfaces.

Fig. 7. Patterned sidewall ribbons. (A) and (B) are AFM images of 10 nm
deep trenches etched at right angles and graphitized. Trench width is
100 nm with a 300 nm pitch. (C) An ARPES image of the Dirac cone from gra-
phene grown only on the sidewalls. (D) A cross-section of the trenches in B
after graphitization. (E) Two height profiles along the top of the trenches in B
showing a small rms height variation.
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Figure 7. Examples of sidewall graphene structures, showing AFM images (top rows) and EFM images (bottom rows). Top and bottom
rows are of the same scale. The EFM images provide a bright contrast for graphene and a dark contrast for SiC, thereby providing a simple
method to locate graphene-covered surfaces. (a) Sidewall graphene ribbons grown along bunched SiC step edges of steps due to the slight
miscut of the crystal. (b) Sidewall graphene growth along patterned SiC surface that was etched to a depth of 15 nm. Note the serpentine
sidewall that was etched to provide for a wide lead (after annealing) for the narrow, straight ribbon segments, demonstrating the flexibility of
the method. (c) Graphene ring supplied with leads. The original patterned SiC structure consisted of a circular SiC mesa connected to radial
SiC walls. Graphene grown on the sidewall of the mesa produced the graphene ring and graphene grown on the walls produced the leads.
HSQ was used as an etching mask. (d) Array of graphene nanoribbons. Narrow parallel grooves were patterned covering the entire SiC
chip. More than 30% of the surface is covered with graphene ribbons. The SiC etching depth was 150 nm and photolithography was used to
produce the Ni etching mask.

operation. The other dimensions are optimized for high-
frequency performance. In particular, the channel is ideally
short and the contact resistances are ideally low [10, 13].
Parasitic capacitances between the various components are
designed to be as small as possible. While the highest
frequency operation of graphene-based transistors has been
slowly inching up, the current goal of THz operation has
not yet been achieved. However, the problems appear to be
primarily technical and surmountable [38]. While epitaxial
graphene as a viable channel material for THz applications
has been established, there are still considerable problems in
providing low-resistance leads, which determine the access
resistance. This may be surprising since, from figure 5(c), the
conductivity of (doped) graphene (!10 µ! cm) is comparable
to that of copper at room temperature. Nevertheless, the
minimum resistance of a graphene lead (the so-called access

resistance) is of the order of a few hundred ohms per square
so that, for example, the source lead with a length-to-width
aspect ratio of 10 to 1 has a resistance of several k!. This can
be reduced by cladding the graphene with a metal; however,
the metal to graphene resistance is also large. Currently,
the minimum access resistance reported is about 350 ! per
micrometre of channel width [12]. This is still very large for
THz applications.

4. Structured growth on the Si face

Graphene is known to nucleate at step edges, and growth
rates are known to depend on the crystal face. Growth is
considerably slower on the Si-face than on the C-face. These
facts are advantageously used in the structured growth method
(also called the templated growth method [29]) where the
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(a) 

(b) 

(c) 

Figure 28: (a) Graphene rings produced by graphene grown on the side wall of the mesa.
(b) Graphene rings and leads produced by graphene grown on the side wall of the subs-
trate, taken from [39, 40]. (c) Exfoliated graphene flakes with edges modified by local
anodic oxidation in an atomic force microscope, taken from Ref. [87].

in the presence of external magnetic fluxes. Very recently, experimental synthesis of

graphene rings have been developed[40, 41, 87], mainly with hexagonal symmetry because

of graphene lattice orientation. We show in Fig. 28 graphene ring images obtained by two

different methods. In (a) and (b) the rings were grown using the method already described

for the case of ballistic nanoribbons without cutting the edges of graphene, identified as

the sidewall method in Fig. 7 [39, 40, 41]. The second method, shown in (c), modifies the

edges by local anodic oxidation, a process in which the tip of a scanning probe microscope

can locally oxidize nearby surface [87]. Theoretical studies for graphene rings with a very

specific kind of edge, trying to reproduce the infinite-mass confinement in tight-binding

model, showed that the valley degeneracy in the system is lifted by an external magnetic

flux, being possible to observe it in the transport properties of the system[65]. We expect

that hexagonal zigzag graphene rings could also be an interesting system with simpler

description and similar characteristics. We want to study the combined effect of strain and

external magnetic flux in hexagonal zigzag graphene quantum rings transport properties.

4.1 Basic characteristics

Two different graphene systems are considered: zigzag nanoribbons and hexagonal

zigzag rings. Both systems are connected to infinity leads as shown in the schematic

representation in Fig. 29 and Fig. 30.
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Figure 29: Schematic representation of an unstrained 8-ZGNR graphene ribbon (red color)
connected to right and left leads (green color). For this ribbon, the number of atoms in
the longitudinal direction is Nx = 47 while in the vertical direction, both the ribbon and
the leads have Ny = 16 carbons atoms. The deformation and the magnetic fields will be
considered just in the dark red region.

These central systems are described by the following Hamiltonian

H =
∑

<i,j>

tijc
†
icj +

∑

<i,jl>

t0c
†
icjl +

∑

<i,jr>

t0c
†
icjr + h.c. , (4.1)

where the operators c†i (ci) creates (annihilates) states in the i-th site. The first term of the

Hamiltonian represents the dynamics of the disconnected central part of the system, with

indices i and j runing over the total number of sites in this region. For zigzag nanoribbons

with longitudinal distance L(Nx sites) and width w(Ny sites), the indices i and j run over

the sites, N = 1, ..., Nx×Ny. In the ring case, the external size of the ring is fixed. Then

the total number of sites in the system is given in terms of the hole size in the inner part

of the ring. We define the hexagon in terms of the number of zigzag chains Nz in the

lateral sides of the hexagon.

The other two terms refer to the connection of the central part to the leads, with the

index jl and jr running over the sites of the left and right leads, respectively. For the case

of the ring, we choose the leads as Ny = 16 sites, while for the ZGNR, the width of the

contacts is the same of the ribbon.

As discussed in sections 2.1.4 and 2.2.1, both magnetic field and strain perturb the

system introducing a space dependence into the hopping energies tij between each two

neighboring sites. It becomes necessary to identify each i-site of the unstrained lattice

with its atomic position in the real space (xi, yi). The chosen reference frame is indicated

in Fig. 30 for the ring case. For both systems we have considered the origin positioned at

the lower left of the central systems.
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Figure 30: Schematic representation of an unstrained graphene ring connected to right
and left leads. For this ring, the number of zizgzag chains around the rings are Nz = 6
while the leads have Ny = 16 corresponding to the number of sites in the vertical direction.
The coordinante system can also be seen positioned at the frame origin. The black point
in the center of the ring also corresponds to the Gaussian center.

The vertical deformation for each i- site is given by

h (xi, yi) = Ae−
(xi−x0)2

+(yi−y0)2

b2 , (4.2)

with (x0, y0) being the Gaussian center that coincides with the ribbon center (x0 =

L/2, y0 = W/2) or with the center of the ring. The constants A and b are the Gaus-

sian amplitude and width, respectively. The strain tensor components are given by

εxx|xi,yi = 2α2 (xi − x0)2

b2
e−2

(xi−x0)2
+(yi−y0)2

b2 , (4.3a)

εxy|xi,yi = 2α2 (xi − x0) (yi − y0)

b2
e−2

(xi−x0)2
+(yi−y0)2

b2 , (4.3b)

εyy|xi,yi = 2α2 (yi − y0)2

b2
e−2

(xi−x0)2
+(yi−y0)2

b2 , (4.3c)
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with α = A2

b2
being the strain parameter for the bump.

We also considered that the ring is threaded by a constant magnetic flux Φ and

the ribbons are subjected to a constant magnetic field B applied perpendicularly to the

ribbon. Therefore, taking into account both hopping modifications by the magnetic flux

(Pierls’ phase) and by the deformation, the hopping energy between the sites i and j are

obtained as

textij = t0e
i( eh)∆φije

−β
(
l′ij
a
−1

)
, (4.4)

with ∆φij given by the phase change due to the magnetic flux and lij due to the strained

first-neighbor distances.

4.2 Controlling transport responses with magnetic fi-
elds in strained systems

For the sake of simplicity, before studying the strain effects on the ring transport

properties, we explore the influence of strain in zigzag nanoribbons due to the large

knowledge of their unstrained properties .

4.2.1 Zigzag nanoribbons

Let’s start by comparing the electronic properties of zigzag graphene nanoribbons in

four different situations: (i) no strain and magnetic field; (ii) with only magnetic fields;

(iii) only strain and finally (iv) both strain and magnetic field effects.

In Fig. 31, we show the conductance and the density of states as a function of energy

for each of the cases above. We use two distinct sets of Gaussian parameters. In the upper

panel we considered A = 6a and b = 30a and in the lower panel A = 10a and b = 50a.

Both situations correspond to α = 4%. The intensity of the magnetic field studied is

equal 10T . The results are discussed in the following:

(i) The conductance for the cases of null external magnetic field and no tension pre-

sents well-defined plateaux, typical for this kind of system. As ribbons are confined in

the transversal direction, they present quantized states. A new step appears each time

a minimum of energy is reached at the band structure and a new state is availabe for

conductance. One can also see that for zero energy the system is metallic with a single

conductance channel. If one takes the total density of states (DOS) into account, it is

possible to see that each peak in the density of states is associated to a new conductance
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Figure 31: Conductance and total density of states for 122-ZGNR (223x244). In upper
panel A=6a and b=30a and in lower panel A=10a and b=50a.

mode, indicating that the states are extended and conducting through the ribbon. At

zero energy, the peak in the density of states is generated by extended edge states, which

could be verified with a mapping of the spatial distribution of the local density of states.

(ii) The conductance and DOS for the unstrained case and an applied magnetic field

are shown in dashed lines. The plateaux and the associated peaks are still present but

they are shifted to the right in energy, as expected [88, 47]. The edges states at zero

energy are not affected by the magnetic field.

(iii) Including only strain and no magnetic field, the conductance decreases for both

sets of Gaussian parameters analyzed. Although the effect of strain can be interpreted

as a pseudomagnetic field for energies close to zero, we see that strain alone does not

generate a shift to the right in energy. The conductances instead of being formed by a

sequence of plateaux, exhibit dips exactly at the energies in which a new plateau is formed

in the case of pristine nanoribbons. One can understand this as being a consequence of

localization generated by the lattice deformation. The effect of strain is bigger in the

lower panel, when the strain region is more spread.

(iv) When both magnetic field and strain effects are combined, the peaks in the density



62

of states appear exactly at the same energies they happen when only magnetic field is

applied and the dips in the conductance, described before for the case of only strain, seem

to be smoothed out.

|ψA|2

|ψB|2
|ψA|2

|ψB|2

ZGNR E=0.015t0 A=10a b=9a  

Figure 32: Colored mapping of the local density of states of a 122-ZGNR (223x244) in
the presence of a bump with Gaussian parameters A = 10a and b = 9a, with α > 100%.
The inset, at upper right, represents the central region zoom in, more affected by the
deformation. The right panels show the local density of states for the central region for
each sublattice separately.

Next, we focus our discussion on the local density of states for the systems discussed

above, in a range of energy close to zero, before the first step in conductance.

Without the deformation, the density of states is concentrated at the edges, with

higher densities at A and B edge sites at the upper and lower ribbon, respectively. In the

presence of the deformation, as shown in Fig. 32, the density of states concentrates at

the very central region. The system that was designed with fully inversion symmetry and

in a extreme regime of strain exhibits clearly a remanent six-fold symmetry, generated by

the combined symmetries of the hexagonal lattice and the circular Gaussian bump (see

the inset of figure). But, even when the Gaussian deformation spread is small compared

to the nanoribbons width, it is possible to see that two of the six bright regions closer

to the edges are still more affected by the confinement. It is also important to mention

that the leads also alter the symmetry of the system. The energy value considered is
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indicated in the figure, given in units of the unstrained hopping energy, i.e., E = 0.015t0.

It is also shown in the right panel the individual sublattice contributions to the LDOS

for the central region. It is evident the fact that each three regions of the six with

higher concentrations are associated with only one of the A or B sublattices. It is really

remarkable that in these regions a STM would only scan one of the sublattices, due to

their higher probability density. These results are in agreement with calculations reported

for a hexagonal graphene flake [89]. As mentioned in Sec. 2.2, Morgenstern et al. [48] have

performed spectroscopic measuremets of the local density of states in graphene flakes with

deformations. They observed regions with triangular symmetry instead of the expected

hexagonal lattice structure, concluding that the graphene sublattice DOS is predominant

in some regions of the flakes. One possible speculation is that graphene flakes present some

structural buckling with A and B sites in different distances from the STM tip. The LDOS

mapping above shows that even in the absence of buckling or without taking any staggered

potential differing the sublatices into account, regions exhibiting trigonal structure still

occur due to a superposition of lattice and strain symmetries. More discussions in this

topic are still missing.

Going to a more realistic strain regime (i.e., lower α values), we show in Fig. 33 (a) and

(b) the LDOS calculated at the same energy value used before. In both cases, we use the

same Gaussian parameter α = 4%, with A and b values used in Fig. 31. The Gaussina

width is larger when compared to the case discussed in Fig. 32. As a consequence its

proximity to the border modifies the six-fold symmetry, more clear before. For both set

of parameters, it is still possible to see high/low spots in the density of states corresponding

to regions with different density of states values for each sublattice.

The effects of strain and magnetic field on the density of states and on the conductance

in ZGNRs are not so evident in the first plateau, as seen in Fig. 31. We show in Fig.

34 the spatial distribution of the density of states at the specific energy value, E =

0.042t0, for which the conductance of a strained ribbon with A=10a and b=50a, without

magnetic field, reaches the first "plateau". We also analyze, at that energy value, the four

different combinations of strain and magnetic fields studied before. In (a) the density

of states is concentrated at the center of the nanoribbon with translational symmetry in

the longitudinal direction. One can also notice that the edges states are still relevant to

conductance, although it is no more the only contribution. For the case (b) the magnetic

field B = 10T generates a reduction of the LDOS in the central part of the ribbon.

The density of states extends over all the ribbon for both pristine ZGNR (a) and ZGRN

with strain (c) cases, meaning that this particular energy state does not correspond to a
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ZGNR E=0.015t0 A=6a b=30a B=10T (a) 

ZGNR E=0.015t0 A=10a b=50a (b) 

Figure 33: Mapping of local density of states for a strained 122-ZGNR (223x244 sites)
with Gaussian parameters (a)A = 6a and b = 30a and (b)A = 10a and b = 50a. The
insets at the upper right in each figure show the sublattice asymmetries in the region
marked by the dashed rectangles in the main panels.
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Figure 34: Mapping of local density of states for 122-ZGNR (223x244 sites) at E = 0.042t0
in four different situations: (a) without strain and null magnetic field, (b) only with
magnetic field, (c) only with strain, and (d) with both strain and magnetic field. The
Gaussian parameters are A=10a b=50a and B = 10T .

localized state. When magnetic field and the strain compete between themselves in Fig.

34 (d), a conductance reduction becomes more distinguishable as a consequence of the

localization generated by both effects.

In what follows we discuss the effect of strain and external magnetic fields on a

hexagonal zigzag nanoring.

4.2.2 Hexagonal zigzag rings

The system used to study the transport properties of the hexagonal zigzag graphene

quantum ring (N-HZGQR) is composed of the central ring and the metallic contacts

formed by perfect N-ZGNRs. The DOS of the hexagonal ring, being a finite system,

presents a sequence of peaks related to the eigenstates of the ring. Physical responses such

as conductance and total density of states will be given by some combination of the states
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of perfect graphene ring and the ZGNRs individual systems. Since the ring geometry

is quite different from the leads a strong modification in the nanoribbon spectrum is

expected. We show in Fig. 35 the conductance dependence on energy of a 8-HZGNR with

680 atoms in the central part. One can notice that the system has electron-hole symmetry

and close to the charge neutrality point the conductance reachs values close to one single

conducting channel.
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Figure 35: Conductance results for a 8-HZGQR with leads composed of 8-ZGNR as a
function of Fermi energy. The central ring is composed of 680 carbon atoms.

In Fig. 36(a) we focus our attention on the region close to zero energy, trying to

make a correspondence between the features presented on the conductance and on the

total density of states results of the composed system. Although the DOS at zero energy

presents a peak, the conductance is null, indicating a non conducting state. It is also

possible to see other very sharp isolated peaks in the density of states that are associated

with electronic states of a finite hexagonal graphene quantum ring. This picture resembles

the one for rings composed of carbon nanotubes presented before in Ref. [90].

We show in Fig. 36(b) the conductance and DOS results considering now a constant

magnetic field threading the ring. One important feature is given by the null conduc-

tance at certain energy values suggesting a possible destructive ring resonance. Another

really interesting effect appears: the conductance gets double-peaked at low energies, as
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it happens when a degeneracy is lifted in the system [65]. In Fig. 36(c) both conductance

curves for null and finite magnetic flux value (φ = 10−3 in quantum flux unit) are dis-

played allowing one to see the splitting details of the conductance peaks. Comparing the

similarities between the DOS with null and constant magnetic field, as displayed in Fig.

36(d), it seems that the sharp DOS peaks for the case of null magnetic flux get broadened

and more states are able to conduct generating a second peak in the conductance, as

illustrated by the one perfect channel in the transmission.
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Figure 35: .

Figure 36: Magnetic field effect on the conductance and DOS of flat 8-HZGQR for (a)
null magnetic field and (b) fixed magnetic flux φ = 10−3φ0. (c) Conductance and (d)
DOS results for zero and finite magnetic field.

Proceeding with a more detailed analysis, we noticed a common pattern between the

sharp peaks in the DOS of the ring structure and the zero conductance energies when a

finite magnetic field is applied, as shown in Fig. 37. The energy values in which the narrow

peaks of DOS appear without magnetic field are the same values for which the conductance

is null when including the magnetic flux. In order to prove this relation with the central

ring structure, one should vary the magnetic flux intensity and verify the persistence or

not of the condutance null points at the same energy values. It is clear from the results

displayed in Fig. 38(a), that the zero conductance states are pinned independly of the
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Figure 37: Conductance and density of states results for the flat 8-HZGQR with null
(bold curve) and finite (dotted line) magnetic flux equal to φ = 10−3 φ0.

magnetic field value. For a relatively small magnetic flux φ = 0.5× 10−4φ0, B ∼ 3T , the

conductance at these energy values splits presenting two different behaviors. For energies

higher than the fixed points, the conductance goes to zero, while for lower energies it

increases untill it reaches the one perfect conducting channel. The flux value in which the

conductance of the first fixed point goes to zero is approximately φ = 5 × 10−4φ0. It is

also important to mention that for other energy values, the conductance shows a periodic

dependence on the magnetic field intensity, as explained by the Aharonov-Bohm effect

[72]. In Fig. 38(b) we display the total density of states for different applied magnetic

fields. At the fixed points, the peaks get broadened when increasing the external magnetic

fluxes and they also shifts smoothly to the left in the studied range. The energy values of

the wider DOS peaks also move, but to the right direction in the spectrum. This behavior

coincides to the one expected in isolated perfect graphene rings [72].

More discussion about this particular unusual correspondence between the conduc-

tance and DOS with fixed points in energy are still needed. Trying to understand better

the transport properties of the ring system, we show in Fig. 39, a mapping of the lo-

cal density of states of the ring at energy states corresponding to the third DOS peak,

E = 0.0204t0, and first conductance dip E = 0.0212t0 (φ = 5 × 10−4φ0). In Fig. 39 (a)

and (b) we considered the case of null magnetic flux. The local density of states for the

resonant sharp DOS peak (b) is very concentrated at the outer and inner edges of the

ring. For the case of finite magnetic flux, in (c) the LDOS extends over the ring, which

makes possible the perfect conductance in the ring. An opposite situation is displayed in
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Figure 38: (a) Conductance and (b) DOS results of the 8-HZGQR as a function of Fermi
energy for different values of magnetic flux.
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Figure 39: Mapping of local density of states of 8-HZGQR with null (a) and (b) and finite
magnetic flux (c) and (d). Notice the different scales in upper and lower panels.

(d), with apparent localized states at the edges of the ring. The scales adopted in Fig. 39

(a)-(d) were chosen based on the narrow peak intensities in the DOS curves for the cases
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with zero and finite magnetic fluxes (Fig. 36 (d)).

The HZGQRs have very exciting features when a magnetic field is included and they

seem to be an appropriate scenario to explore the effects of strain, acting as an extra

localization effect, and to control their electronic transport responses. We show in Fig.

40 (a) the conductance and (b) DOS results of a strained graphene ring in comparison

to the flat ring, both without external magnetic flux. The Gaussian parameters used

were A = 4a, b = 20a and α = 4%. The effect of strain is not very strong. The same

narrow peaks are found in the DOS and the curves present quite similar features as with

no deformation. However strain generates a shift in energy values corresponding to the

DOS peaks and to the perfect total transmission.

0,0 0,1 0,2 0,3
0,0

0,2

0,4

0,6

0,8

1,0

1,2
 A=0 ! =0
 A=4a b=20a ! =0

G
(2
e2
/h
)

Energy(t0)
0,0 0,1 0,2 0,3

0,00

0,05

0,10

0,15

0,20

0,25

0,30

  A=0 ! =0
  A=4a b=20a ! =0

D
os
(a
.u
.)

Energy(t0)

(a) (b) 

Figure 40: (a) Conductance and (b) DOS results of the 8-HZGQR as a function of the
Fermi energy for flat (bold curves) and strained (dotted line) rings and null magnetic
field.

In Fig. 41 we discuss the general behavior of conductance and DOS strain dependences

on energy confronting the cases of (a) zero magnetic flux and (b) a flux φ = 10−3 in units

of quantum flux. Even in the presence of strain, the conductance mantains the double-

peaked features. Apparently, the combination of strain and magnetic fields, gives origin

to very similar conductance and DOS curves when compared to the case where only an

external field is applied, as displayed in Fig. 40(c) and (d), respectively. We highlight that

the strain also promotes a change in the energy values in which the conductance is fully

suppressed. Actually, the system could be used as a dispositive in which the conductance

pattern, with open and close channels, provides a simple way of measuring the strength of

strain when compared to the unstrained situation. One should analyze the dislocation in

the conductance curves as a function of the size dependences of the strained ring varying

the size parameters of the bump.
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Figure 41: Magnetic field effect on the conductance and DOS of the strained HZGQR
for (a) null magnetic flux and (b) finite magnetic flux φ = 10−3φ0. (c) Conductance and
(d) DOS results for zero and finite magnetic field for flat (bold line) and strained (dotted
line) HZGQR.

Very interestingly, we found the same relation for strained HZGQRs between the very

sharp peaks in the density of states for the case of null field and the conductance dips of

zero transmission when the system is under the presence of a finite magnetic flux, as shown

in Fig. 42. The dependence of the conductance on the graphene ring features is shown

regardless of the magnetic field intensity because of the ring resonant character. We also

believe that strain is not able to destroy the constructive and desctructive interference

effects manifested as resonances and antiresonances in the ring quantitative conductance

results.

The transport properties of the strained ring and the effects generated by the presence

of external magnetic fields can also be understood by mapping the local density of states

of the system, as show in Fig. 43(a)-(f). The considered energy values correspond to the

third DOS peak (E = 0.0232t0) and first conductance dip (E = 0.0238t0,A = 4a, b = 20a

and φ = 5 × 10−4φ0). In Figs. 43 (e) and (f), the states explored for the strained ring

can be interpreted in analogy with the flat case in Fig. 39 (c) and (d), all of them with

a fixed magnetic flux. The contribution of the edges states to the LDOS is illustrated in
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Figure 42: Conductance and density of states results for the strained 8-HZGQR with null
(bold curve) and finite (dotted line) magnetic flux equal to 10−3φ0.
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Figure 43: Mapping of the local density of states. Unstrained ring with zero magnetic field
(a) and (b). Strained ring with null magnetic flux (c) and (d). Conjuction of magnetic
field and strain effects on the anular geometry (e) and (f). The upper and lower panel
results are shown for two distinct values of energy. Notice that different scales were used
for the cases with null and finite flux.

figs. 43 for (a) and (b) unstrained and (c) straind ring in the abscence of magneic field.

In fig. 43(d), at resonant energy value without magnetic flux, the LDOS is extended over
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the ring.

We certainly need to investigate better the interplay between the geometrical and

magnetic localization effects induced by the annular geometric structure of the quantum

rings studied here and also the influence of the external and pseudo magnetic fields on the

transport electronic properties. The results obtained here have highlighted the persistence

of discrete states coming from the finite size of the central nanoring and the robust effects

such as resonances and antiresonances exhibited as full transmission and conductance

suppression due to the strain and magnetic fields.

One should also mention that the ring sizes used in our calculations are small and thin

and, as a consequence, the physical responses are strongly affected by the edges. It is our

interest to increase the ring size in order to reduce the edge effects, as it was done for the

case of the zigzag nanoribbons in Fig. 32. It should also be possible to control better the

Gaussian parameters with strain affecting large areas and keeping its smoothness in the

ring. Mechanisms of localizations inside the ring can be created depending on the leads.

For instance, we could take into account the tension generated by contact leads when the

samples are suspended. The study of other kind of lead structures are surely an excellent

possibility to explore the transport properties of the rings.
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5 Conclusions

In this work we have presented a theoretical investigation on electronic and transport

properties of graphene systems under the effect of strain. The theme was essentially mo-

tivated by a number of experimental evidences of bubble formations during the graphene

growth and also on the possibility of manipulating the characteristic sizes of the bubbles.

The central system studied was a graphene quantum ring that presents the advantages of

exhibiting oscillatory properties due to its annular geometry. The deformation considered

was chosen to be a Gaussian bump with two main parameters describing the amplitude

(A) and extension of the perturbation (b), described by a general parameter α = A2/b2,

following the linear elasticity theory. The strain produces a response on the graphene

nanosystems that is described as a pseudomagnetic field of measurable intensity. The size

of the bump and the ring radii were related in order to obtain qualitatively the pseu-

domagnetic field maximum inside the ring. We have shown that the pseudomagnetic

field produced by the Gaussian deformation in this system has the underlying trigonal

symmetry of the graphene lattice and that when averaged over the entire ring, the net

pseudofield vanishes.

We have explored the interplay between real and pseudo magnetic fluxes in the elec-

tronic properties of the quantum ring. We chose the infinite-mass boundary condition

that requires null current density across the edges, which is very attractive because it

keeps the valley decoupled description for graphene in the continuum limit. When both

an external magnetic flux and a strain deformation are considered, the superposition of

fields with different symmetries affects the electronic states and induces inhomogenities

in the probability density distribution. We have explored the spatial modulation of the

persistent current in the ring and its angular profiles for different magnetic flux values.

The current density achieves maximal values along nodal lines of the pseudomagnetic

field distribution. Similarly, local minima are related to regions of maximum pseudo-

field amplitude, both in positive and negative directions. As the pseudofield does not

break time-reversal symmetry, the net current was found to be zero when considering the
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contribution of both K and K’ valleys. We have obtained an alternative way to probe

the strength and symmetries of pseudomagnetic fields on graphene rings by means of

strain dependent persitent currents generated from breaking time-reversal symmetry in

the system via an external magnetic flux in the ring.

We are certain that other geometric structures besides the studied quantum rings,

under the presence of strong strain fields, would also produce complex patterns of in-

duced currents reflecting interesting pseudomagnetic field distributions. These could be

explored locally by applying a weak magnetic field, to play the role of the external flux,

assuming that the scanning current measurement device has better spatial resolution than

the characteristic length scales of the gauge field distribution. As commented before, a

scanning magnetometer appears as one of the ideal instruments to reveal these effects.

The theoretical studies presented in chapter 3 for a smooth deformation with well-

controlled and symmetric shape, like the Gaussian bump considered, showed that the

inhomogeneous persistent current exhibits a strong angular modulation with trigonal

symmetry. As this would not be the case for random disorder, it should be possible

to distinguish the strain effects even in disordered samples, since the scan noise signal

would identify its source.

Concerning the transport properties, we have calculated the conductance of strai-

ned graphene zigzag nanoribbons and quantum rings under the influence of Gaussian-like

strain and external magnetic fields. The quantum systems were modeled by joining two

perfect leads idealized by two pristine zigzag graphene nanoribbons, at right and left,

to the central conductor: a zigzag nanoribbon flake (finite) and a hexagonal graphene

quantum ring. The electronic properties of the system are described by a tight binding

Hamiltonian adopting a single π band approximation. Although we should include the

other σ orbitals, by extending the matrix to a 4x4 matrix in the formalism, this was not

considered because the physics close to the Fermi energy is well described by the single

orbital model. This is justified even in the present case because the strain considered is a

smooth deformation and does not require orbital superposition due to curvature effects.

Real-space normalization techniques have been used to calculate the surface Green func-

tions of the leads, that are very efficient and realistic in the description of carbon-based

systems. Within the tight binding approach, the strain is described by a local renormali-

zation of the hopping energies, producing a different map of energies that depends on the

details of the nanosystem geometries and of course on the type of strain perturbation. As

we have also considered a constant magnetic field applied perpendicularly to the central
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nanosystems (finite nanoribbons and hexagonal quantum rings), treated within the Pei-

erls approximation, both hopping modifications were taken into account in the theoretical

description.

The conductance was derived by using the Landauer formula, written in terms of the

Green function of the central conductor and the self-energies of the nanoribbon leads.

Results of the local densities of states are presented via colored diagrams in order to

highlight the typical carrier concentration at the edges of the structures and the extra

confinement induced by the strain (pseudomagnetic fields) and external magnetic fluxes.

For the case of nanoribbons in a high strain regime, the local density of states results

have shown a remanent six-fold symmetry, generated by the combined symmetries of the

hexagonal lattice and the circular Gaussian bump. Even for considerable weaker Gaussian

deformation (compared to the nanoribbons width), it was possible to see that two of the

six regions of intense DOS, closer to the edges, are more affected by the confinement. In

agreement with other works, we were able to find the individual sublattice contributions to

the LDOS that should be individually scanned by a STM, due to their higher probability

density in some regions of the ribbons. The LDOS mapping shows that even in the

absence of buckling or without taking any staggered potential differing the sublattices

into account, i.e., keeping the sublattice symmetry, regions exhibiting trigonal structure

still occur due to a superposition of lattice and strain symmetries.

For the case of hexagonal zigzag rings, the physical responses such as the conductance

and the total density of states are given by some combination of the states of graphene

perfect ring and the ZGNRs individual systems. Since the ring geometry is quite different

from the leads, a strong modification in the nanoribbon spectrum is expected. One can

notice that the system has electron-hole symmetry and close to the charge neutrality point

the conductance reaches values close to one single conducting channel. Although the DOS

at zero energy presents a peak, the conductance is null, indicating a non conducting state.

It is also possible to see other very sharp isolated peaks in the density of states that are

associated with electronic states of a finite hexagonal graphene quantum ring.

When considering the external magnetic flux, one important feature is given by the

null conductance at certain energy values suggesting a possible destructive ring resonance.

The conductance also gets double-peaked at low energies, as it happens when a degeneracy

is lifted in the system. We noticed a common pattern between the sharp peaks in the

DOS of the ring structure and the zero conductance energies when a finite magnetic field

is considered. The zero conductance states are pinned independly of the magnetic field
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value. For energies higger than the fixed points, the conductance goes to zero, while for

lower energies it increases until it reaches the one perfect conducting channel. At the fixed

points, the peaks get broadened when increasing the external magnetic fluxes and they

also shifts smoothly to the left in the range of magnetic field variation used. The energy

values of the wider DOS peaks also move, but to the right direction in the spectrum.

When including strain, the same narrow peaks are found in the DOS and the curves

present quite similar features as with no deformation. The combination of strain and

magnetic fields, gives origin to very similar conductance and DOS curves when compared

to the case where only an external field is applied. Even in the presence of strain, the

conductance mantains the double-peaked features. We highlight that the strain also

promotes a change in the energy values in which the conductance is fully suppressed, being

possible to use the rings as a dispositive in which the conductance pattern, with open and

close chanels, provides a simple way of measuring the strength of strain when compared

to the unstrained situation. We believe that strain is not able to destroy the constructive

and desctructive interference effects manifested as resonances and antiresonances in the

quantitative conductance results of the ring. The ring sizes used in our calculations are

small and thin and as a consequence, the physical responses are strongly affected by the

edges. It is our interest to increase the ring size in order to decrease the edge effects. It

should also be possible to control better the Gaussian parameters with strain affecting

large areas and keeping its smoothness in the ring.
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