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Abstract

The main goal of this thesis is to obtain information about the tran-

sition between the perturbative and non-perturbative regimes of the

Yang-Mills theories, whose complete understanding is still an open

problem. Having this in mind, we studied in this thesis the 3-dimensional

Euclidean Yang-Mills-Chern-Simons theory. This model is usually

used for studying the high-temperature (perturbative) regime of the

4-dimensional Minkowskian Yang-Mills theory. However, we also ex-

plored the low-temperature (non-perturbative) regime of these the-

ories. Basically, we explored the problem of how to quantize the

3-dimensional Euclidean Yang-Mills-Chern-Simons theory within the

non-perturbative regime. Here, by means of the Gribov-Zwanziger

approach we circumvent this problem and analyze the propagators of

the theory and their physical spectrum.

We also analyze the propagators of the theory within the Refined

Gribov-Zwanziger panorama, in which the influence of the condensa-

tion of some local operators into the non-perturbative regime is taken

into account. This operators are important since they give rise to a

dynamical mass generation into the gauge field propagators, what can

lead to the Abelian dominance of the theory.

We do all the calculations in the Maximal Abelian gauge because

it is the proper gauge to analyse if the theory manifest an Abelian

dominance in the non-perturbative regime.
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Introduction

The main context of this master thesis is that of the Yang-Mills theories [3], which

describe three of the four fundamental interactions currently known in nature;

the electromagnetic and the nuclear weak and strong interactions, not describing

just the gravitational one, which is well described by the General Relativity.

One of the main properties of these theories is the fact that at high energies

(high temperatures) the interaction between the particles become small, a feature

that is known as asymptotic freedom. This means that perturbation theory in

this regime (which is also called as the ultraviolet regime) is reliable, being able

to applied with no problem.

However, as we go to low energy regimes (also known as ultraviolet regimes),

the coupling between the particles grows up in such a way that any perturbation

approach starts to fail in describing systems of any kind, due to the strong inter-

action. For this reason such regime is also called as the non-perturbative regime,

where non-perturbative techniques are required.

The non-perturbative regime of this theories is a highly studied topic because

of the confinement problem of quarks and gluons, which is an experimentally well

documented phenomenon, where such ‘color-charged’ particles are never found in

completely free states, but always bounded with other ones in order to form ‘col-

orless’ states. This basically means that color charges have never been detected

in any experiment until now.
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Our major goal is to obtain more informations about the transition from the

ultraviolet (high energy) to the infrared (low energy) regime of such theories in

order to better understand the confinement problem.

All the calculations of this work are done in three dimensions due to the

fact that we will add to our Yang-Mills theory a Chern-Simons term [4], which

can only be defined in odd-dimensions. As can be seen at [5], this term adds a

massive parameter to the poles of the bosonic gauge propagators that is of purely

topological origin.

Another way to introduce a mass into the degrees of freedom of the theory is

by means of the Higgs mechanism [6][7][8], in which a scalar field is introduced,

breaking the symmetry of the vacuum expectation values of the gauge fields. This

theories are the Yang-Mills-Higgs theories.

The Yang-Mills-Higgs theory in the Minkowski space-time, is an effective

model for the Quantum Chromodynamics at high temperatures, what can be

seen at [9], where it is shown that at such regimes the fermionic (quarks) fields

decouple from the bosonic (gluons) ones, due to asymptotic freedom feature of

the strong interaction [10][11][12], giving rise to a plasma of quarks and gluons.

Besides having a completely different mass generation mechanism, such theories

are profoundly connected to the Yang-Mills-Chern-Simons ones [9][13], that is

actually what will be studied in this thesis.

Besides that, is also easily shown in [9] that the Abelian degrees of freedom

of the bosonic fields decouple from the non-Abelian ones, giving rise to a Higgs-

like term, transforming the Minkowskian Yang-Mills, in 4 dimensions, action in

an Euclidean Yang-Mills-Higgs one in 3 dimensions, since all the 4-dimensional

integrals over the 4-momentum of the theory can be written, in high temperatures,

as 3-dimensional ones over the spatial sector of the 4-momentum, due to the fact

that the integral over its temporal sector reduces to a simple summation.
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So, to be more precise, we will study the Euclidean Yang-Mills-Chern-Simons

theory with symmetry group SU(2), which can be seen as a prototype for its

SU(3) version, since it is easier to be analytically solved, that is a theory entirely

analogous to the Minkowskian Yang-Mills-Higgs one from the qualitative point of

view, what is shown in [5], where both theories have the same number of physical

degrees of freedom for the gluonic fields, and with the same behaviour. It is

important to state that we will study only pure gauge theories, meaning that we

will not take fermionic fields into account.

Actually, as in the end of the day we want to analyze the phase transition

of the theory from one regime to another, we have that the main work of this

thesis is about how to properly quantize the Yang-Mills-Chern-Simons theory,

by means of the Feynman path integral procedure, not only in the perturbative

(ultraviolet) regime, but also in the non-perturbative (ultraviolet) one. To do so,

we must face the Gribov problem.

Basically, in the first place, in order to quantize a non-Abelian gauge theory,

we need to fix a gauge, otherwise its path integral will diverge due to the infinitely

reapeated sums over equivalent gauge field configurations (configurations related

by a gauge transformation). This works very well in the perturbative regime,

just using the Faddev-Popov quantization procedure [14]. However, in the non-

perturbative regime, the picture might change due to the arising of spourious

gauge copies that resist to the attempt to be eliminated of every gauge fixing

condition, implying on the non-normalizability of the path integral of the theory

and on the non-invertibility of the Faddeev-Popov operator in such regime. Such

configurations are well known as ‘Gribov ambiguities’ or also ‘Gribov copies’ [15].

In order to take into account the existence of the Gribov copies we make use

of the Gribov-Zwanzinger approach [16] restricting the integration domain to the

‘Gribov region’, which is free from infinitesimal Gribov copies, that adds a novel
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term called ‘Horizon term’ that contains information of the non-perturbative

regime into the action of the theory.

Moreover, an important information to be cited is the fact that the Yang-

Mills-Chern-Simons theory, in the contrary to the Yang-Mills-Higgs one, is not

invariant by finite gauge transformations, only by infinitesimal ones. This is

important because it means that after restricting the path integral of the theory

to the Gribov region we will not have any Gribov ambiguities inside it anymore,

since it eliminates only the infinitesimal ones, which in this case will be all the

Gribov ambiguities that will exist, not existing the finite ones. Thus we can say

that this is one of the reasons why we are choosing to study Gribov ambiguities

in a Yang-Mills-Chern-Simons theory instead of a Yang-Mills-Higgs one.

We will also make use of a refined version of such a method [17][18], in which

we will take into account the existence of local 1-dimensional condensates of

the theory whose arising leads to a dynamical mass generation into the bosonic

propagators. Moreover, this propagators allow us to infer the Abelian dominance

hypotesis [19] when calculating them in the Maximal Abelian gauge. This gauge

condition is the proper one for this kind of observation since it separates the

non-Abelian sector from the Abelian one, allowing us to make calculations an

analyzing both sectors separately.

Such a hypothesis, says that into the infrared regime a dynamical mass gen-

eration must occur leading the non-Abelian sector of the gluon fields to acquire a

bigger mass than the Abelian one, in such a way that the first one would ‘freeze’

and condensate, creating chromoelectric monopoles that would interact with each

other by means of a flux tube of chromoelectric field around of which the Abelian

gluons would propagate, intermediating the interaction between the non-Abelian

gluon condensates.

In the end of the work, we will analyze our boson propagators, which will
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contain non-perturbative information that comes from the Horizon term, and

we will see how the phase transition of the theory between the infrared and the

ultraviolet regime occurs as function of the coupling constant and the Chern-

Simons mass, which is of topological origin, unlike the Higgs one, which is due to

a spontaneous symmetry breaking.

Just to not go too far, lets say how this work is organized. In the first chapter

we make a review of Yang-Mills theories, talking about its main properties and

its quantization using the Faddeev-Popov gauge fixing procedure into the path

integral of the theory. Besides that we also introduce the maximal Abelian gauge

In the second chapter, we talk about the Chern-Simons theory in its Abelian

and non-Abelian formulations, analyzing its main features, like its symmetries

for example.

In the third and fourth chapters we talk about the Gribov problem and how

to get rid of infinitesimal Gribov ambiguities in the theory. We also analyze how

the propagators change within the Gribov-Zwanzinger panorama.

In the fifth chapter we study the Refined Gribov-Zwanzinger approach, where

the effects of local 1-dimensional condensates are taken into account. Here we

make the same analysis of the third and fourth ones.

At the end we conclude making a brief review of what was done in the work and

talking about the new results of our work, which are related to the calculations

made into the Refined Gribov-Zwanzinger panorama. There, we found gauge

field propagators that are infrared suppressed and with different masses for the

Abelian and non-Abelian sectors, what is an evidence for the Abelian dominance

hypothesis.

We also calculated the ghost propagators (virtual particles that are needed in

order to prove the unitarity and renormalizability of the theory) and we found

non-enhanced ones (which means proportional to 1
k4

).

5



Chapter 1

The Yang-Mills Theories

Summary

Yang-Mills theories [3] are a class of gauge theories that describe three of the four

fundamental interactions; the electromagnetic and the nuclear weak and strong

interactions. In this thesis our goal is to study some aspects of color confinement

in asymptotically free gauge theories [10][11].

However, before discussing the Yang-Mills theories, we should first understand

what a gauge theory is. Gauge theories are theories whose Lagrangian is invariant

upon gauge transformations, that are local transformations1 over the gauge fields

Aµ given by,

Aµ → u−1(x)

(
Aµ +

1

g
∂µ

)
u(x), (1.1)

with g being the coupling constant. In other words, the Lagrangian of such a

theory is invariant under the action of a local element u(x) of a Lie group, while

the gauge fields assume values in the Lie algebra.

1Local transformations are just position dependent transformations. More precisely, they
are dependent on the point of the base manifold.
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1.1 The Abelian case

We must emphasize that all the physically observables quantities in nature

are expected to be gauge invariant. This represents the fundamental basis of

gauge theories, also known as gauge principle. Besides that, we also have that

the gauge invariance implies the charge conservation of a theory, what can be

mathematically proved by means of the Noether theorem [20].

Said that, we have that the gauge theories can be divided into two differ-

ent groups; the Abelian gauge theories and the non-Abelian ones, depending if

the gauge fields which characterize the theory commute with each other or not,

respectively.

1.1 The Abelian case

The most notorious example of an Abelian gauge theory is the Electromagnetic

theory, whose Lagrangian is invariant under the following gauge transformations,

Aµ → Aµ +
i

e
e−ξ(x)∂µe

ξ(x), (1.2)

with e being the electron charge. Such fields assume values in the algebra of U(1)

(with ξ(x) being one of its elements) and transform, as on eq.(1.1), under the

action of an element eξ(x) of this same group, which is the group of the complex

numbers (actually, in this case, are complex functions) with unitary modulus.

Their Abelian nature implies,

[Aµ, Aν ] = 0. (1.3)

7



1.1 The Abelian case

The electromagnetic strength tensor Fµν is defined by the commutator of the

covariant derivatives Dµ of the theory,

Fµν =
i

e
[Dµ, Dν ], (1.4)

with,

Dµ = ∂µ − ieAµ, (1.5)

will be given by,

Fµν = ∂µAν − ∂νAµ − ie[Aµ, Aν ] (1.6)

= ∂µAν − ∂νAµ, (1.7)

where we used eq.(1.3). We can see from eq.(1.5) that the gauge field Aµ plays

the role of a connection in the covariant derivative.

Now, one is able to construct a Lagrangian for the electromagnetic theory,

in order to study the dynamics of the gauge field Aµ. Thus, we have that the

simplest gauge invariant and polynomial term involving the dynamical field and

its derivatives forming a scalar, as required since the Lagrangian is a scalar, is,

L = −1

4
FµνF

µν . (1.8)

A priori, we could also write this Lagrangian as some power of FµνF
µν (for exam-

ple (FµνF
µν)2), however such term would not be power counting renormalizable,

besides violating the principle of superposition, in the contrary to eq.(1.8). At

this point we need to make it clear that we are formulating our theory into a

3-dimensional Euclidean space, since all of our thesis work is done in this space.

8



1.2 The non-Abelian case

One could ask why the Lagrangian depends only on derivatives of the dy-

namical field and not on the field itself, since one could add to eq.(1.8) a term

m2AµA
µ which, as one can easily see by calculating the gauge field propagator,

would give a mass to the photon field. The answer, however, is that such term

would not maintain the gauge invariance of the theory, what is a required feature

due to the gauge principle.

We can also say that there cannot exist coupling between the gauge fields

because the photon does not carry a charge (or U(1) quantum number).

1.2 The non-Abelian case

In the previous section, we’ve talked about the Electromagnetic theory, that is

an Abelian gauge theory. Now we will study a kind of non-Abelian extension of

it or, in other words, a model where the eq.(1.3) is not fulfilled, which means the

Yang-Mills theories.

The Yang-Mills theories are a class of non-Abelian gauge theories whose sym-

metry group is the SU(N). Here the Yang-Mills fields Aµ(x) assume values in

the Lie algebra of the group SU(N) and, in the adjoint representation, can be

written as matrices,

Aµ(x) =
N2−1∑
A=1

AAµT
A ≡ AAµT

A, (1.9)

where we have used Einstein’s summation convention, suppressing the sum sym-

bol whose sum interval goes over the N2 − 1 group generators TA, with index

group A, what means that we have N2 − 1 gauge bosons AAµ that intermediate

the Yang-Mills interactions.

The generators TA of the SU(N) group are, in this representation, N × N

9



1.2 The non-Abelian case

hermitian matrices with null trace that form an ortonormal basis and obey the

relations,

[TA, TB] = ifABCTC

tr(TATB) =
1

2
δAB, (1.10)

where fABC is the group structure constant, which obeys Jacobi identity,

fABCfCDE + fADCfCEB + fAECfCBD = 0. (1.11)

From eq.(1.1) we can write the infinitesimal gauge transformations of the

Yang-Mills theories as,

AAµ → AAµ +DAB
µ ξB, (1.12)

which are non-linear transformations where,

DAB
µ = δAB∂µ − gfABCACµ , (1.13)

is the covariant derivative in the adjoint representation, being able to be written

in the fundamental one as,

Dµ = ∂µ + g[Aµ, ]. (1.14)

Denoting now the non-Abelian feature of the Yang-Mills fields, we have that,

[Aµ, Aν ] = [AAµT
A, ABν T

B] = ifABCAAµA
B
ν T

C . (1.15)

So, analogous to the previous case, we have that the Yang-Mills strength tensor

10



1.3 Quantization of gauge theories

will be given by,

Fµν =
1

g
[Dµ, Dν ], (1.16)

being able to be rewritten by means of eq.(1.13) as,

FA
µν = ∂µA

A
ν − ∂νAAµ + gfABCAAµA

B
ν . (1.17)

We can understand the Yang-Mills theory as a generalization of the electromag-

netic theory, differing from it by a non-Abelian term gfABCAAµA
B
ν . Obviously

this non-Abelian feature has physical consequences. First of all, for such theories

the non-Abelian bosonic gauge field Aµ carries the charge of the interaction which

it intermediates, which means that such fields interact with each other, while the

electromagnetic theory do not manifest this kind of feature. This property finds

out a parallel in General Relativity [21], where the gravitational field also carries

energy/momentum, which is its source, so that the field becomes also a source,

interacting with itself.

1.3 Quantization of gauge theories

A suitable method to quantize gauge theories is the Feynman’s path integral

approach [22][23][24][25]. In this approach we first define the partition function1

Z of the theory,

Z =
1

N

∫
DAe−S[A], (1.18)

1Actually this term is interpreted as a partition function when we are working in the Eu-
clidean space, which is our case.

11



1.3 Quantization of gauge theories

where S is the action and N is a normalization constant. Here, we are integrating

over all configurations of the gauge field Aµ(x), which means that Z is a functional

integral of Aµ(x). This is the reason why we are using the notation DA to

represent the measure of the integration, in order to make explicit that this is

not a usual integration over a variable interval dx. Our work will be done in the

Euclidean 3-dimensional space.

One problem we find on trying to quantize gauge theories by means of this

method is that the path integral of eq.(1.18) diverges, making it non-normalizable.

This is due to the gauge symmetry of the theory. It leads us to sum each gauge

field configuration infinite times, since there are infinite sets of gauge field config-

urations, each one composed by infinite configurations whose fields are related to

each other by means of gauge transformations. This causes all fields within a set

to be physically equivalent. This sets are called ‘gauge orbits’ and, to be more

precise, they are smooth non-intersecting trajectories into the gauge field config-

uration space in which every point of one trajectory is a gauge field configuration

and all of such points are related to each other through gauge transformations.

We must emphasize here that all gauge field configurations belong to a gauge

orbit, and gauge fields belonging to different gauge orbits are not related to each

other by a gauge transformation.

Another problem that arises is the fact that, in gauge theories, due to the

gauge symmetry, we cannot obtain the gauge propagator of the theory since it is

non-invertible.

In order to properly solve these problems we are forced to fix the gauge, in

such a way we only sum, in the path integral, over one representative of each

gauge orbit. This means basically that we are led to select a surface in the gauge

field configuration space which crosses all the gauge orbits once, and only once,

choosing, in such a way, the configurations that will be the representative of each

12



1.3 Quantization of gauge theories

orbit and over which we will sum in the path integral.

The procedure through which we implement this gauge fixing is called the

‘Faddeev-Popov quantization’ [14][23]. To understand how it works, we first

perform a gauge transformation over the gauge fields, given by eq. (1.1).

This leads the path integral of eq.(1.18) to become,

Z =
1

N

∫
DuDAue−S[Au]det(−M), (1.19)

where u(x) is an element of a Lie group that perform the gauge transformation to

a gauge of our choice, Du it’s the volume element of the group space, and detM

is the Jacobian of this transformation. Explicitly, we have that,

det(−M) ≡ det

∣∣∣∣δf [Au(x)]

δu(x′)

∣∣∣∣ (1.20)

with f [Au(x)] is the function that characterize our gauge choice.

For compact Lie groups as the rotation group SO(3), the special unitary group

SU(2) (which is the one used in this thesis), and the special unitary group SU(3),

we have that they all carry a Haar measure [26] making them unimodular groups.

This means that their volume element Du is an (gauge-)invariant measure.

Now, after having made the gauge transformation to a gauge of our choice, we

still need to ensure that the path integral will only sum over gauge inequivalent

fields Aµ. To do so, we can add to the path integral a Dirac delta of the form,

δ(f [Au(x)]), (1.21)

which is responsible to implement the gauge fixing condition,

f [Au(x)] = 0, (1.22)

13



1.3 Quantization of gauge theories

leading the path integral (1.19) to become,

Z =
1

N

∫
DuDAue−S[Au]det(−M)δ(f [Au]). (1.23)

One can easily see at [23] that,

∫
Duδ(f [Au(x)])det(−M) = 1, (1.24)

what when substituted in eq.(1.23) we obtain that,

Z =
1

N

∫
DAue−S[Au], (1.25)

where DAu and S[Au] are gauge invariant quantities, leading us back to eq.(1.18),

which means that the partition function is a gauge invariant quantity. This is

good since we directly calculate physical observables from it, so it must, in fact,

conform with the gauge principle.

Another thing that must be perceived is the fact that, because of the gauge

invariance of this two terms, besides det(−M) (which is a constant) and δ(f [Au]),

we can also write the eq.(1.23) in the form,

Z =
1

N

∫
DAe−S[A]det(−M)

∫
Duδ(f [Au])

=
1

N

∫
DAe−S[A]det(−M)δ(f [A])

∫
Du

=
1

N

∫
DAe−S[A]det(−M)δ(f [A]) (1.26)

where we can see that the integral
∫
Du can be separated out from the path

integral, meaning that it can be absorbed by the normalization constant. This is

also another form of proving the gauge invariance of the path integral.

As one can easily see, even having inserted a new term into the path integral,
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1.3 Quantization of gauge theories

we are still free to modify it even more without any problem. We can do this by

transforming the gauge condition by summing an arbitrary function C(x), in the

form,

f [A(x)]→ f [A(x)]− C(x), (1.27)

which is just a parametrization of the gauge fixing, leading eq.(1.26) to become,

Z =
1

N

∫
DAe−S[A]det(−M)δ(f [A(x)]− C(x)). (1.28)

Now averaging the path integral over this arbitrary function C(x) with a gaussian

weight properly normalized to unity of the form,

e−
∫ C2(x)

2α
d3x, (1.29)

which makes the quadratic part of the action of non-Abelian gauge theories to

become non-degenerate, we find that the path integral (1.28) becomes,

Z =
1

N(α)

∫
DCZe−

∫ C2(x)
2α

d3x

=
1

NN(α)

∫
DCDAe−S[A]−

∫ C2(x)
2α

dxdet(−M)δ(f [A(x)]− C(x))

=
1

N ′

∫
DAe−S[A]−

∫ f2[A(x)]
2α

dxdet(−M)

=
1

N ′

∫
DAe−S[A]−SGF [A]det(−M), (1.30)

where N ′ = NN(α) is the normalization constant, α is an arbitrary constant and,

SGF =

∫
f 2[A(x)]

2α
d3x (1.31)

is the gauge fixing action. One can easily verify that this gauge fixing action is
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1.3 Quantization of gauge theories

not gauge invariant. However, the partition function still is, because the gauge

fixing action came from the integration over the C(x) function of the gaussian

weight times the Dirac delta, which are both gauge invariant quantities.

As can be seen on [23], the matrix M can be exponenciated by means of the

following trick,

det(−M) =

∫
Dc̄Dce

∫
d3x(c̄Mc), (1.32)

which in the adjoint representation is written as:

det(−M) =

∫
Dc̄Dce

∫
d3x(c̄AMABcB), (1.33)

where MAB is known as the Faddeev-Popov operator and the c and c̄ are Grass-

mann fields which in this case are called respectively as the Faddeev-Popov ghost

and anti-ghost fields, that are scalar fields that obey anti-commutation relations,

i.e., they obey,

{
cA, cB

}
= 0, (1.34){

c̄A, c̄B
}

= 0. (1.35){
cA, c̄B

}
= 0 (1.36)

This implies their field excitations be causality-violating particles, not belonging

to the physical spectrum or, in other words, virtual particles, appearing in the

Feynman diagrams only as internal loops and never having asymptotic states.

However, such fields are important because they cancel non-physical degrees of

freedom of the gauge fields playing a pivotal role to make the theory unitary. The

term SFP = −
∫
d3x(c̄Mc) will be called as the Faddeev-Popov action.
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1.3 Quantization of gauge theories

Substituting eq.(1.33) into eq.(1.30) we obtain,

Z =
1

N ′

∫
DADc̄Dce−S[A]−SGF [A]+

∫
d3x(c̄AMABcB)

=
1

N ′

∫
DADc̄Dce−S[A]−SGF [A]−SFP [A]

=
1

N ′

∫
DADc̄Dce−Seff [A], (1.37)

with Seff = S + SGF + SFP being the effective action of the theory.

As can be seen on [14][27], another way of writing the gauge fixing action can

be,

SGF =

∫
bA(x)fA(x)d3x, (1.38)

where bA(x) is the Lautrup-Nakanishi field, which is a Lagrange multiplier for the

coupling we are inserting in the theory, the gauge condition.

We can observe form eq.(1.37) that it manifests a symmetry called as ‘Faddeev-

Popov discrete symmetry’, which is characterized by the invariance under the

following transformations over the ghost fields,

cA → eiθcA

c̄A → e−iθc̄A, (1.39)

with θ being a finite, commuting and global parameter. This leads all observ-

ables to manifest such a symmetry too, ensuring the ghost states to exist only

into closed loops of the Feynman diagrams. This saves the causality of the theory,

insofar as the ghost scalar fields would destroy it if they could belong to external

legs, because of their ‘wrong’ spin-statistic. Such symmetry leads to a new con-

served charge called as ‘ghost number’, where the ghost and anti-ghost fields will
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1.3 Quantization of gauge theories

respectively have, by convention, ghost numbers 1 and −1.

Another important feature of the Faddeev-Popov quantization procedure is

that even if the gauge symmetry of the action is broken, there still exist a residual

symmetry; the Becchi-Rouet-Stora-Tyutin (BRST) symmetry [28]. It is charac-

terized by the fermionic and nilpotent (s2 = 0) operator s. It is a kind of super-

symmetry, since it relates fermions to bosons and vice versa, being given, using

the Cartan decomposition (that we will discuss in the next section) by,

sAaµ = −(Dab
µ c

b + gfabcAbµc
c + gfabiAbµc

i),

sAiµ = −(∂µc
i − gfabiAaµcb),

sca = gfabicbci +
g

2
fabccbcc,

sci =
g

2
fabccbcc,

sc̄a = iba,

sc̄i = ibi,

sba = 0,

sbi = 0, (1.40)

where a, b, c are the non-Abelian components of the fields, and i are the Abelian

ones. Moreover, we have that:

sSeff = 0. (1.41)

It is important to observe that the BRST symmetry transformation has ghost

number 1 and dimension 0, so it increases by 1 the ghost number of the field

upon which it is applied, what is a subtle difference between this symmetry and

the conventional gauge symmetry.

Another important feature of the BRST symmetry is that, from the nilpotency
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1.4 Maximal Abelian gauge (MAG)

of the BRST operator s, we are able to define its cohomology. Thus taking an

arbitrary BRST-invariant object Ψg
n, with dimension n and ghost number g, in

such a way that it obeys the following equation,

sΨg
n = 0, (1.42)

we are able to rewrite Ψ as,

Ψg
n = Cg

n + sEg−1
n , (1.43)

where,

sCg
n = 0,

Cg
n 6= s(something),

s2Eg−1
n = 0. (1.44)

We call Cg
n as the closed, or non-trivial, sector of the BRST cohomology, while

Eg−1
n is called as the exact, or trivial, sector of the BRST cohomology.

1.4 Maximal Abelian gauge (MAG)

Within the context of the Fadddeev-Popov quantization, we choose the maximal

Abelian gauge as our gauge fixing. This choice was made by two main reasons;

the first is because there are not much calculations in the literature made on

this gauge; the second is the fact it is implementable on lattice [29]; the third is

because in such gauge we are able to separate the non-Abelian and the Abelian

sectors of the Yang-Mills theory enabling us to study the Abelian Dominance

hypothesis [19], which will be better explained along this thesis;
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1.4 Maximal Abelian gauge (MAG)

Before introducing explicitly this gauge condition, we need to introduce the

Cartan decomposition and the notation used throughout the remainder of this

thesis. First of all, we must state that we will be using the notation of small

letters in order to distinguish the non-decomposed fields (with capital letter group

indices) from the decomposed ones. With such notation we will also distinguish

the Abelian components, with letter i, j, k..., from the non-Abelian ones, with

letters a, b, c... While the capital indices run in the set 1, 2, 3, ..., (N2 − 1) of the

SU(N) group, we have that the lower case ones run in the sets 1, 2, 3, ...N(N−1)

and 1, 2, 3, ...N − 1 respectively for the non-Abelian (off-diagonal) and Abelian

(diagonal) parts of the same SU(N) group.

By means of the Cartan decomposition we can always expand the gauge field

in terms of its Abelian and non-Abelian generators of the Lie algebra, in such a

way that we can write,

AAµT
A = AaµT

a + AiµT
i, (1.45)

where T a and T i are respectively the non-Abelian and the Abelian generators,

which in the SU(2) Yang-Mills theory is,

T1 =
1

2

 0 1

1 0

 ,T2 =
1

2

 0 −i

i 0

 ,T3 =
1

2

 1 0

0 −1

 , (1.46)

which means that they are proportional to the Pauli matrices.

With such matrices we can form a decomposed algebra,

[
T i, T j

]
= 0[

T a, T i
]

= −ifabiT b[
T a, T b

]
= ifabcT c + ifabiT i, (1.47)
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1.4 Maximal Abelian gauge (MAG)

that for the SU(2) case, which has only 3 components, will be just,

[
T 3, T 3

]
= 0[

T a, T 3
]

= −ifab3T b[
T a, T b

]
= ifab3T 3, (1.48)

where the fabc term do not exist in this special case since we only have 2 non-

Abelian components.

We must emphasize that the number of Abelian components of the theory is

(N − 1), while for the non-Abelian sector we have N(N − 1) components.

Now, we are able to define the Maximal Abelian gauge conditions, which are,

Dab
µ A

b
µ ≡ (δab∂µ − gfabiAiµ)Abµ = 0, (1.49)

∂µA
i
µ = 0, (1.50)

The first gauge condition, eq.(1.49), is obtained extremising the functional:

A2
MAG[A] =

∫
d3xAaµ(x)Aaµ(x), (1.51)

while the second one, eq.(1.50), is not obtained from any functional extremization,

being related to the necessity of fixing a residual U(1)N−1 symmetry.

Now, just to briefly conclude this topic, let us explicitly exhibit the gauge

symmetry of both sectors of the gauge fields,

Aaµ → Aaµ +Dab
µ ω

b + gfabcAbµω
c + gfabiAbµω

i, (1.52)

Aiµ → Aiµ + ∂µω
i + fabiAaµω

b, (1.53)
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1.4 Maximal Abelian gauge (MAG)

where ωi and ωa are the components of the infinitesimal gauge transformation,

AAµ → AAµ +
1

ig
∂µω

A, (1.54)

in such a way that,

ωATA = ωaT a + ωiT i. (1.55)

It’s also important to expose that from eq.(1.11) we find out that the structure

constants fabi and fabc obey the following relations,

fabcf cde + fabif ide + fadcf ceb + fadif ieb + faecf cbd + faeif ibd = 0, (1.56)

fabcf bdi + fabdf bic + fabif bcd = 0, (1.57)

fabif bjc + fabjf bci = 0. (1.58)
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Chapter 2

The Chern-Simons Theory

Summary

In three dimensions (2 + 1), both theoretically and experimentally, a vast range

of interesting new and non-trivial phenomena exist, and their description is of

enormous importance for many areas of physics. From condensed matter and the

description of two dimensional materials and fractional quantum Hall effect [30],

to quantum chromodynamics and the description of center vortices [31], the three

dimensional field theory can be of great help, especially the most known among

them: the Chern-Simons theory.

The Chern-Simons theory is a kind of gauge theory that can be constructed in

three dimensions (actually in any odd-dimension, as we will see later) by requiring

the usual three conditions of Lorentz invariance, gauge invariance, and locality,

but its most important feature is that it is constructed in such a way that it is

independent of the space-time metric, which makes it a topological gauge theory.

In the following, we will review the most important features of the theory.
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2.1 Abelian Chern-Simons theory

2.1 Abelian Chern-Simons theory

We start our study reviewing the features of the Abelian version of the theory

[5]. The Lagrangian of the Abelian Chern-Simons theory is,

LCS =
−iC

4
εµνρAµ∂νAρ, (2.1)

where εµνρ is the Levi-Civita symbol and C is the Chern-Simons mass. We can

see here that the metric does not appear explicitly, since we do not have a scalar

product between vectors.

The first important aspect that we must emphasize is that under a gauge

transformation Aµ → Aµ + ∂µΩ the Lagrangian (2.1) changes by a total space-

time derivative,

δLCS =
−iC

4
∂µ(Ωεµνρ∂νAρ), (2.2)

So the Lagrangian is not gauge invariant, while the action of the theory will

preserve the gauge invariance.

Another important feature is, as mentioned before, the fact that the Chern-

Simons Lagrangian can only be constructed in odd dimensions. This is due to the

fact that in even dimensions it is impossible to build a scalar using just an even-

dimensional Levi-Civita symbol εµνρσ..., gauge fields Aµ and derivatives ∂µ, since

in this case we would always obtain identically null terms due to the combination

of the anti-symmetry of the first one and the symmetry of the other two, under

a permutation of indices µ→ ν..., at the same time.

Moreover, what makes the Chern-Simons term really interesting is its effect

when combined with other theories, since it adds a topological mass into the

propagating degrees of freedom of the theory with which it is coupled. This
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2.1 Abelian Chern-Simons theory

can be easily seen, for example, if we analyze the Maxwell-Chern-Simons theory,

whose Lagrangian is given by,

LMCS =
−iC

4
εµνρAµ∂νAρ −

1

4e2
F µνFµν . (2.3)

If we use the Euler-Lagrangian eq.,

∂LMCS

∂Aν
= ∂µ

∂LMCS

∂(∂µAν)
, (2.4)

we obtain,

∂αF
αβ − iM

4
εβµνFµν = 0, (2.5)

where M = Ce2 is the mass of the transverse propagating degree of freedom

of the gauge field, which, as we can see, has a contribution coming from the

Chern-Simons mass, which has topological origin.

Besides that, we shall talk about the discrete symmetries of the Lagrangian

(2.1). First of all, let us see how it transforms under a parity (P) transformation,

understood as a mirror image transformation, which in 2+1 dimensions is defined

in the following form,

x0 → x0,

x1 → −x1,

x2 → x2, (2.6)
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2.1 Abelian Chern-Simons theory

whereas the gauge fields transform as,

A0 → A0,

A1 → −A1,

A2 → A2. (2.7)

Such transformations imply,

εµνρAµ∂νAρ → −εµνρAµ∂νAρ. (2.8)

Thus, we see that the Chern-Simons term is not invariant under parity transfor-

mations, i.e., it is not parity-symmetric.

As in most of this dissertation we will work in an Euclidean 3-dimensional

space, we should also show now that the same property remains valid into it. So,

let us define the parity transformation in such space,

x0 → −x0,

x1 → −x1,

x2 → −x2, (2.9)

with the gauge fields transforming as,

A0 → −A0,

A1 → −A1,

A2 → −A2. (2.10)
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2.1 Abelian Chern-Simons theory

Using them into eq.(2.1) we obtain again that,

εµνρAµ∂νAρ → −εµνρAµ∂νAρ. (2.11)

Now we should also expose the time reversal (T) transformation. These trans-

formations are defined in 2 + 1 dimensions as,

x0 → −x0,

x1 → x1,

x2 → x2, (2.12)

for the spacetime coordinates. Yet, for the gauge fields they are given as,

A0 → A0,

A1 → −A1,

A2 → −A2. (2.13)

Thus replacing such transformations into eq.(2.1) we obtain one more time that,

εµνρAµ∂νAρ → −εµνρAµ∂νAρ, (2.14)

what means that also the time reversal symmetry is broken by a sign change in

the Chern-Simons Lagrangian.

By obvious reasons, we will not discuss the time reversal symmetry into the

3-dimensional Euclidean space, since there is no time dimension to be reversed.

Therefore we conclude that both discrete symmetries, P and T, are broken in

pure Chern-Simons theory.
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2.2 Non-Abelian Chern-Simons theory

We start with the non-Abelian Chern-Simons Lagrangian,

LCS =
−iC

4
tr(εµανFµνAα)

=
−iC

4
εµνρtr(Aµ∂νAρ +

2

3
gAµ[Aν , Aρ]), (2.15)

where now the field strength Fµν is given, analogously to eq.(1.6), by,

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ], (2.16)

As in the Abelian case, we have that the Chern-Simons Lagrangian is invariant

under an infinitesimal gauge transformation up to a total derivative, given by,

δLCS =
−iC

4
εµνσtr(δ(AµFνσ)). (2.17)

Under finite gauge transformations (like eq.(1.1)) however, the case is deeply

different from the Abelian one. Under such transformations the Lagrangian is

not gauge invariant anymore, changing by,

LCS → LCS +
iC

4
εµνα∂µtr(∂νgg

−1Aα) +
12iπ2C

3!
n(g), (2.18)

where the second term is a total derivative, while,

n(g) =
1

24π2
εµναtr(g

−1∂µgg
−1∂νgg

−1∂αg), (2.19)

is the so called winding number density of the group element g, whose integral

must be an integer in order to make the Chern-Simons Boltzmann factor to be

gauge invariant under finite gauge transformations. We can also see from [5] and
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the MAG

[32] that it can be understood as the number of counterclockwise turns that one

makes over the boundary of the integration surface of the integral of the eq.(2.19),

which can be rewritten in terms of a line integral over such boundary closed curve

by means of the Stokes theorem.

Besides that we have that the Chern-Simons mass C must also be an integer

times 1
2π

since the generating functional, in order to be gauge invariant even

under finite gauge transformations, binds the exponential e−SCS to be also gauge

invariant less than a phase of 2π times an integer. So the non-Abelian Chern-

Simons theory is not gauge invariant by finite gauge transformations.

2.3 Quantization of the SU(2) Yang-Mills-Chern-

Simons theory into the MAG

In order to conclude this chapter, we will now introduce the Yang-Mills-Chern-

Simons theory, which will be our object of study of the the next chapters. Basi-

cally, we will add the Chern-Simons term into the 3-dimensional Euclidean SU(2)

Yang-Mills theory and make use of the Faddeev-Popov quantization procedure in

order to see how this term will affect the propagators of the theory. We will do

our calculations into the Maximal Abelian gauge.

The study of the 3-dimensional Euclidean Yang-Mills-Chern-Simons theory

is important in the context of the high-temperature Quantum Chromodynamics

(QCD) [9]. In such temperature regime, the quarks decouple from the gluons,

forming a plasma state of asymptotically free quarks, leading the gluonic sector of

the QCD to be described by a pure Yang-Mills theory. However, the high-energy

regime of this 4-dimensional Minkowskian Yang-Mills theory can be described

by an effective Yang-Mills-Higgs model in the 3-dimensional Euclidean space [9].

Here, a Higgs term (of the kind (DiA0)2) introduces a mass into the gauge field
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propagators by breaking the symmetry of their vacuum expectation values. Be-

sides that, in such regime, all the 4-dimensional integrals over the 4-momentum

d4p ≡ dp0dp1dp2dp3 become 3-dimensional ones over the Euclidean 3-momentum

d3p ≡ dp1dp2dp3 since the integral over dp0 becomes a summation, as can be seen

at [9]. Moreover, as shown in the reference [5], the Yang-Mills-Higgs model is

completely analogous to the Yang-Mills-Chern-Simons one from the qualitatively

point of view. This is due to the fact that both theories have the same number of

massive physical degrees of freedom. However, the mass generation mechanism of

the Yang-Mills-Chern-Simons model is different from the Yang-Mills-Higgs one,

since in it the mass comes from the topological Chern-Simons term, that is inde-

pendent of the metric.

The Yang-Mills-Chern-Simons (YMCS) action in three Euclidean dimensions

with SU(N) gauge group is expressed as,

SYMCS =
1

4

∫
d3x

(
FA
µνF

A
µν − iCεµαν(FA

µνA
A
α +

g

3
fABCAAµA

B
ν A

C
α )
)

=
1

4

∫
d3x

[
(F a

µνF
a
µν + F i

µνF
i
µν − iCεµανF a

µνA
a
α − iCεµανF i

µνA
i
α) +

− iCεµαν(
g

3
faBCAaµA

B
ν A

C
α +

g

3
f iBCAiµA

B
ν A

C
α )

]
, (2.20)

where we have explicitly decomposed the Abelian and non-Abelian terms of the

action, and where,

F a
µν = Dab

µ A
b
ν −Dab

ν A
b
µ + gfabcAaµA

b
ν , (2.21)

F i
µν = ∂µA

i
ν − ∂νAiµ + gfabiAaµA

b
ν . (2.22)

Thus decomposing the entire SYMCS into its Abelian and non-Abelian sectors
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and retaining terms up to quadratic order in Aµ leads to,

S
(2)
YMCS =

∫
d3x

{
1

2
(∂µA

a
ν)(∂µA

a
ν)−

1

2
(∂µA

a
ν)(∂νA

a
µ) +

1

2
(∂µA

i
ν)(∂µA

i
ν)+

− 1

2
(∂µA

i
ν)(∂νA

i
µ)− iC

4
εµαν(∂µA

a
ν)A

a
α + i

C

4
εµαν(∂νA

a
µ)Aaα+

− i
C

4
εµαν(∂µA

i
ν)A

i
α + i

C

4
εµαν(∂νA

i
µ)Aiα

}
. (2.23)

The gauge fixing condition, which will be given by equations (1.49) and (1.50),

is implemented into the effective action by eq.(1.31), that will be given by,

Sgf =

∫
d3x

{
1

2α
(∂µA

i
µ)2 +

1

2β
(Dab

µ A
b
µ)2

}
, (2.24)

and the Faddeev-Popov operator, in such a gauge, will be given by,

−MAB =
δ(fω(x))A

δωB(x′)
≡

 δ(fω(x))a

δωb(x′)
δ(fω(x))a

δωj(x′)

δ(fω(x))i

δωb(x′)
δ(fω(x))i

δωj(x′)

 , (2.25)

with ω being an infinitesimal gauge parameter that defines an infinitesimal gauge

transformation of the kind (1.12), and with,

(fω(x))i = ∂µ(Aω)iµ, (2.26)

(fω(x))a = Dab
µ (Aω)bµ. (2.27)
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Thus,

δ(fω(x))i

δωb(x′)
= ∂µ(gfabjAaµδ(x− x′)),

δ(fω(x))i

δωj(x′)
= ∂2(δijδ(x− x′)),

δ(fω(x))a

δωb(x′)
= (Dac

µ D
cb
µ − g2facifdbiAcµA

d
µ)δ(x− x′) +Dac

µ (gf cdbAdµδ(x− x′)),

δ(fω(x))a

δωj(x′)
= gfabj(Ddc

µ A
c
µ)δ(x− x′), (2.28)

leading to,

Mab = −Dac
µ D

cb
µ − gfacdAcµDdb

µ − g2εacεbdAcµA
d
µ, (2.29)

where we defined εab ≡ fabi, and Mab is the non-Abelian sector of the Faddeev-

Popov operator. In the SU(2) case, however, the term facd do not exist since

we have only two non-Abelian components ‘a’ and one Abelian ‘i’ (a = 1, 2 and

i = 3). In this case, the non-Abelian Faddeev-Popov operator is given by:

Mab = −Dac
µ D

cb
µ − g2εacεbdAcµA

d
µ, (2.30)

From eq.(2.25) and eq.(2.28) we also find that,

SFP =

∫
d3x

{
c̄a[Dac

µ D
cb
µ − g2εadεbcAcµA

d
µ]cb + c̄a[gεaeDec

µ A
c
µ]c+

+ c̄[∂µ(gεabAaµ)]cb + c̄[∂µ∂µ]c
}
. (2.31)
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Thus now we have that the effective action will be given by,

Seff = SFP +

∫
d3x

{
1

2
(∂µA

a
ν)(∂µA

a
ν)−

1

2
(∂µA

a
ν)(∂νA

a
µ) +

1

2
(∂µAν)(∂µAν)+

− 1

2
(∂µAν)(∂νAµ)− iC

4
εµαν(∂µA

a
ν)A

a
α + i

C

4
εµαν(∂νA

a
µ)Aaα − i

C

4
εµαν(∂µAν)Aα+

+ i
C

4
εµαν(∂νAµ)Aα +

1

2α
(∂µAµ)(∂νAν) +

1

2β
(∂µA

a
µ)(∂νA

a
ν)

}
. (2.32)

Integrating by parts and applying the Fourier transformation ∂µ → ikµ over the

part without the ghost fields, we find,

SYMCS + Sgf =

∫
d3k

(2π)3

{
1

2
Aaµ(k)

[
δµνk

2 −
(

1− 1

α

)
kµkν − Cεµανkα

]
Aaν(−k)+

+
1

2
Aµ(k)

[
δµνk

2 −
(

1− 1

β

)
kµkν − Cεµανkα

]
Aν(−k)

}
, (2.33)

We can read off the following non-Abelian and Abelian operators,

P ab
µν =

{
δµνk

2 −
(

1− 1

α

)
kµkν − Cεµανkα

}
δab, (2.34)

Qµν = δµνk
2 −

(
1− 1

β

)
kµkν − Cεµανkα, (2.35)

and invert them in order to find the free gluon propagators that, after taking

α, β → 0 in order to retake the conditions of the Maximal Abelian gauge (equa-

tions (1.49) and (1.50)), will take the form,

〈Aaµ(k)Abµ(−k)〉 =
1

k2 + C2

{
δµν −

1

k2
kµkν +

C

k2
εµσνkσ

}
δab, (2.36)

〈Aµ(k)Aµ(−k)〉 =
1

k2 + C2

{
δµν −

1

k2
kµkν +

C

k2
εµσνkσ

}
. (2.37)

We can see from such propagators that the Chern-Simons action adds a mas-

sive term C into the poles which is of purely topological origin. The mass of the
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excited states of the theory will be therefore m2 = −k2 = C2.
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Chapter 3

The Gribov problem

Summary

In this chapter, we will discuss about the generalization of the path integral

quantization of gauge theories to the non-pertubative regime. We will analyze

the problems related to the arising of spurious gauge copies called ‘Gribov ambi-

guities’, and we will follow the steps made by Gribov [15] in order to deal with

them.

We have already seen in section (1.3) how to quantize Yang-Mills theories by

means of the Feynman’s path integral approach. In such method we have seen

that we need to fix the gauge of the generating functional at the level of the

action in order to solve the problems of its non-normalizability, which was due

to the gauge ambiguities, and of the non-invertibility of the quadratic gauge field

operator. For such we used the Faddeev-Popov method, in which besides the

gauge fixing term, another term, the Faddeev-Popov one, arose into the effective

action of the theory, coming from the Jacobian of the gauge transformation.

However, it is important to state that the entire Faddev-Popov quantization

procedure is based upon two major hypothesis:
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• The gauge fixing is always perfect, selecting only one representative of each

gauge orbit.

• The Faddeev-Popov operator is always invertible.

Nevertheless, both hypothesis are not in general well justified, in such a way that

the Faddeev-Popov procedure is not always valid, needing to be improved.

To understand the violation of the first hypothesis we must remember the

explanation of the section (1.3) about the gauge fixing procedure. There we saw

that to fix a gauge means “to select a surface in the gauge field config-

uration space which crosses all the gauge orbits once, and only once,

choosing, in such a way, the configurations that will be the representa-

tives of each orbit and over which we will sum into the path integral”

but, we have not emphasized that the gauge orbits are curves in the gauge field

configuration space that can intersect the gauge fixing surface more than once,

leading to the selection of more than one representative for the gauge orbits. This

spurious extra configurations are called as ‘Gribov ambiguities’, or also, ‘Gribov

copies’ and one of their effects on the Faddev-Popov quantization procedure is

that they make the path integral to become again non-normalizable, since we

come back to integrate over equivalent gauge field configurations.

Concerning the second hypothesis we have that, in the Landau and Maximal

Abelian gauge (where the calculations were already made), when the amplitudes

of the gauge fields are sufficiently large or, in other words, when we enter in

the non-perturbative regime, the operator Mab will acquire zero modes (null

eigenvalues), thus becoming non-invertible. This is also due to the presence of

spurious new gauge copies in this regime, as we will see in the next subsection.

Therefore, we can summarise the problem of the violation of the two major

hypothesis of the Faddeev-Popov procedure as being part of one bigger problem

that is known as ‘the Gribov problem’.
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3.1 The zero modes and the infinitesimal Gribov ambiguities

In this section, we will formalize the problem and see how to work around it.

All the work however will be done considering an Euclidean gauge theory with

symmetry group SU(2), for simplicity.

3.1 The zero modes and the infinitesimal Gri-

bov ambiguities

As well as on [15][2][27][1], we need, first of all, to find the existence condition

for the infinitesimal Gribov ambiguities. This is due to the fact that, as can be

seen on [33][15][1][27][34] (and we will better discuss it in the next sections), the

finite Gribov ambiguities are not of fundamental relevance. They do not have

any significant effect over the generalization of the path integral approach to the

non-perturbative regime of gauge theories.

The idea here will be to take an infinitesimal gauge transformation over a

gauge field and then apply the gauge fixing condition upon the transformed field.

Then we will see that we will obtain equations for the infinitesimal gauge param-

eter that will have non-trivial solutions (ω, ωa 6= 0), meaning that there will exist

different fields related by an infinitesimal gauge transformation (which means

equivalent fields) obeying the same gauge condition or, in other words, there will

exist infinitesimal Gribov ambiguities.

Thus, we will start defining a gauge field Āµ(x) whose Abelian and non-

Abelian components respectively transform, analogously to eqs.(1.52) and (1.53),

as,

Āµ(x) = Aµ − ∂µω − gεabAaµωb, (3.1)

Āaµ(x) = Aaµ −Dab
µ ω

b − gεabAbµω, (3.2)
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3.1 The zero modes and the infinitesimal Gribov ambiguities

where the difference here is that, as we are dealing with SU(2) symmetry group,

the structure constant fabc will not exist, only the ones given by fabi = εab.

Over the transformed fields of eqs.(3.1) an (3.2) we will impose the Maximal

Abelian gauge conditions given by eqs.(1.49) and (1.50) in such a way that,

∂µĀµ = 0, (3.3)

Dab
µ (Ā)Ābµ = 0, (3.4)

what will give us,

∂µAµ − ∂2ω − gεab∂µAaµωb − gεabAaµ∂µωb = 0, (3.5)

Dab
µ (Ā)Abµ −Dac

µ (Ā)D(A)cbµ ω
b − gεabDab

µ (Ā)(Abµω) = 0, (3.6)

and so taking the first order approximation over the gauge parameters ω and ωa

and imposing again the gauge conditions over the equations above, we obtain,

−∂2ω − gεab∂µAaµωb − gεabAaµ∂µωb = 0, (3.7)

Mabωb = 0, (3.8)

with,

Mab = −Dac
µ D

cb
µ − g2εacεbdAcµA

d
µ, (3.9)

being the Hermitian [35] non-Abelian Faddeev-Popov operator. These equations

are the so called ‘copies equations’ and give us the conditions for the existence of

infinitesimal Gribov copies.

One can easily see that the gauge parameter ω at eq.(3.7) is determined by

the parameter ωa, which is determined by eq.(3.8), in such a way that we only

38



3.2 The Gribov Region

need to solve the second equation in order to determine the existence of Gribov

copies.

It is easy to see from eq.(3.8) that its solutions will be given by eigenfunctions

related to null eigenvalues, also known as ‘zero modes’, of the Faddeev-Popov

operator. Thus, we conclude that the infinitesimal Gribov ambiguities will arise

when the operator Mab assume zero modes.

Solving eq.(3.7) we obtain,

ω = −gεab∂µ
∂2

(Aaµω
b). (3.10)

So redefining this gauge parameter in such a way that ω̄ → ω− gεab ∂µ
∂2

(Aaµω
b) we

would have, according to eq.(3.7), that,

∂2ω̄ = 0. (3.11)

It is important to mention here that, as shown in [34], applying such transfor-

mation over the generating functional would lead to a field independent Jacobian,

implying the decoupling of the Abelian ghosts of the theory and as a trivial con-

sequence, they will not be affected by this generalization of the path integral

quantization of gauge theories.

3.2 The Gribov Region

After having seen in the last subsection that infinitesimal Gribov copies exist

only when the Faddeev-Popov operator Mab assumes zero modes, we need now

to understand how it can occur and then we must see how to work around the

problem.

First of all, taking eq.(3.9) one can see that it can be separated into two parts
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3.2 The Gribov Region

O1 and O2 given by the operators,

O1 = −Dac
µ D

cb
µ , (3.12)

O2 = g2εacεbdAcµA
d
µ, (3.13)

in such a way that the operator Mab will be rewritten as,

Mab = O1 −O2, (3.14)

As both operators are positive definite, meaning that they always have positive

eigenvalues, we have that depending on the values of the gauge fields Aµ and Aaµ

and of the coupling constant g, the zero modes of Mab may occur.

Taking the limit of free fields g → 0, or also low values of the fields Aµ and

Aaµ, the eq.(3.9) becomes,

Mab|g→0 = −δab∂2, (3.15)

which is a positive definite operator.

In other words, we can say that O1 > O2, which meas that the eigenvalues of

the operator O1 are bigger than the ones of the operator O2. This tells us that

in such limit the Mab operator is invertible and the Faddeev-Popov quantization

procedure can hold. Coincidentally the regime where gAaµ is small is precisely

where perturbation theory around the trivial vacuum A = 0 is performed. So we

can say that in the perturbative regime the usual assumptions of the Faddeev-

Popov procedure are well-grounded.

Now, increasing the values of the fields some of the eigenvalues of the operator

O2 will eventually equalize with one the ones of the operator O1, generating the

first null eigenvalue α1(A), also called as the first zero mode, of the operator Mab.
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3.2 The Gribov Region

Increasing even more the values of the gauge fields the eigenvalue α1(A) will

continue decreasing in oder to become negative. Meanwhile, the same thing will

happen with the other eigenvalues α2(A), α3(A), α4(A), ... of Mab, one at a time,

in such a way that they also will eventually reach null values and then negative

ones.

Following [15][34][18] we see that the gauge field configuration space can there-

fore be divided in an infinity of regions G1, G2, G3, ... called as ‘Gribov regions’,

which are separated by boundaries l1, l2, l3, ... which are the regions where occur

the zero modes. For us, the most important of them will be, as we will later see,

the region G1, where,

Mab > 0, (3.16)

which means that all the eigenvalues of the Faddeev-Popov operator are positive

in its interior. This is the so called ‘first Gribov region’, or simply as the Gribov

region, and its boundary l1 is known as ‘the Gribov horizon’.

As pointed in [15][1] the most important properties of such a region are:

• In the Landau gauge, where this region is yet well defined, it is bounded in

every direction, and in the Maximal Abelian gauge it is unbounded in all

Abelian directions and bounded in the non-Abelian ones;

• It is convex;

• All gauge orbits will cross it at least once [33] (at least in the Landau gauge).

The first property basically says that the field space can be divided in two

regions separated by the so called Gribov horizon. This is where the first zero

modes of the Faddeev-Popov operator appear. See figures (3.1) and (3.2) for the

illustration of this fact in the Landau as well as in the Maximal Abelian gauges.
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3.2 The Gribov Region

Figure 3.1: Gribov region in the Landau gauge [1][2]

The second one means that if someone draws a straight line passing through an

arbitrary point of the Gribov horizon, and in an arbitrary direction, it will cross

at most two points of this surface. In another way, this tell us that, as written

and proven in [34][2], summing multiples of two gauge fields A1
µ, A

2
µ that belong

to the Gribov region, it will give us another field Aµ so that Aµ = λA1
µ + σA2

µ

that also belongs to this region when λ+ σ = 1 and λ, σ ≥ 0.

The third one, by its turn, as proven in [34][2] (at least for the Landau gauge),

means that every configuration located outside of the Gribov region will neces-

sarily have a gauge copy (actually a Gribov copy) inside it.

Thus we can state that the Gribov region is defined as being given, in the

Maximal Abelian gauge, by,

ΩMAG := {(Aµ, Aaµ);Dab
µ A

b
µ = 0, ∂µAµ = 0|Mab > 0}, (3.17)
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3.2 The Gribov Region

Figure 3.2: Gribov region in the MAG [1]

that is the region of the gauge field configuration space where the gauge fields

(Aµ, A
a
µ) obey our gauge condition and all the Mab eigenvalues are positive. How-

ever we must emphasize that this region is only free of infinitesimal Gribov copies,

but not from finite ones. This is related to the fact that the gauge field configura-

tions inside it are the ones that minimize the functional of eq.(1.51), or in other

words, the fields that obey the relations,

δA2
MAG[A] = 0,

δ2A2
MAG[A] > 0, (3.18)

meaning that not only the absolute minima but also the relative ones will belong
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3.2 The Gribov Region

to the Gribov region, leading minima of the same gauge orbit, which will be

Gribov copies of each other, to belong to this region.

Now, we can say that we know a well defined region which is free from infinites-

imal Gribov ambiguities. Thus, a potential strategy to improve the Faddeev-

Popov quantization in order to be valid also in the non-perturbative regime of

gauge theories would be to implement a restriction of the functional measure to

the Gribov region.

Therefore, if we want to remove also the finite Gribov ambiguities from our

path integral, we should restrict it to another region, one known as the ‘Funda-

mental Modular region’ (FMR), which is contained by the first one. In order to

do that, we need to choose only one minimum for each gauge orbit but, as this

choice is arbitrary, we will use as our criteria to select only the absolute mini-

mums of the functional A2
MAG[A]. In this way, the Fundamental Modular region

will be formally defined as,

Λ := {(Aµ, Aaµ)|Aµ, Bµ ∈ Ω→ A2
MAG[A] < A2

MAG[B] ∀Ba
µ 6= Aaµ}, (3.19)

with Bµ = (Bµ, B
a
µ) being also a gauge field configuration of the Gribov region. It

was shown on [36] that the Gribov region and the Fundamental Modular region

share a common boundary (at least in the Landau gauge).

Finally, one could ask now if the Gribov ambiguities are being completely

eliminated in this region; and the answer, second [36][27][1][34], is no, there still

exist gribov copies on the boundary of the FMR due to topological reasons.

Besides that, the FMR still does not have a practical implementation, so

that we only know until now how to restrict the path integral to the Gribov

region. Anyway, as shown at [27][1][34] it is not a real problem, since the only

configurations that significantly contribute to the path integral are the ones that

belong to the boundary of the Gribov region, meaning that all the Gribov copies
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3.2 The Gribov Region

inside it are irrelevant for the calculation of the two-point functions. So we

accomplish that we do not need to integrate over the FMR but only over the

Gribov region.

Now, just to conclude this section, we must underline that, as shown in [33],

the Gribov ambiguities are an issue related not only to the MAG but to all gauges

with derivatives, which means, all Lorentz invariant ones, what makes this a really

intriguing problem to be worked out.
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Chapter 4

Elimination of gauge copies: the

Gribov approach

Summary

After having discussed about the issue of the Gribov copies, we shall now discuss

the implementation of the Gribov region (eq.(3.17)) in the path integral measure

in order to properly quantize the theory and make the Faddeev-Popov procedure

valid also in the infrared regime.

We will reach this goal by following the steps made by Gribov [15], where the

idea is to modify the functional measure of the theory by a function V(Ω) which

would be responsible to make sure that the integration goes over only the gauge

field configurations that leads to an invertible Faddeev-Popov operator.
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4.1 The no-pole condition

4.1 The no-pole condition

We start defining the path integral of the Yang-Mills-Chern-Simons theory in the

quadratic approximation,

Zquadr = N

∫
[Dc][Dc̄][DA]e−Seff [A], (4.1)

where N is a normalization constant and Seff [A] is given by eq.(2.32).

We will now introduce inside the path integral a factor V(Ω) in such a way

that,

Zquadr = N

∫
[Dc][Dc̄][DA]e−Seff [A]V(Ω). (4.2)

This new multiplicative term should be responsible for restricting the integra-

tion only over the Gribov region, but we still need to determine it. It will be

determined, as can be seen at the references [15][27][2], by means of the no-pole

condition of the two-point function of the non-diagonal ghost which in turn is

given by the inverse of the Faddeev-Popov operator,

G(k,A) =
1

2

∑
ab

δab〈k|(M−1)ab|k〉. (4.3)

In other words we will impose to the eq.(4.3) that it cannot have any pole except

at k = 0, that will be the boundary of our region Ω, so that it stays always

positive, making it possible to the FP operator M be invertible.

By this procedure we can rewrite eq.(4.3) at second order in perturbation

theory in the form,

1

2
〈ca(k)ca(−k)〉 ≡ G(k) ≈ 1

k2

1

(1− σ(k))
+
B

k4
, (4.4)
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4.1 The no-pole condition

where,

σ(k) = g2kµkν
k2

∫
d3q

(2π)3

〈Aµ(q)Aν(−q)〉
(k − q)2

. (4.5)

and,

B = g2

∫
d3q

(2π)3
〈Aµ(q)Aµ(−q)〉+

g2

2

∫
d3q

(2π)3
〈Aaµ(q)Aaµ(−q)〉. (4.6)

One can easily see at eq.(4.4) that the ghost propagator G(k) assume poles at

k = 0 and σ(k) = 1. For k ≥ 0 and σ ≤ 1 we see that G(k) > 0, meaning that we

are inside the Gribov region. However, for σ > 1 we see that G(k) < 0, meaning

that we have left the Gribov region, since in this situation the Faddeev-Popov

operator Mab is negative, crossing the Gribov horizon telling us that the eq.(4.4)

is not valid for this values of k.

Thus, since σ(k) is a monotonically decreasing function of the momentum k,

as it grows up, we have that the no-pole condition will be implemented imposing

that,

σ(0, A) < 1. (4.7)

Actually, we can easily calculate the left side of this equation using the propagator

of eq.(2.37) obtaining that this condition is already fulfilled without restriction

to the Gribov horizon whenever,

g2

6πC
< 1, (4.8)

meaning that in the weak coupling regime the theory is automatically within the

Gribov region.

We shall call attention to the present fact that, as pointed out in [5][13], even
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4.1 The no-pole condition

the partition function being gauge invariant, the Chern-Simons term is not left

invariant by gauge transformations with non-vanishing winding number, which

are called as large gauge transformations. So, in order to grant the partition

function to be gauge-invariant we must demand the Chern-Simons mass C to

obey a quantization rule, given by,

4π
C

g2
= n, (4.9)

with n = 1, 2, 3... being an integer. Thus replacing eq.(4.9) into eq.(4.8) we obtain

that for n > 2
3

we have that the no-pole condition (eq.(4.8)) will be always fulfilled

for any value of the Chern-Simons mass C, what means that in such cases the

Gribov copies related to large gauge transformations shall be irrelevant.

From eq.(4.7), according to [15][2], we find that our factor V(Ω) is given by a

Heaviside function

V(Ω) = Θ(1− σ(0, A)). (4.10)

Such a function will be written in its integral form,

Θ(1− σ(0, A)) =

∫
dζ

2πiζ
eζ(1−σ(0,A)). (4.11)

Thus, plugging eq.(4.11) into eq.(4.1) yields,

Zquadr = N

∫
dζ

2πiζ
[DA]e−Seff [A]+ζ(1−σ(0,A)). (4.12)

It can be rewritten by means of Fourier transformation in the following form,

Zquadr = N

∫
dζ

2πi
[DA][DAa]e(ζ−lnζ− 1

2

∑
k Aµ(k)Qµν(k,ζ)Aν(−k)− 1

2

∑
k A

a
µ(k)Pµν(k,ζ)Aaν(−k)),

(4.13)
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4.1 The no-pole condition

where we used that σ = Aµ(k)( ζg2

4V k2
δµν)Aν(−k) and 1

ζ
= exp(−lnζ), and that,

Qµν(k, ζ) =

(
k2 +

ζg2

2V k2

)
δµν −

(
1− 1

α

)
kµkν − Cεµλνkλ, (4.14)

Pµν(k, ζ) = k2δµν −
(

1− 1

β

)
kµkν − Cεµλνkλ. (4.15)

We can see that in this case only the Abelian part of eq.(2.33) is changed by

the addition of the term 1
2
Aµ( ζg2

2V k2
δµν)Aν coming from the introduction of the

Heaviside function.

Inverting the equations (4.14) and (4.15) we find the free gluon propagators,

〈Aaµ(k)Abµ(−k)〉 =
1

k2 + C2

{
δµν −

1

k2
kµkν +

C

k2
εµσνkσ

}
δab, (4.16)

〈Aµ(k)Aµ(−k)〉 =
(k4 + γ4)k2

(k4 + γ4)2 + C2k6

{
δµν −

1

k2
kµkν +

Ck2

(k4 + γ4)
εµσνkσ

}
,

(4.17)

where we defined the Gribov mass parameter γ as γ4 = ζ0g2

2V
, where ζ0 is, as will

be seen in the next subsection, the parameter ζ taken into the saddle point of the

generating functional Zquadr. We also remark the that the determination of the

Gribov parameter will also be postponed to the next subsection.

By means of the eqs. (4.16) and (4.17) we can see in the limit k → 0,

〈Aaµ(k)Abµ(−k)〉 |k→0→∞, (4.18)

〈Aµ(k)Aµ(−k)〉 |k→0→ 0, (4.19)

the Abelian propagator goes to zero, while the non-Abelian one diverges because

of the third term of eq. (4.16).

Of course, we still have to analyse the poles of such propagators, since provide

the masses m2 = −k2 of the excited states of the field. However, we will postpone
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4.2 The Gap equation

this analysis for the sections 4.3 and 4.4.

4.2 The Gap equation

In the previous subsection we talked about the no-pole condition, through which

we restricted the functional measure to the Gribov region. Such procedure lead

to the arising of a new massive parameter inside the poles of the gauge field

propagators, called Gribov parameter.

Now, as said in the previous subsection, we still have to determine this new

massive parameter γ. This will be done thanks to the so called gap equation,

which gives us the difference between the energies of the vacuum state and the first

excited state and, because of that, such massive parameter emerge, regularizing

infrared divergences that jeopardize the theory.

We start integrating the eq.(4.13) in the gauge fields but keeping inside the

integral only the terms that are functions of ζ, we find,

Zquadr = N(det(Pµν(k)))−1

∫
dζ

2πiζ
ef(ζ), (4.20)

where,

f(ζ) = ζ − lnζ − 1

2
ln(detQµν(k, ζ)), (4.21)

and,

ln(detQµν(k, ζ)) = 2ln

(
k2 +

ζg2

2V k2

)
+ ln

(
k2

α
+

ζg2

2V k2

)
. (4.22)

Evaluating the expression (4.20) at the saddle point, where σ minimally affect
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4.2 The Gap equation

the theory, we have the approximation,

Zquadr ≈ ef(ζ0), (4.23)

where ζ0 is the saddle point, which means the point that obeys the relation,

∂f(ζ)

∂ζ
|ζ=ζ0 = 0, (4.24)

and we highlight that this is the condition in order to the Gribov parameter have

a minimum effect on the theory.

Finally, solving the eq.(4.24) and taking the limits α, β → 0 we obtain the

gap equation,

1 =

∫
d3k

(2π)3

g2

2

1

(k4 + γ4)
. (4.25)

We can note that the Chern Simons mass does not enter the gap equation.

Integrating eq.(4.25) we find that,

γ =

√
2g2

16π
. (4.26)

Thus, one sees that the Gribov parameter is not free, but determined in terms

of the coupling constant g. It is worth mentioning that such parameter is real, but

its effect is to make the Abelian propagator’s poles complex, implying that such

excitations cannot be part of the physical spectrum, which can be understood as

an evidence for confinement.

Besides that, we can see that when g → 0 then γ → 0 as well, meaning that

in the ultraviolet regime (UV) the Gribov parameter goes to zero, leading us

to recover the usual perturbative results. In the same way, when g → ∞ then

γ → ∞ also, what is an important evidence that the Gribov parameter is of
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non-perturbative nature.

4.3 Analytic structure of the Abelian gluon prop-

agator and the different regimes of the the-

ory

As we have seen in section 4.1, the poles (which are interpreted as the masses of

the particles) of the Abelian gauge field propagator (4.17) depend on the coupling

constant g and the CS topological mass C, what has important consequences to

its behaviour. Depending on the values of (C, g) the theory will probe different

regimes, determined by the values of the corresponding poles and residues. The

regions of the plane (C, g) which display complex poles, are interpreted as regions

where confinement takes place. On the other hand, regions where the poles are

real and the corresponding residues are positive, feature a real mass in the physical

spectrum, leading to the interpretation of deconfinement.

Now we will compute the poles of the propagator in order to analyze the

regimes of the theory. To do this, we must calculate the roots of the following

polynomial function,

F (k) = (k4 + γ4)2 + C2k6

= k8 + C2k6 + 2γ4k4 + γ8, (4.27)

which are non-trivial functions of the parameters (C, g). We will rewrite the

expression in a simplified form,

F (k2) = (k2 +m2
1)(k2 +m2

2)(k2 +m2
3)(k2 +m2

4), (4.28)
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where (m1,m2,m3,m4) are the poles.

In order to make our analysis of the propagator (4.17) clearer, we split its

expression in two pieces: one which is symmetry under parity transformations

and the other which is parity-odd. In other words, we will rewrite eq.(4.17) in

the following form,

〈Aµ(k)Aµ(−k)〉 = Gµν(k) |par +Gµν(k) |par−viol, (4.29)

where,

Gµν(k) |par =
k2(k4 + γ4)

(k4 + γ4)2 + C2k6

(
δµν −

kµkν
k2

)
, (4.30)

Gµν(k) |par−viol =
Ck4

(k4 + γ4)2 + C2k6
εµσνkσ. (4.31)

Now we make use of the partial fraction decomposition on equations (4.30) and

(4.31) we obtain,

Gµν(k) |par =

(
N1

k2 +m2
1

+
N2

k2 +m2
2

+
N3

k2 +m2
3

+
N4

k2 +m2
4

)(
δµν −

kµkν
k2

)
,

(4.32)

Gµν(k) |par−viol =

(
H1

k2 +m2
1

+
H2

k2 +m2
2

+
H3

k2 +m2
3

+
H4

k2 +m2
4

)
Cεµσνkσ, (4.33)

where N1, N2, N3, N4 and H1, H2, H3, H4 are, respectively, the residues of the
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parity-symmetric and parity violating parts of the propagator and are given by,

N1 =
m2

1(γ4 +m4
1)

(m2
1 −m2

2)(m2
1 −m2

3)(m2
1 −m2

4)
, (4.34)

N2 =
−m2

2(γ4 +m4
2)

(m2
1 −m2

2)(m2
2 −m2

3)(m2
2 −m2

4)
, (4.35)

N3 =
m2

3(γ4 +m4
3)

(m2
1 −m2

3)(m2
2 −m2

3)(m2
3 −m2

4)
, (4.36)

N4 =
−m2

4(γ4 +m4
4)

(m2
1 −m2

4)(m2
2 −m2

4)(m2
3 −m2

4)
, (4.37)

and,

H1 =
m4

1

(m2
1 −m2

2)(m2
1 −m2

3)(m2
1 −m2

4)
, (4.38)

H2 =
−m4

2

(m2
1 −m2

2)(m2
2 −m2

3)(m2
2 −m2

4)
, (4.39)

H3 =
m4

3

(m2
1 −m2

3)(m2
2 −m2

3)(m2
3 −m2

4)
, (4.40)

H4 =
−m4

4

(m2
1 −m2

4)(m2
2 −m2

4)(m2
3 −m2

4)
. (4.41)

From equations (4.30) and (4.31) we can analyze the behaviour of both parts

of the Abelian gauge propagator by plotting their form factors as a function of

the momentum k, as can be seen from the images (4.1) and (4.2),

From them we can easily see that both the parity-violating and parity con-

served sectors are infrared suppressed since they do not diverge in the limit k → 0.

To be more precise, the parity violated part goes to zero in this limit, while the

parity conserved part goes to a finite value.

So, let us analyse what we found until now. We have that since the polynomial

function F (k2), of eq.(4.28), depends on the coupling constant g and on the

Chern-Simons mass C, the reality or not of its roots will also depend entirely

on their values. In other words, the parameters g and C will determine when
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Figure 4.1: Plot of the parity-symmetric part for G = 10 and C = 100

the masses of the excitations of the gauge field will be associated to physical or

non-physical states. All the informations about when the roots are real or not

can be obtained from the discriminant of the eq.(4.28), which is,

∆ = 256C4G5 − 27C8G4, (4.42)

where we used G = γ4 and the general formula for a discriminant of a quartic

polynomial ax4 + bx3 + cx2 + dx+ e = 0, given by,

∆ = 256a3e3 − 192a2bde2 − 128a2c2e2 + a2cd2e− 27a2d4 + 144ab2ce2 +

− 6ab2d2e− 80abc2de+ 18abcd3 + 16ac4e− 4ac3d2 − 27b4e2 + 18b3cde+

− 4b3d3 − 4b2c3e+ b2c2d2, (4.43)

with the coefficients being a = 1, b = C2, c = 2G, d = 0, and e = G2.
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Figure 4.2: Plot of the parity-violating part for G = 1× 109 and C = 100

We have that when at least two roots are equal, the discriminant will be zero

(∆ = 0), what will occur in three cases: when C = 0 and G ≥ 0; when C > 0

and G = 0; and when C > 0 and G = 27C4

256
. When the discriminant is negative

(∆ < 0 or 0 < G < 27C4

256
and C > 0) we obtain four complex roots, what can be

seen by explicitly computing them. Finally have that when the discriminant is

positive (∆ > 0 or G > 27C4

256
and C > 0) we will have two real and two complex

roots.

Since the roots are the masses m2
1,m

2
2,m

2
3 and m2

4 we can interpret such a

results as the arising of two different regimes for the gauge fields excitations of

the theory; one of confinement and the other one of deconfinement. The first

one, occurs for large values of the coupling constant G and small values of the

Chern-Simons mass, being so, related to a positive discriminant and non-physical

(complex) masses. The second one, instead, occurs for small values of the coupling

constant and big values of the Chern-Simons mass, being so, related to a negative

discriminant and two real masses. However, the deconfined regime can also be
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divided in two parts; the first for a weak coupling constant and a large Chern-

Simons Mass (0 ≤ G < C4

4
) where the theory is into it’s perturbative regime

and the Gribov problem is not manifested, and the second one, which occurs

for intermediate values of the Chern-Simons mass and the coupling constant

(C
4

4
< G < 27C4

256
) where we have two real and two complex masses, where the last

ones are conjugate of each other.

We must underline that only to be real and positive, does not ensures a mass to

be associated to a physical excited state and, for such, its corresponding residues,

parity-symmetric and parity-violating (N ’s and H’s), are required to be positive

too.

So analysing the residues plots, we obtained that only the masses m2
1 and m2

2

were real and positive. However, only the mass m2
1 is positive and has positive

residues at the same time, which can be seen in the figures (4.3), (4.4) and (4.5).

This means that only the mass m2
1 is physical.

Regarding the masses m2
3 and m2

4, we found that both of them are complex,

which we interpret as a sign that the degrees of freedom related to these masses

are not physical.

This result is completely in accordance with the results of the reference [13]

where the calculations where made in the Landau gauge instead. Besides that,

we can see that these results also agree qualitatively with the ones obtained in

[37][38][39] in the context of Yang-Mills-Higgs theories in the presence of the

Gribov horizon. Basically, in such works the same kind of phase transition was

obtained, finding a regime with the same kind of spectrum with two real and

positive masses, one with negative and one with positive residue, also meaning

that only the second one can be associated to a physical excitation.

This is important because, as previously said in the first chapter of this thesis,

at high energies, the Quantum Chromodynamics in a 4-dimensional Minkowski
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Figure 4.3: Plot of the physical mass

spacetime can be described, as shown in [9], by an effective Yang-Mills-Higgs

model in 3-dimensional Euclidean space.

So, due to the analogous features of both Yang-Mills-Chern-Simons and Yang-

Mills-Higgs models, studying the first one brings information about the high

energy (perturbative) regime of Quantum Chromodynamics, and taking into ac-

count the Gribov-Zwanziger panorama gives us a way to obtain some information

between the phase transition of the theory from the confined (non-perturbative)

to the deconfined (perturbative) regime.
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Figure 4.4: Plot of the residue H1

4.4 Analytic structure of the non-Abelian gluon

propagator

Analogously to the previous section, we can repeat the analysis but applied to the

non-Abelian gluon propagator. In this case we have to analyse the roots of the

polynomial function (k2 +C2)k2, which gives us that m2
1 = C2 and m2

2 = 0.Thus,

we see that two different propagating modes are allowed, one being massive and

the other massless.

We must now analyse if these states are part of the physical spectrum or not.

So, in order to do this, we will analyze the parity-symmetric and parity-violating
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Figure 4.5: Plot of the residue N1

parts of the propagator (4.16) which are respectively:

Ḡµν |par(k) =
1

(k2 + C2)k2
(k2δµν − kµkν)δab, (4.44)

Ḡµν |par−viol(k) =
C

(k2 + C2)k2
(εµσνkσ)δab. (4.45)

whose plots are given by the figures 4.6 and 4.7. From such plots one can see

that the parity-violating part of the non-Abelian gluon propagator diverges in

the limit k → 0.

We can now rewrite the equations (4.44) and (4.45) by using fraction decom-

position, as well as done before on section 4.3, obtaining,

Ḡµν |par(k) =

(
N̄1

k2 +m2
1

+
N̄2

k2 +m2
2

)(
δµν −

kµkν
k2

)
δab, (4.46)

Ḡµν |par−viol(k) =

(
H̄1

k2 +m2
1

+
H̄2

k2 +m2
2

)
(Cεµσνkσ)δab, (4.47)
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Figure 4.6: Plot of the parity conserved part for C = 100

where,

N̄1 = 1, (4.48)

N̄2 = 0, (4.49)

and,

H̄1 = − 1

C2
, (4.50)

H̄2 =
1

C2
, (4.51)

are respectively the residues of the parity-symmetric and parity-violating sectors.

We can see from equations (4.48), (4.49), (4.50) and (4.51) that the excitation

state associated to the mass m2
1 = C2 is not physical since one of its residues is a

negative value. On the other hand, both residues associated to the excitation of

null mass m2
2 = 0 are positive real quantities, meaning that it is a physical degree
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Figure 4.7: Plot of the parity-violating part for C = 100

of freedom of the theory.

4.5 Non-Abelian ghost propagator behaviour

In the previous sections, we studied the analytic structure of the gauge field

propagators. However, there still exist another kind of fields that we have not

yet analyzed, the ghost ones. The ghost and anti-ghost fields (c, c̄) are important

since, as shown in the reference [34], they play the role of removing non-physical

degrees of freedom of the gauge fields propagators in the perturbative expansion.

As was previously mentioned in the subsection 3.1 the Abelian ghost prop-

agators decouple completely from the theory after a suitable transformation

(eq.(3.10)). Therefore it is only relevant to study the non-Abelian ghost prop-

agator behaviour, since they will be the only ones affected by the the Gribov

ambiguities issue.
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Now we can determine the off-diagonal (non-Abelian) ghost propagator in

order to study its behaviour. As done in [40][41], this will be achieved by using

the equations (4.4) and (4.5). Replacing expression (4.17) in eq.(4.5) yields,

σ(k) = g2kµkν
k2

∫
d3q

(2π)3

q2(q4 + γ4)

(k − q)2[(q4 + γ4)2 + C2q6]

{
δµν −

1

q2
qµqν

}
, (4.52)

where we used that kµkνεµνσ = 0 since, under the interchange of the indices

µ↔ ν, kµkν is symmetric while εµνσ is antisymmetric. Making use of the 3d gap

equation (4.25) we have, as can be seen in [2], that,

3g2

4

kµkν
k2

∫
d3q

(2π)3

1

(q4 + γ4)

{
δµν −

1

q2
qµqν

}
= 1. (4.53)

Eq. which allows us to calculate the term,

(1− σ(k)) = g2kµkν
k2

∫
d3q

(2π)3
[f(q, k)]

{
δµν −

1

q2
qµqν

}
= g2kµkν

k2
Pµν (4.54)

where,

[f(q, k)] =
3

4

1

(q4 + γ4)
− q2(q4 + γ4)

(k − q)2[(q4 + γ4)2 + C2q6]

=
3(k − q)2[(q4 + γ4)2 + C2q6]− 4q2(q4 + γ4)2

4(k − q)2(q4 + γ4)[(q4 + γ4)2 + C2q6]
, (4.55)

and,

Pµν =

∫
d3q

(2π)3
[f(q, k)]

{
δµν −

1

q2
qµqν

}
. (4.56)
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We can see that when we go to the infrared regime k ≈ 0 we find that,

Pµν |k→0 ≈
∫

d3q

(2π)3

(
δµν −

1

q2
qµqν

)
3[(q4 + γ4)2 + C2q6]− 4(q4 + γ4)2

4(q4 + γ4)[(q4 + γ4)2 + C2q6]

≈
∫

d3q

(2π)3

(
δµν −

1

q2
qµqν

)
−(q4 + γ4)2 + 3C2q6

4(q4 + γ4)[(q4 + γ4)2 + C2q6]
. (4.57)

We can note that this integral over ‘q’ does not depend on ‘k’ anymore and has

two free indices (µ, ν). By Lorentz invariance we have that the solution must be

of the kind aδµν , where ‘a’ is a scalar. So taking the trace on the both sides of

(4.57) we have that,

tr(aδµν) = tr

(
δµν −

1

q2
qµqν

)
=⇒ a =

2

3
. (4.58)

Finally the problem is reduced to the integral,

Pµν |k→0 ≈
2

3
δµν

∫
d3q

(2π)3

−(q4 + γ4)2 + 3C2q6

4(q4 + γ4)[(q4 + γ4)2 + C2q6]

≈ 2

3
δµν

∫ ∞
0

dq

(2π)3

4πq2[−(q4 + γ4)2 + 3C2q6]

4(q4 + γ4)[(q4 + γ4)2 + C2q6]

≈ 1

12π2
δµν

∫ ∞
0

dq
q2[−(q4 + γ4)2 + C2q6]

(q4 + γ4)[(q4 + γ4)2 + C2q6]
(4.59)

≈ 1

12π2
δµνI(q), (4.60)

where we used that
∫
d3q =

∫
dqdΩ = 4π

∫∞
0
q2dq and I(q) is the integral inside

eq. (4.59). For the moment, we are not interested in solving the integral I(q)

because in order to make that we need to find its poles which, as one can easily

see, are really complicated functions of the parameters (g, C).

From eq. (4.60) follows that,

1− σ(k))|k→0 ≈
g2

12π2
I(q). (4.61)
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And from eq.(4.61) we obtain, plugging it in eq.(4.4), the non-diagonal ghost

propagator in the IR regime,

G(k) ≈ 1

k2

12π2

g2I(q)
+
B

k4
. (4.62)

Now we still have to calculate the term B of eq.(4.4) given by eq.(4.6), but it

means to evaluate the integrals,

g2

∫
dq3

(2π)3
〈Aµ(q)Aµ(−q)〉, (4.63)

g2

2

∫
dq3

(2π)3
〈Aaµ(q)Aaµ(−q)〉, (4.64)

where in the first one we have a Cauchy integral with poles given by the roots of

the polynomial function q8 + 16c2q6 + 8g2γ4q4 + 16g4γ8, which can be reduced to

the simpler form,

P (q2) = (q2 −m2
1)(q2 −m2

2)(q2 −m2
3)(q2 −m2

4). (4.65)

Of course we could find the roots of eq.(4.65) by making use of the most known

Girard relations, that relates the roots of the eq. to it’s coefficients, but it would

give as result really complicated functions of the coupling constant g and the

Chern-Simons term C. The second integral, however, is divergent and needs the

use of dimensional regularization to be correctly evaluated.

Even not calculating explicitly these integrals we have that the coefficient B

is different form zero, leading to an enhanced ghost propagator, which means a

propagator proportional to 1
k4

.
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4.6 The Gribov-Zwanziger approach

In the last sections, we have talked about the Gribov approach to eliminate in-

finitesimal Gribov ambiguities in the path integral of non-Abelian gauge theories.

As we have seen, this goal was accomplished by means of the no-pole condition of

the non-Abelian ghost propagator. However, such a condition was implemented

only at leading order of the series expansion of the exponential e−Seff . It would

be ideal to implement this condition to all orders. Thus, in 1989, Zwanziger

published his seminal paper [16] where he left behind the study of the poles of

the ghost propagators and directly analysed the spectrum of the Faddeev-Popov

operator in the Landau gauge, where,

fΛA(x) = ∂µ(AΛ)Aµ , (4.66)

and,

(AΛ)Aµ = AAµ −DAB
µ ΛB, (4.67)

in such a way that the Faddeev-Popov operator is,

MAB =
δfΛA(x)

δΛB
= −∂µDAB

µ . (4.68)

So, in order to find the spectrum of the operator MAB operator’s spectrum we

just have to solve the following eigenvalue equation,

MABχB = −∂µDAB
µ χB = ε(A)χA, (4.69)

where ε(A) are the eigenvalues of MAB.

As it was discussed in the last chapters, the Gribov region in the Landau
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gauge is defined as beign the region where MAB > 0, i.e., where the eigenvalues

ε(A) are positive. Thus we impose in eq.(4.69) that,

εmin(A) ≥ 0, (4.70)

with εmin(A) being the minimum eigenvalue of the MAB operator, the one that

first reaches a zero-mode as we increase the gauge field AAµ values.

Now, taking the trace of the Faddeev-Popov operator we find that,

tr(MAB) = tr(−∂µDAB
µ ) = tr(−∂2δAB + gfABC∂µA

C
µ ). (4.71)

As meticulously done at [34], one can apply perturbation theory by treating the

second term of the right hand side of eq.(4.71) as a perturbation of the positive

operator −∂2 and obtain the following result,

tr(MAB) = V d(N2 − 1)−HL(A), (4.72)

with V being the spacetime volume and d its dimension, while HL(A) is the so

called ‘Horizon function’ in the Landau gauge, given by,

HL(A) = g2

∫
ddxddyfABCABµ [M−1(A)]AD(x, y)fDECAEµ (y), (4.73)

and it is responsible for restricting the path integral domain into the Gribov

region.

So, imposing that MAB > 0 it leads to tr(MAB) > 0, which leads to,

V d(N2 − 1)−HL(A) > 0, (4.74)

that will be analogous to the eq.(4.7) and will enter the generating functional
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by means of a Heaviside function Θ(V d(N2 − 1) − HL(A)), which after being

rewritten in its exponential form will lead to the following effective action of the

theory,

SLGZ = SYMCS + SLGF + SLFP +
γ4

4g2
HL(A)− γ4

4g2
V d(N2 − 1), (4.75)

also called as the ‘Gribov-Zwanziger’ action, with,

SLFP =

∫
ddxc̄A∂µD

AB
µ cB, (4.76)

being the Faddeev-Popov action in the Landau gauge, and,

SLGF =

∫
ddxbA∂µA

A
µ , (4.77)

being the Landau gauge fixing action, where bA is the Lautrup Nakanishi field,

which is a Lagrange multiplier responsible for enforcing the gauge condition.

Actually, we can also rewrite the equation above as,

SLGF =

∫
ddx

1

2α
(∂µA

A
µ )2, (4.78)

after integrating out the bA field. Here, α is a gauge parameter, while the Gribov

parameter γ will be determined by the so called ‘Horizon condition’, given by,

< HL(A) >= −V d(N2 − 1). (4.79)

It is important to state here that in the quadratic approximation, the Gribov-

Zwanziger approach retake exactly the results derived by Gribov, which means

that the Heaviside theta Θ(V d(N2−1)−HL(A)) becomes Θ(1−σ(A)) in such an

approximation. Besides that, one can see in [34] that, as mentioned before, both
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the Gribov and the Zwanziger approaches to restrict the path integral domain

to the Gribov region are equivalent, since if we impose the no-pole condition

to all orders in perturbation theory, we find the same result of the Zwanziger

patchwork.

We must call attention to the fact that the Horizon function is a non-local

function, which can be localized by means of the addition of auxiliary fields into

the theory, as we will see in the subsection 4.7.

Finally, just to conclude this subsection, let us comment that the choice of

the Landau gauge was made only for a question of simplicity. However we could

have followed the procedure made in [42] for the Maximal Abelian gauge. in such

reference, the horizon term was constructed extending the action of eq.(4.90)

using as prerequisites the localizability and renormalizability of such extended

version, besides, obviously, the reducing of the extension to the eq.(4.90) in the

Gribov approximation. This procedure leads, for the Maximal Abelian gauge, to

a Horizon function that, for the case of the Yang-Mills-Chern-Simons theory, is

of the following form,

HMAG(A) = g2

∫
ddxddyεabµ Aµ(x)[M−1]ac(x, y)εcbAµ(y), (4.80)

with Mab given by eq.(3.9). This is the most important result of this subsection

for the rest of this thesis.

So, our effective action would be, in this case, given by,

SMAG
GZ = SYMCS + SMAG

GF + SMAG
FP +

γ4

4g2
HMAG(A), (4.81)

with SYMCS given by eq.(2.23), SMAG
GF by eq.(2.24) and SMAG

FP by eq.(2.31)
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4.7 Localization of the horizon function

4.7 Localization of the horizon function

As mentioned before, the Horizon function (both in the Landau and maximal

Abelian gauges) is non-local. However, described in [43][16][44], it can be written

in a local form by means of the introduction of bosonic and fermionic fields

belonging to the trivial cohomology of the BRST symmetry, respectively (φ̄, φ)ABµ

and (ω̄, ω)ABµ , in such a way that,

sφABµ = ωABµ ,

sωABµ = 0,

sω̄ABµ = φ̄ABµ ,

sφ̄ABµ = 0, (4.82)

with s2 = 0. The addition of this fields is achieved, in the Landau gauge, by

using the following identity,

e
− γ4

4g2
HL(A)

= e−
∫
ddxddy γ

2

2
fABCABµ [M−1]AD γ2

2
fDECAEµ

= (det(M))d(N2−1)

∫
Dφ̄Dφ(e

∫
ddxddyφ̄ACµ (x)MAB(x,y)φBCµ (y) ×

× e
∫
ddx(J̄ABµ (x)φABµ (x)+JABµ (x)φ̄ABµ (x)))

=

∫
Dφ̄DφDω̄Dω(e

∫
ddxddy(φ̄ACµ (x)MAB(x,y)φBCµ (y)+J̄ABµ (x)φABµ (x)+JABµ (x)φ̄ABµ (x)) ×

× e−
∫
ddxddy(ω̄ACµ (x)MAB(x,y)ωBCµ (y))), (4.83)

where we used that,

J̄ACµ =
γ2

2
fABCABµ , (4.84)

JDCµ =
γ2

2
fDECAEµ , (4.85)
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4.7 Localization of the horizon function

are respectively the sources coupled to φACµ and φ̄DCµ ; and,

(det(−M))d(N2−1) =

∫
Dω̄Dωe−

∫
ddxddy(ω̄ACµ (x)MAB(x,y)ωBCµ (y)). (4.86)

So, writing the entire effective Gribov-Zwanziger action in an explicit form,

we could just write,

SLGZ = SYMCS + SLGF + SLFP +

∫
ddxddyφ̄ACµ (x)MAB(x, y)φBCµ (y) +

+

∫
ddxddy

γ2

2
fABCABµ (φACµ (x) + φ̄ACµ (x))−

∫
ddxddyω̄ACµ (x)MAB(x, y)ωBCµ (y)

= SYMCS + SLGF + SLFP + SLφω + SLγ , (4.87)

where,

SLφω =

∫
ddxddy(φ̄ACµ (x)MAB(x, y)φBCµ (y)− ω̄ACµ (x)MAB(x, y)ωBCµ (y)), (4.88)

and,

SLγ =
γ2

2

∫
ddxfABCABµ (x)(φACµ (x) + φ̄ACµ (x)). (4.89)

Now, if we had done the same procedure but within the Maximal Abelian

gauge we would have obtained the following effective action,

SMAG
GZ = SYMCS + SMAG

GF + SMAG
FP + SMAG

φω + SMAG
γ , (4.90)

but now with,

SMAG
φω =

∫
ddxddy(φ̄acµ (x)Mab(x, y)φbcµ (y)− ω̄acµ (x)Mab(x, y)ωbcµ (y)), (4.91)
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and,

SMAG
γ =

γ2

2

∫
ddxεabAµ(x)(φabµ (x) + φ̄abµ (x)), (4.92)

while the first three terms of eq.(4.90) are respectively given by equations (2.23),

(2.24) and (2.31).

The actions (4.87) and (4.90) are, other than eliminating the infinitesimal Gri-

bov ambiguities from the domain of integration, local and renormalizable func-

tions, as can be seen at [43].

4.8 Soft breaking of the BRST symmetry

Even the renormalization of the theory not being our goal in this thesis, we

must consider that this is a fundamental feature for any theory that proposes

to describe some physical phenomenon. In the Yang-Mills (in this case YMCS)

theories the same thing might happen. There the renormalizability is granted

by the BRST symmetry. However, as can be seen in the references [45][2][27], in

the non-perturbative regime of the Yang-Mills theories the BRST symmetry is

broken what in a first moment would ruin its renormalizability feature.

Therefore, we will now talk about this issue. We will basically follow the

steps made first on [45][28], and better explained at [27][1][34], and talk about

the problem in both the Landau and Maximal Abelian gauges.

So we start considering the fact that the action (4.87) admits the following

transformation,

ωABµ → ωABµ + gfCDE
∫
ddy[M−1]AC(x, y)∂ν(φ

EB
µ DDF

ν cF ), (4.93)

which is a non-local transformation with trivial Jacobian. Applying the transfor-
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4.8 Soft breaking of the BRST symmetry

mation (4.93) into eq.(4.87) we obtain,

SLGZ = SYMCS +

∫
ddx(bA∂µA

A
µ + c̄A∂µD

AB
µ cB − φ̄ACµ MABφBCµ + ω̄ACµ MABωBCµ +

− gfADLω̄ACµ ∂ν(φ
LC
µ DDE

ν cE) +
γ2

2
fABCAAµ (φ̄BCµ + φBCµ )− γ4

4g2
(N2 − 1)).

(4.94)

Taking into account the BRST transformations (1.40) and (4.82) we can

rewrite the Gribov-Zwanziger effective action (4.94) as,

SLGZ = SYMCS + s

∫
ddx(c̄A∂µA

A
µ − ω̄ACµ MABφBCµ ) +

∫
ddx

γ2

2
fABCAAµ (φ̄BCµ + φBCµ ) +

−
∫
ddx

γ4

4g2
(N2 − 1), (4.95)

and so we can easily see that applying the nilpotent BRST operator s over it we

find that,

sSLGZ =
γ2

2

∫
ddx[fABC(AAµω

BC
µ −DAD

µ cD(φBCµ + φ̄BCµ ))], (4.96)

meaning that the BRST symmetry is explicitly broken.

In the same way, in the Maximal Abelian gauge, we have that the auxiliary

field ωabµ can be transformed as,

ωabµ → ωabµ +
γ2

2

∫
ddy[M−1]acεcb(∂µc+ gεdeAdµc

e), (4.97)

and applying it on the action (4.90) we find that,

SMAG
GZ = SYMCS + SMAG

GF + SMAG
FP + SMAG

φω +
γ2

2g

∫
ddx(Dab

µ φ
ba
µ − s(Dab

µ ω̄
ba
µ )).

(4.98)
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4.8 Soft breaking of the BRST symmetry

Now applying the BRST operator s over the equation above we obtain,

sSMAG
GZ = s

∫
ddx(

γ2

2g
Dab
µ φ

ba
µ )

= −γ
2

2

∫
ddx[εabAµω

ba
µ − εab(∂µc+ gεcdAcµc

d)φbaµ ]

6= 0, (4.99)

meaning that the BRST symmetry is explicitly broken as in the Landau gauge.

Actually, the equations (4.96) and (4.99) show us that this is a soft breaking

of the BRST symmetry, since, due to the presence of the γ2 term, we have that

the breaking terms vanish for γ → 0. This breaking is said to be ‘soft’ due to the

fact that the Dimension of the Gribov parameter is lower than the dimension of

the space, leading it to be irrelevant into the ultraviolet regime. In other words

what happens is that, as we have seen on section (4.2), the Gribov parameter γ

slowly grows as we travel form the perturbative to the non-perturbative regime,

making the BRST symmetry only to be considerably broken when we deepen the

second one.

Of course, one can ask if this breaking of the BRST symmetry wouldn’t spoil

the renormalizability of the theory; and the answer is no. This is due to the fact

that it do not add any novel ultraviolet divergence, with the Gribov parameter

going to zero in the ultraviolet limit γ|g→0 → 0.

Said that, it is worth mentioning that all this issues regarding the BRST

symmetry breaking were recently solved in a series of works [46][47] where a

new kind of non-perturbative BRST symmetry seems to have been discovered.

However, we will not delve into the subject since it is not the purpose of our

work.
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4.9 Is the Gribov parameter physical or not?

An important question that might arise at this point is about the physical char-

acter of the Gribov parameter γ: Is it physical or not? We will see now that

from the equations (4.96) and (4.99) we can prove that γ is necessarily a physical

massive parameter of non-perturbative origin. In order to do that we will follow

the references [1][34].

The first thing we might do is to imagine what would happen if the BRST

symmetry would not be broken in the equations (4.96) and (4.99). In that case,

we could write the γ-dependent part of the Gribov-Zwanziger action as,

Sγ = s(γ2Ω), (4.100)

where Ω is clearly a γ-independent term.

Calculating the expectation value of some observable O we would have,

〈O〉 =

∫
DµGZ O e

−SGZ , (4.101)

with DµGZ being the Gribov-Zwanziger measure, which in the Landau gauge is

given by,

DµLGZ = DAAµDc̄
ADcADω̄ABµ DωABµ Dφ̄ABµ DφABµ , (4.102)

while in the Maximal Abelian gauge is,

DµMAG
GZ = DAaµDAµDc̄

aDc̄DcaDcDω̄abµ Dω
ab
µ Dφ̄

ab
µ Dφ

ab
µ . (4.103)
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So, considering that,

∂SGZ
∂γ2

= sΩ, (4.104)

we have that taking the partial derivative of eq.(4.101) with respect to γ2 we find

that,

∂

∂γ2
〈O〉 =

∫
DµGZ O sΩ e−SGZ

=

∫
DµGZ s(OΩ)e−SGZ

= 〈s(OΩ)〉

= 0, (4.105)

This result means that if the BRST symmetry would not be broken in the

localized Gribov-Zwanziger action, the γ-dependent term of the action would not

interfere with the expectation values of gauge-invariant operators, leading them

to be γ-independent. In other words, in such case, the Gribov parameter would

not be a physical quantity, since it would not enter into the physical observables.

However, as shown in the equations (4.96) and (4.99) the BRST symmetry is

broken since sSγ 6= 0→ sSMAG
GZ 6= 0, meaning that,

Sγ 6= s(γ2Ω), (4.106)

and,

SMAG
GZ 6= s(Ω). (4.107)

Therefore, they are not BRST-exact quantities.
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Now, calculating again the derivative of eq.(4.104) we obtain that,

∂SGZ
∂γ2

6= s(Ω). (4.108)

This result implies that the partial derivative of eq.(4.101) with respect to γ2 is,

∂

∂γ2
〈O〉 6=

∫
DµGZ O sΩ e−SGZ

6= 0, (4.109)

meaning that, since the γ-dependent part of the action is not BRST-exact due to

the soft breaking of the BRST symmetry, the Gribov parameter γ can enter the

correlation functions of a gauge invariant operator O. Therefore we have proved

the physical nature of the Gribov parameter.
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Chapter 5

The Refined Gribov-Zwanziger

approach

Summary

Since 2007 simulations performed on very large lattices revealed new results re-

garding gluon and ghosts propagators in the deep infrared regime, showing new

features of the theory, like the infrared suppression, positivity violation and non-

vanishing at k → 0 of the gluon propagator as well as a non-enhanced ghost

propagator proportional to 1
k2

. Even if in the Gribov scenario we had infrared

suppression and positivity violation of the gluon propagator, we still lack the last

two features in the theory at that time.

In order to solve this clash between theory predictions and lattice simula-

tions we have to take into account further non-perturbative effects, see, e.g.,

[48][49][50][51][17][2]. In particular, the formation of condensates which intro-

duce massive parameters in the theory and, consequently, modify the structure

of propagators. In the present case, the condensate operators will be local ones

constructed with fields present in our theory. We will not consider any non-local
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operators, even if having the property of being gauge invariant, because it is not

simple to deal with their non-locality and because of renormalization problems.

So, following the references [2][48][50][51][52][17][34][27][1], we’ll add to the 3-

dimensional Yang-Mills-Chern-Simons theory 2 different 1-dimensional local op-

erators, AaµA
a
ν , φ̄φ− ω̄ω.

In order to do that, we use the LCO technique, which is better explained

in [2] (in 4 dimensions) and in [53][54] (in 3 dimensions). In this technique the

procedure is to add into the Gribov-Zwanziger action a BRST invariant term of

the kind,

SO =

∫
d3x(JO − ρg2J), (5.1)

where O is, in this 3-dimensional case, a 1-dimensional operator, J is the source

of this operator and ρ is a dimensionless parameter needed to take into account

potential divergences proportional to g2J , granting the renormalizability of the

theory. The source J has a mass squared dimension and, because of that, we can

use the notation of the reference [54] J = M2, where M2 is the mass that will

be introduced into the propagators of the theory due to the condensation of the

operator O.

Therefore, to add the operators AaµA
a
ν , φ̄

ab
µ φ

ab
µ − ω̄abµ ωabµ we start taking into

account the eq.(5.1), with which we can write the Refined Gribov-Zwanziger

action,

SMAG
RGZ = SYMCS + SMAG

GF + SMAG
FP + SMAG

γ +

+

∫
d3x

(
M2

2
AaµA

a
µ − µ2(̄φabµ φ

ab
µ − ω̄abµ ωabµ ) + φ̄abµ ∂

2φabµ − ω̄abµ ∂2ωabµ

)
,

(5.2)

which into its quadratic form over the fields (Aµ, A
a
µ) will have its term SYMCS +
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SGF taking the form of eq.(2.33). Then, analogously to [51][17][55], taking the

equations of motion of the fields (φ̄abµ , φ
ab
µ ) we find that,

δS

δφ̄abµ
= 0, (5.3)

δS

δφabµ
= 0, (5.4)

from which we can rewrite such auxiliary fields in terms of the Abelian gauge

field, in such a way that,

φ̄abµ = φabµ = − γ2εab

2(∂2 − µ2)
Aµ. (5.5)

Eq.(5.2) can be rewritten as,

S = SYMCS + SGF + SFP + Sω̄ω +

∫
d3x

(
γ4

2
Aµ

1

−∂2 + µ2
Aµ +

M2

2
AaµA

a
µ

)
= SFP + Sω̄ω +

∫
d3x

{
1

4
FA
µνF

A
µν −

iC

4
εµανF

A
µνA

A
α +

γ4

2
Aµ

1

−∂2 + µ2
Aµ+

+
M2

2
AaµA

a
µ +

1

2α
(∂µAµ∂νAν) +

1

2β
(∂µA

a
µ∂νA

a
ν)

}
, (5.6)

which is yet restricted to the Gribov region and where,

Sω̄ω = µ2ω̄abµ ω
ab
µ − ω̄abµ ∂2ωabµ . (5.7)

The mass µ stands for the condensate 〈φ̄abµ φabµ − ω̄abµ ωabµ 〉 while M , for 〈AaµAaµ〉.

In the quadratic order we have,

S = SFP + Sω̄ω +

∫
d3x

{
1

2
Aaµ

[
(M2 + k2)δµν −

(
1− 1

β

)
kµkν − Cεµανkα

]
Aaν +

+
1

2
Aµ

[(
γ4

k2 + µ2
+ k2

)
δµν −

(
1− 1

α

)
kµkν − Cεµανkα

]
Aν

}
, (5.8)
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from which we can extract the inverse non-Abelian and Abelian propagators,

respectively,

P ab
µν =

{
(M2 + k2)δµν −

(
1− 1

β

)
kµkν − Cεµανkα

}
δab, (5.9)

Qµν =

(
γ4

k2 + µ2
+ k2

)
δµν −

(
1− 1

α

)
kµkν − Cεµανkα, (5.10)

and find, taking the limit (α, β → 0) in order to retake the conditions of the

Maximal Abelian gauge (equations (1.49) and (1.50)), the free gluon propagators,

〈Aaµ(k)Abν(−k)〉 =
(k2 +M2)

(k2 +M2)2 + C2k2
×

×
{
δµν −

1

k2
kµkν +

C

(k2 +M2)
εµσνkσ

}
δab, (5.11)

〈Aµ(k)Aν(−k)〉 =
(k2 + µ2)[k2(k2 + µ2) + γ4]

[k2(k2 + µ2) + γ4]2 + C2k2(k2 + µ2)2
×

×
{
δµν −

1

k2
kµkν +

C(k2 + µ2)

[k2(k2 + µ2) + γ4]
εµσνkσ

}
. (5.12)

Taking the limit k → 0 we find that,

〈Aaµ(k)Abν(−k)〉 |k→0 =
δab

M2

(
δµν −

1

k2
kµkν

)
, (5.13)

〈Aµ(k)Aν(−k)〉 |k→0 =
µ2

γ4

(
δµν −

1

k2
kµkν

)
, (5.14)

what shows us that the dynamical mass generated by the condensation of the one

dimensional operators will drive the propagators to reach a finite value in this

limit. Moreover, if the mass M is larger than γ2

µ
, we would find that the non-

Abelian propagator would have a shorter range than the Abelian one, leading to

a dominance of the Abelian gluon sector.

Another important result we can obtain from (5.12) repeating the same steps
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followed in section 4.2 is the new gap equation,

g2

2

∫
d3k

(2π)3

1

k2(k2 + µ2) + γ4
= 1, (5.15)

from which becomes evident that the condensation of the one dimensional op-

erators will affect the energy of the lowest energy state, since the gap equation

gives the difference between the vacuum energy state and the energy of the first

excited state.

Solving eq.(5.15) we find,

√
2g2

8π

 1√
µ2 −

√
µ4 − 4γ4 +

√
µ2 +

√
µ4 − 4γ4

 = 1. (5.16)

That gives us the following relation for the Gribov parameter in terms of the

coupling constant g and the dimension 1 condensate’s mass µ,

γ4 =
g8 + 64g4π2[128π2

g4
µ4 − 2µ2]± g8

√
1 + 128π2

g4
[128π2

g4
µ4 − 2µ2]

32768π4
. (5.17)

We can see here that taking the limit g → 0 we obtain,

γ4 =
µ4

4
, (5.18)

γ → |µ|√
2
, (5.19)

where we excluded here the solutions of γ that were complex or negative due to

the evidences found in the reference [56]. There, lattice calculations for Yang-

Mills theory shown that within the Refined-Gribov-Zwanziger panorama, in the

Landau gauge, the Gribov parameter γ is real and positive. Therefore, if the

Gribov parameter is physical (as shown in section 4.9) it shall be gauge invariant,
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meaning that the result of the reference [56] shall be true also for the Maximal

Abelian gauge. Moreover, even if the Chern-Simons term was not included in

such reference, we can understand their result as an evidence (not a rigorous

proof) for the positivity of γ also in our case.

Taking now the limit g →∞ we find,

γ4 → ±∞. (5.20)

From this result, we can see that only the upper sign + of eq.(5.17) is consistent

with the results of the reference [56]. Thus this is the solution that we will choose

as the correct one. However, we must emphasize that the consistence of this

choice must be verified a posteriori by future studies. Moreover, from equations

(5.17) and (5.20), at a first sight one could interpret that the Gribov parameter

is always different from zero, leading to a non-physical pole in the Abelian gluon

propagator, meaning that it would always be confined for all values of the coupling

constant. However, the condensate masses are not independent parameters, but

are determined as functions of the coupling constant g, which means that they

could assume null values in some regime of the coupling constant, leaving free

the Abelian propagator at the perturbative level.

The determination of the mass condensates as a function of the coupling

constant goes beyond the scopus of the present thesis.

It is important to know now, analogously of what was done in section 4, what

is the regime of the theory where the Gribov copies do not have any physical

consequence. We take eq.(4.5) and substitute inside it the free Abelian gluon

propagator of eq.(5.12) without the Gribov parameter, which means to make not
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scenario and the different regimes of the theory

only γ = 0, but also µ = 0, in such a way that we find,

σ(0) =
g2

3π2

∫ ∞
0

dq

q2 + C2

=
g2

6πC
. (5.21)

So imposing the no pole condition σ(0) < 1 we find another time that,

g2

6πC
< 1, (5.22)

finding the same result of the case without condensates.

5.1 Analytic structure of the Abelian gluon prop-

agator in the RGZ scenario and the different

regimes of the theory

In the previous section we discussed the refinement of the Gribov-Zwanziger sce-

nario and we calculated the both the Abelian and non-Abelian gluon propagators

of the 3-dimensional Yang-Mills-Chern-Simons theory taking into account the ef-

fect of the refining condensates. However, we still have to analyse the physical

spectrum of the theory in this scenario. In order to do this, in this section we will

repeat the same analysis performed in section 4.3 but, in this case, the presence

of the refining condensates will notably affect the regimes of the theory, leading

to the Abelian sector dominance over the non-Abelian one.

First of all, we must find the roots of the function,

F (k) = [k2(k2 + µ2) + γ4]2 + C2k2(k2 + µ2)2, (5.23)
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which are functions of the parameters (C, g, µ). So we will rewrite the expression

in a simplified form,

F (k2) = (k2 +m2
1)(k2 +m2

2)(k2 +m2
3)(k2 +m2

4), (5.24)

where (m1,m2,m3,m4) are the poles.

In strict analogy to section 4.5 we split the Abelian gluon propagator into

two parts, one which is parity-symmetric and the other, parity-violating.So the

propagator (5.12) will be rewritten as,

〈Aµ(k)Aν(−k)〉 = G′µν(k) |par +G′µν(k) |par−viol, (5.25)

where,

G′µν(k) |par =
(k2 + µ2)[k2(k2 + µ2) + γ4]

[k2(k2 + µ2) + γ4]2 + C2k2(k2 + µ2)2

(
δµν −

kµkν
k2

)
,

(5.26)

G′µν(k) |par−viol =
C(k2 + µ2)2

[k2(k2 + µ2) + γ4]2 + C2k2(k2 + µ2)2
εµσνkσ. (5.27)

Now we make use of the partial fraction decomposition of equations (4.30) and

(4.31) we obtain,

G′µν(k) |par =

(
N ′1

k2 +m2
1

+
N ′2

k2 +m2
2

+
N ′3

k2 +m2
3

+
N ′4

k2 +m2
4

)(
δµν −

kµkν
k2

)
,

(5.28)

G′µν(k) |par−viol =

(
H ′1

k2 +m2
1

+
H ′2

k2 +m2
2

+
H ′3

k2 +m2
3

+
H ′4

k2 +m2
4

)
Cεµσνkσ, (5.29)

whereN ′1, N
′
2, N

′
3, N

′
4 andH ′1, H

′
2, H

′
3, H

′
4 are respectively the residues of the parity-
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symmetric and parity violating parts of the propagator and are given by,

N ′1 =
−(θ − λm2

1 + ψm4
1 −m6

1)

(m2
1 −m2

2)(m2
1 −m2

3)(m2
1 −m2

4)
, (5.30)

N ′2 =
(θ − λm2

2 + ψm4
2 −m6

2)

(m2
1 −m2

2)(m2
2 −m2

3)(m2
2 −m2

4)
, (5.31)

N ′3 =
−(θ − λm2

3 + ψm4
3 −m6

3)

(m2
1 −m2

3)(m2
2 −m2

3)(m2
3 −m2

4)
, (5.32)

N ′4 =
(θ − λm2

4 + ψm4
4 −m6

4)

(m2
1 −m2

4)(m2
2 −m2

4)(m2
3 −m2

4)
, (5.33)

and,

H ′1 =
(µ4 − 2µ2m2

1 +m4
1)

(m2
1 −m2

2)(m2
1 −m2

3)(m2
1 −m2

4)
, (5.34)

H ′2 =
−(µ4 − 2µ2m2

2 +m4
2)

(m2
1 −m2

2)(m2
2 −m2

3)(m2
2 −m2

4)
, (5.35)

H ′3 =
(µ4 − 2µ2m2

3 +m4
3)

(m2
1 −m2

3)(m2
2 −m2

3)(m2
3 −m2

4)
, (5.36)

H ′4 =
−(µ4 − 2µ2m2

4 +m4
4)

(m2
1 −m2

4)(m2
2 −m2

4)(m2
3 −m2

4)
, (5.37)

where θ = µ2γ4, λ = µ4 + γ4 and ψ = 2µ2.

From the equations (5.28) and (5.29) we analyze now the behaviour of both

parts of the Abelian gauge propagator plotting its form factors in terms of the

momentum k, as can be seen in the figures 5.1 and 5.2, where we can easily see

that both parts are infrared suppressed.

In the following, we discuss our results. The reality of the roots will depend

on the parameters µ, g and C, and their values will determine the discriminant

(4.43) of the eq.(5.24), which is not reported here since it is too lengthy and

not particularly illuminating. Moreover, as we do not have the expression of the

mass µ in terms of the coupling constant and the Chern-Simons mass, since this

falls outside the scope of this thesis, we need to fix a value for µ and probe the

87



5.1 Analytic structure of the Abelian gluon propagator in the RGZ
scenario and the different regimes of the theory

Figure 5.1: Plot of the parity-symmetric part for µ = 1, G = 1000 and C = 10

behaviour of the propagator as a function of the other parameters.

However, we must first compute the discriminant ∆ of the eq.(5.23) using

eq.(4.43) with coefficients a = 1, b = 2µ2 + C2, c = 2G + 2µ2C2 + µ4, d =

2Gµ2 + 2C2µ4, e = G2, where we must remember that we are using G = γ4.

Taking into account the eq.(5.19), which says us the regime of G where the

Gribov ambiguities will not have any relevance, and the result for the discrimi-

nant, we computed out the regions where ∆ = 0, ∆ > 0 and ∆ < 0 for the cases

when µ = 1, µ = 10, µ = 100 and µ = 1000.

For all these µ values we obtained different values of G, obeying eq.(5.19),

and C, for which the previous conditions over the discriminant ∆ are obeyed.

However, we found for all of them the same number of regions over the G × C

space where this conditions hold: two regions where ∆ = 0; one region where

∆ > 0; and three regions where ∆ < 0.

More precisely, we found for µ = 1 that: when ∆ = 0 we have G ≈ 1.025×101
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Figure 5.2: Plot of the parity-violating part for µ = 1, G = 100000 and C = 10

and C ≈ 2.4, or G > 1.025 × 101 and C = f(G) or C = f̄(G), with f(G) ≤ 2.4

and f̄(G) ≥ 2.4 being respectively functions lower and bigger than 2.4; when

∆ > 0 we have G > 1.025 × 101 and f(G) < C < f̄(G); when ∆ < 0 we have

2.5× 10−1 < G < 1.025× 101 and C > 0, or G ≈ 1.025× 101 and 0 < C < f(G)

or C > f(G), or G > 1.025× 101 and 0 < C < f(G) or C > f̄(G).

For µ = 10, we have that: when ∆ = 0 we have G ≈ 1.025 × 105 and

C ≈ 2.4 × 101, or G > 1.025 × 105 and C = f ′(G) or C = f̄ ′(G), with f ′(G) ≤

2.4 × 101 and f̄ ′(G) ≥ 2.4 × 101 being respectively functions lower and bigger

than 2.4 × 101; when ∆ > 0 we have G > 1.025 × 105 and f ′(G) < C < f̄ ′(G);

when ∆ < 0 we have 2.5× 103 < G < 1.025× 105 and C > 0, or G ≈ 1.025× 105

and 0 < C < f ′(G) or C > f ′(G), or G > 1.025 × 105 and 0 < C < f ′(G) or

C > f̄ ′(G).

For µ = 100 instead, we found that: when ∆ = 0 we have G ≈ 1.025×109 and

C ≈ 2.4 × 102, or G > 1.025 × 109 and C = f ′′(G) or C = f̄ ′′(G), with f ′(G) ≤

2.4 × 102 and f̄ ′′(G) ≥ 2.4 × 102 being respectively functions lower and bigger
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than 2.4 × 102; when ∆ > 0 we have G > 1.025 × 109 and f ′′(G) < C < f̄ ′′(G);

when ∆ < 0 we have 2.5× 107 < G < 1.025× 109 and C > 0, or G ≈ 1.025× 109

and 0 < C < f ′′(G) or C > f ′′(G), or G > 1.025 × 109 and 0 < C < f ′′(G) or

C > f̄ ′′(G).

Finally, for µ = 1000, we found that: when ∆ = 0 we have G ≈ 1.025× 1013

and C ≈ 2.4 × 103, or G > 1.025 × 1013 and C = f ′′′(G) or C = f̄ ′′′(G),

with f ′(G) ≤ 2.4 × 103 and f̄ ′′′(G) ≥ 2.4 × 103 being respectively functions

lower and bigger than 2.4 × 103; when ∆ > 0 we have G > 1.025 × 1013 and

f ′′′(G) < C < f̄ ′′′(G); when ∆ < 0 we have 2.5 × 1011 < G < 1.025 × 1013 and

C > 0, or G = 1.025×1013 and 0 < C < f ′′′(G) or C > f ′′′(G), or G > 1.025×1013

and 0 < C < f ′′′(G) or C > f̄ ′′′(G).

Besides that, we found, making the plots G× C of the poles m2 and of their

residues H ′ and N ′, that, for the case when µ = 1 there is only one mass m2
1 that

will have positive values and positive residues at the same time, meaning that

this is the only mass, between the four ones, which can be associated to a state

of the physical spectrum or, in other words, to a deconfined state.

However, for the cases when µ = 10, µ = 100 and µ = 1000 we could see from

the plots of the masses m2 (see plots (5.3) and (5.4)) and of their residues H ′ and

N ′ (see plots (5.5), (5.6), (5.7) and (5.8)) that a new physical mass arose from

the spectrum, in such a way that we started to have two physical masses, the

mass m2
1 and m2

3, since they are the only ones having positive values and positive

residues at the same time. We must emphasize here that the only physical mass

m2
1 for the case µ = 1 has its respective plots with the same form of the figures

5.3, 5.5 and 5.7.

We have also plotted the same graphics for bigger values of µ and we’ve

obtained the same identical physical features of the previous three cases.
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Figure 5.3: Plot of the mass m2
1 for µ = 100

5.2 Analytic structure of the non-Abelian gluon

propagator in the RGZ scenario

In this subsection, we repeat the same analysis of section 4.4, but this time taking

into account the contributions of the refining condensates.

We have this time to calculate the roots of the polynomial eq. (k2 + M2)2 +

C2k2 = 0, from which we find,

m̄2
1 = −k2 =

1

2
(C2 + 2M2 −

√
C4 + 4C2M2), (5.38)

m̄2
2 = −k2 =

1

2
(C2 + 2M2 +

√
C4 + 4C2M2). (5.39)

It is obvious from these expressions that such masses are both positive for all

values ofM since we only have positive valued quantities in it and
√
C4 + 4C2M2 <

C2 + 2M2.
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RGZ scenario

Figure 5.4: Plot of the mass m2
3 for µ = 100

However we still have to analyze the residues of the parity-symmetric and

parity-violating parts of the propagator of equation (5.11) as in section 4.4.

Such parts are respectively given by,

Ḡ′µν |par(k) =
(k2 +M2)

(k2 +M2)2 + C2k2

(
δµν −

1

k2
kµkν

)
δab, (5.40)

Ḡ′µν |par−viol(k) =
C

(k2 +M2)2 + C2k2
(εµσνkσ)δab. (5.41)

Rewriting the equations above by using fraction decomposition, we obtain,

Ḡµν |par(k) =

(
N̄ ′1

k2 +m2
1

+
N̄ ′2

k2 +m2
2

)(
δµν −

1

k2
kµkν

)
δab, (5.42)

Ḡµν |par−viol(k) =

(
H̄ ′1

k2 +m2
1

+
H̄ ′2

k2 +m2
2

)
(Cεµσνkσ)δab, (5.43)
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Figure 5.5: Plot of the residue H ′1 for µ = 100

where,

N̄ ′1 =
−M2 − C2 +

√
(2M2 + C2)2 − 4M4√

(2M2 + C2)2 − 4M4
, (5.44)

N̄ ′2 =
M2 + C2 +

√
(2M2 + C2)2 − 4M4√

(2M2 + C2)2 − 4M4
, (5.45)

and,

H̄ ′1 =
C√

(2M2 + C2)2 − 4M4
, (5.46)

H̄ ′2 = − C√
(2M2 + C2)2 − 4M4

, (5.47)

are respectively the residues of the parity-symmetric and parity-violating parts.

Here, we can take the equations (5.40) and (5.41), plot their graphics, and
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RGZ scenario

Figure 5.6: Plot of the residue N ′1 for µ = 100

analyze the behaviour of both parts of the gauge field propagator. As can be seen

in the plots 5.9 and 5.10 both parts are infrared suppressed.

We display the plots of the residues in Figures (5.11), (5.12), (5.13) and (5.14).

It is clear that m2
1 and m2

2 cannot be associated with physical exitations since the

associated residues are negative.

For the m2
1 mass we find that the residue N̄ ′1 is negative and H̄ ′1 is positive,

while for the mass m2
2 we have that N̄ ′2 is positive and H̄ ′2 is negative.

This results can be understood as an evidence of the confinement of the non-

Abelian gluon.

Moreover, even this calculations above being made considering M2 positive,

we shall mention that we also made them considerin M2 negative and the results

were qualitatively the same.

It should be emphasized that the masses of the non-Abelian gluon propagators
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Figure 5.7: Plot of the residue H ′3 for µ = 100

are different from the Abelian one, what is compatible with the ‘Abelian domi-

nance’ hypothesis [19], that predicts that there must be some kind of dynamical

mass generation into the theory that leads the non-Abelian sector of the gluon

propagators to obtain a mass bigger than the Abelian one, which would keep free,

while the first one would be ‘freezed’, leading to it’s condensation and forming

non-Abelian monopoles that would interact with each other through a flux tube

of chromoelectric field around of which a vortex of gluonic Abelian degrees of

freedom would be responsible for the intermediation of the interaction of such

monopoles of chromoelectric charge.

Yet, it is important to say that even the masses of the Abelian and non-

Abelian sectors being different from each other, we still have not calculated them

directly, meaning that we cannot state that the first is necessarily smaller than

the second one, what would really confirm the ‘Abelian dominance’ hypotesis.
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Figure 5.8: Plot of the residue N ′3 for µ = 100

5.3 Non-Abelian ghost propagator behaviour in

the RGZ scenario

Now let us determine the non-diagonal ghost propagator in the Refined Gribov-

Zwanzinger scenario in order to study its behaviour. This will be achieved by use

of the equations (4.4) and (4.5). Replacing again the expression (5.12) into the

eq.(4.5) we have,

σ(k) = g2kµkν
k2

∫
d3q

(2π)3

(q2 + µ2)[q2(q2 + µ2) + γ4]

(k − q)2[q2(q2 + µ2) + γ4]2 + C2q2(q2 + µ2)2

×
{
δµν −

1

q2
qµqν +

C(q2 + µ2)

q2(q2 + µ2) + γ4
εµσνqσ

}
. (5.48)
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Figure 5.9: Plot of the parity-symmetric part for M = 100 and C = 1

Using that kµkνεµνσ = 0 and the relation,

3g2

4

kµkν
k2

∫
d3q

(2π)3

(
δµν −

1

q2
qµqν

)
1

q2(q2 + µ2) + γ4
= 1, (5.49)

which was obtained by means of the new gap equation (5.15) in an analogous

way to eq.(4.53), we find that,

(1− σ(k)) = g2kµkν
k2

∫
d3q

(2π)3
h(k, q)(δµν −

1

q2
qµqν) (5.50)

=
g2

12π2

∫ ∞
0

dq[4q2h(k, q)], (5.51)

where,

h(k, q) =

{
3

4

1

[q2(q2 + µ2) + γ4]
− (q2 + µ2)[q2(q2 + µ2) + γ4]

(k − q)2{[q2(q2 + µ2) + γ4]2 + C2q2(q2 + µ2)2}

}
.

(5.52)

97



5.3 Non-Abelian ghost propagator behaviour in the RGZ scenario

Figure 5.10: Plot of the parity-violating part for M = 1 and C = 100

Taking the infrared regime limit k → 0 and multiplying by 4q2, it becomes,

f(q) = 4q2h(k, q) |k→0=
−(1 + 4µ2)[q2(q2 + µ2) + γ4]2 + 3C2q4(q2 + µ2)2

[q2(q2 + µ2) + γ4]{[q2(q2 + µ2) + γ4]2 + C2q2(q2 + µ2)2}
.

(5.53)

Thus eq.(5.51) becomes,

(1− σ(k)) |k→0 =
g2

12π2

∫ ∞
0

dqf(q) (5.54)

=
g2

12π2
F , (5.55)

where F is the integral inside eq. (5.54).

Finally from eq.(5.55) we obtain, replacing it into eq.(4.4), the non-diagonal

ghost propagator in the IR regime for the Refined Gribov-Zwanziger scenario,

G(k) ≈ 1

k2

12π2

g2F
+
B

k4
. (5.56)
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5.3 Non-Abelian ghost propagator behaviour in the RGZ scenario

Figure 5.11: Plot of the parity-symmetric part residue N̄ ′1

We still have to calculate now the the coefficient B of eq.(4.4). However, anal-

ogously to eq.(4.62) we have that it is too much complicate to solve its integrals.

Anyway, what is really important is that such integrals will lead to a coefficient

B different from zero, making the non-Abelian ghost propagator to be enhanced

even in the RGZ panorama.
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5.3 Non-Abelian ghost propagator behaviour in the RGZ scenario

Figure 5.12: Plot of the parity-symmetric residue N̄ ′2
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5.3 Non-Abelian ghost propagator behaviour in the RGZ scenario

Figure 5.13: Plot of the parity-violating part residue H̄ ′1
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5.3 Non-Abelian ghost propagator behaviour in the RGZ scenario

Figure 5.14: Plot of the parity-violating part residue H̄ ′2
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Chapter 6

Conclusions

In this thesis, we studied the quantization of Euclidean Yang-Mills-Chern-Simons

theories in the maximal Abelian gauge in three dimensions by taking into account

the non-perturbative effects of Gribov copies. In particular, we have discussed

the Gribov-Zwanziger scenario and its refined version for such theories.

Analyzing the Abelian gluon propagator within the Gribov-Zwanzinger per-

spective we have seen that it manifests qualitatively the same features of that of

the 4-dimensional Euclidean Yang-Mills-Higgs theory. Basically, we found that

it possesses two positive and real masses, but only one of them can be associated

to physical excited states, since only one of them has positive residues. We also

foud that it is infrared suppressed since it vanishes at vanishing momentum.

Then, looking to the non-Abelian gluon propagator, we have seen that there

are only two poles, one with mass m2 = C2 and the other with mass m2 = 0.

However, only the one with null mass is physical, since the other one has negative

residues. Besides that we have seen that it is not infrared suppressed, since it

diverges in the limit of k → 0.

A difference that is easily perceived between the Abelian and non-Abelian

gluon sectors is the presence of the Gribov parameter in the Abelian propagator,

which usually is responsible for making this sector infrared suppressed in ordi-
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nary Yang-Mills theories in the Maximal Abelian gauge. Here, instead, together

with the Chern-Simons mass this parameter makes the propagator significantly

different, giving rise to four poles m2, while the non-Abelian one possess only

two.

In the Refined Gribov-Zwanzinger panorama instead, we found that the Abelian

gluon propagator does not change its structure so drastically with respect to the

Gribov-Zwanziger scenario, still having only four poles. However, in such a case,

we have two physical masses.

Regarding the Abelian Dominance, we have found that the masses of the

Abelian and non-Abelian sector are different when the refining condensates are

taken into account, giving the first evidence for the hypothesis. However, we have

not calculated the values of such masses explicitly, thus we do not know if the

Abelian gluon propagator’s mass is necessarily smaller than the non-Abelian one,

which is a necessary condition for Abelian dominance. Therefore this would be

something interesting to be done in a future work.

Another open issue to be addressed in the future is the proof of the renor-

malizability of the Refined Gribov-Zwanziger action for Yang-Mills-Chern-Simons

theories in the maximal Abelian gauge.

Finally, just to conclude, we’ve seen that the ghost propagators, both in the

Gribov-Zwanzinger and in its refined form, had its Abelian sector always null

because of the fact that they decouple from the theory by means of a simple

transformation over the auxiliary ω field. Moreover, we’ve found that its non-

Abelian sector has an enhanced propagator proportional to 1
k4

.
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